FrJIABA 1I
KO03®®HULIUEHTBI ®YPbE

§ 1. BBeaenue

B aTo0#i rnase Mbl ctaBuM nepej co60i crefyrolye 3afaumn:

A. 3Has cBolicTBa QYHKUMH, OLEHUTb CKOPOCTh, C KOTOPOi ee Koa(duLmeHThI
Pypbe CTPEMATCST K HYJIO (TO, YTO OHM JIOJKHBI CTPEMUTHCS K HYIIO, ObUIO0 JIOKa-
3aHo B § 19 ru. I).

B. Mmes mocnenoBaTeNbHOCTH YuCest

Qy, 0,05 ,..., Q,,..; by boy ooy,

YCTaHOBUTD, CYLIECTBYET JiM QYHKUMS, MMEIOIAsl UX CBOUMM KO3((dHLeHTaMu
dypobe, 1 ecny Aa, TO KaKOBH ee CBOMCTBa.

K co>xanenuio, 3T 3ajiauy JajieKo He MOTYT CYMTAThCS MOJIHOCTHIO pelleH-
HBIMU. [109TOMY MBI BBIHY)KJIEHBl pelaTh MX YaCTUYHO. TaK, Halpumep, Mbl U3y-
4aeM CKOPOCTb CTPeMJIEHMS K HYJII0 111 KoadduuuenToB Pypre yHKUMK C Orpa-
HUYEHHBIM M3MeHeHueM (cM. § 2) mns Gynkuuit u3 Knacca Lip a (cm. § 3), mst
¢yuxuuit u3 knacca LP (p > 1) (§§ 4 u 5). Ho B T0 >Ke BpeMs Mbl IIOKa3biBaeM,
yToO ecnay f(X) TONMbKO CymMmupyema, TO ee KO3 MLMEHTHI MOTYT CTPeMHUThb-
Cd K HYJIIO Kak yrogHo mejieHHo (§ 6). C Apyroit CTOpOHbI, Mbl MOKa3biBaeM
(cm. § 7), 4TO ec He YUMTHIBATb 3HAKOB YucCen a, M b, a HauaraTb OrpaHu-
YeHMe TOJIbKO Ha MX a0COIIOTHbIE BEJIMUMHBI, TO ¥ 3alauy b Hesb3s1 pewmnTh, Kpo-
Me TOro ciyvasi, Korga > a2 + b2 <+ oo (3ToT ciyyait Obin ywe pasobpaH
B § 16 ru. I).

Taxum 00pasom, Bonpoc o nosefeHnyn Kodhduuuentos dypre s f(x) € L
SIBJISIETCS OYEHb TOHKMM BONPOCOM. MBI yKa3biBaeM Bce HKe B § 9 HeKoTopble Heo0-
XO[MMBIE YCIIOBUSA IJIS1 9TUX KO3QOULKMEHTOB, 1 fa)ke B § 10 ycnoBus HeoOXxoquMble
¥ JI0CTaTOUHbIE, OJHAKO OHM SIBJISIIOTCS OYEHb Majio Npo3pauyHbMU. Pemenue
npobsembl B, 1aM Tak Ha3biBaeMOii «TPUTOHOMETPHUECKON ITPOGIIEM bi MOMEHTOBY,
CIY)KKUJIO NPEAMETOM MHOIMX paloT, HO, K COYKaJIeHUIO, 3[1eCb (HOpMYJIMPOBKH
TaKOBbI, YTO IS KOHKPETHO 3aJaHHON IMOCJIeN0BaTeNIbHOCTH 4MCeNl He YIaeTcsl
BBLISICHUTDB, SIBJISIIOTCS 11 OHM Ko3p¢duuuentamu ®ypoe, u Tem Oojiee HailTH COOT-
BETCTBYOLIYI0 QYHKIMIO. BONBIIMHCTBO TeopeM OKasblBalOTCS CBe[éHHEM MOCTa-
BJIEHHOTO BONpPOCa K HEKOTOPOMY ApPYIOMY, TOXXe BecbMa TpyaHomy. Iloaromy
NOJIy4eHHble Pe3ybTaThl Mbl IpuBOAMM B § 11 6e3 10Ka3aTenbCTB.

§ 12 mocBsiLieH BONPOCY HECKOJIbKO MHOT'O POJIA: MOYKHO JIM YTBEPIKIAATh, YTO
TPHUTOHOMETPUYECKUH Psl JOIDKeH ObTb psfomM Pypne, eCnu BCe €ro yacTHbie
CYMMEI HeOTpHLATEIbH b IpY J1I000M X? DTOT BONPOC TOYKE He pelleH [0 KOHLA,
HO MBI COUJIM L€J1eCO00pasHbIM U3JIOXKHUTh TO, YTO B 9TOM HaNlpaBJIEHUM M3BECTHO.
Haxonen, B § 13 Mmbi Kacaemcst Borpoca 0 npeodpa3oBaHusix psifioB Pypbe.
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§ 2. Hopanok xoapduumenTos dypre Wi GYHKUMHA € OrpaHHYCHHBIM
u3meHeHnem. Kputepuii Ans1 HenpephiBHOCTH dYyHKUMH
C OrpaHMYeHHLIM H3MEHEHHeM

1. Tlopsanok KoapdpunuenToB dyphe i1 GYHKLUHMH € OrpaHHYEHHBIM H3MEHE-
HueMm. Mer Buenu (cM. i I, § 22), yro ecinu f (X) eCTb yHKUUS C OTPAHHYEHHBIM

M3MeHEHHEM, TO
a, =0(71{) nob,=0(5). 2.1)

Mz 3HaeMm, uTo ecu f(x) paspbiBHa, TO 3Ty OLEHKY YJIYULIUTb HeNb3sl, TaK KaK

paspeiBbl Y QYHKUMA ¢ OTpaHMYEHHBIM M3MeHeHreM MOT'YT ObITh TOJIBKO 1-ro pona,

a NpH 3TUX YCJIOBUAX yiyyuieHue oueHKU (1) HeBO3MO)XKHO (cM. rzasa I, § 42).
Bosnukaer BONpOC, HeJb3s JIM YTBEPXKAATb, UTO

an=0(%) u bn=o(%),

ecnd f(x), Kpome TOro, elie HelmpepbiBHA. Mbl OKaXXeM, YTO 1 3TO HEBEPHO.
C 3TOH LeJIbI0 MBI TOCTPOMM Ha oTpesKe [0, 2z ] MHO)KeCTBO, 1010 0HOE K1acCu-
YeCKOMY KaHTOPOBCKOMY, KOTOpOe CTpouTcsl Ha oTpeske [0, 1], T.e. BoiOpocum

2n
cHayana u3 cermenta [0, 2z] uHTepBan 6P C LIEHTPOM B TOUKE 7 U JUTHHBL —=
3aTeM M3 Ka)K/IbIX ABYX OCTaBIUMXCs CErMEHTOB BhIOpOCHM MHTepBasbl O U 89

2n 2n 4x
IUTHHB “55- € LIEHTPaMK B CepejIHaX 0TPe3KOB [O, —3—J u [—3— , 27:] , U3 KOTOPBIX

onu BeibpacoiBanuce, uT. A.Ecin @ (0) =0, ® 2n) = 1,D (x) = —;— Ha 6P, D (x) =

1 3
=4 M - COOTBETCTBEHHO Ha 0P u 0P M T. A. ¥ OHA [OMOJIHSIETCS MO He-

NIPePLIBHOCTH B TOYKaX KAHTOPOBCKOI'0 MHOYKECTBA, TO MOJIy4YaeTcst KilacCuyecKast
KaHTOpOBa CTylleHyaTass KpuBasi, KOTopas Bo3dpactaer of O mo 1, mpuyem
@’ (x) = O mouTtH BCIOAY.

Ecau mbl monoyxum f(x) = @ (x) ——%, 10 f(0) = f (27) = 0, a motomy f(x)

MHeNpepLIBHA He TOJIBKO BHYTPH 0TpesKa [0, 2z], Ho u Ha BCelf OeCKOHeYHOH ocH,
€CJIM OJIOXKUTE f (X + 27) = f(X). SIcHO, UTO OHA MMeeT OrpaHUYEHHOE 3MEHEHNE
M, OJIHAKO, Mbl Ceduac MOKa)KeM, 4To ee KoappuuueHTsl Pypbe He MOTYT UMETh

1 1 o
nop;moxo(;) ,a JIHHIBO[F). C 9T0if NeNbI0 MBI IPOMHTEIPUPYEM 10 YaCTSM
MHTErpaj B NpaBoOil YaCTH paBeHCTBA

2n

2n
1 » 1 »
€ =55 [1(x)e dexzﬂf[qs(x)_ %]e inx fly |
0 0
YTO0 naet

2n
e = o | €A =5
n 27 ni 2mni
0

(3nech MHTErpasn B3AT B cMbicie CTuntbeca, cM. BBomHbiit MaTepua, § 16).
Joxaxxem, uro mia n=3" (m=20,1,...) Bce uucna P, paBHbl MeX-

Ry co0oif m OTIMYHBI OT HYJIS, OTKYHA U OyJeT CieoBaThb, 4To ¢, = O (%) , HO

c,,+o(—rl;).
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Hmeem

P,= J%”e“'"" do.
0

4
IToaromy, Tak Kak @ (x) mocTosiHHa Ha 8{V, a Ha cermenTe [—31, Zn] OHa MeHsiercsi

2 1
TaK ’Ke, KaK Ha [0, —575] » TOJIBKO TOJHATA HA - BBEPX, TO

2n
2n

Pyn =J’ e~ Jp — zje—iamx dd;
0

HO, COBepLuasi 37[eCh 3aMeHy MepeMeHHOro 3X = , Mony4Yum

Pyn — 2j e g (2) = J e~ 4 — P s
TaK Kak 97’(—;—) = %(D(x) . OTcioa BUIHO, YTO

= P30 = Pl = fe_ix d@ .
0

Ocraercst N0KasaTh, YTO 3Ta BenuuuHa P; =~ 0. 1151 3TOr0 MBI PacCMOTPHM
ee JIeHCTBUTE/IbHYIO YaCThb, T. €.

2 2 2
9

2fcosxdq):.? f cosxdd =2 (J cosxdP + fcosxd@) =
0 0 0 4n
9

2:1

N
E]

2f[cosx+cos(x+—-—)]d¢ 4Jcos(x—|— )cos xdD >
0
27:
>4cosz9 ‘mjd@_ coszT”cos >0,

¥ TakuM 00pa3om Hale yTBep)KIeHHe N0Ka3aHo.
3ameuanue l. To, yro KoadpduuuenTel ®ypbe OT NOCTPOEHHOH HaMu

1
dyHKUMY He UMEIOT MOPSIZIOK 0 (F) , MOYKHO BBIBECTH TAK)Ke U3 0OIMX TeopeM,

Kacalomuxcss npo06jeMbl eJMHCTBEHHOCTH pasjiodKeHUs] QYHKUMM B TPUIOHO-
mMeTpuuecKuit psa (cm. rnasa X1V, § 7), HO MBI IIpeIOYIM CHENATb 3TO 37eCh
HENOCpeICTBEHHBIM BLIYMCIIEHUEM, 4TOGH He OTCHUIATh YMTATENs] K TOHKMM Me-
TOJIaM TaM, I'JIe MOXKHO 000ATHCH 0YeHDb IPOCTHIMM PACCYIKAEHUSIMHU.

3ameuaHue 2. BosHukaer BOIpoC, HeJIb3sI J1M, HA060POT, O MOBEIEHUIO
Ko3p¢uuuentoB Pypre yCTaHOBUTb, YTO QYHKUUSI UMEET OrpaHMUYEHHOE H3Me-
HeHMe. YKa)KeM 3Jiech focrarounoe yciosue Jlopenua (Lorentz(1):
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e 1<p<{2n

1
1

Slap+ior] o) (2.2)

R
e 2 pLooHu

I

1, (2.3)

1
© ) P 1
(zlaklpﬂ—lbklp]"=0[—l——~‘ |oome
k=n n -+ % 4

1
pl

TO f(X) UMeeT OrpaHuYeHHOE u3MeHeHue. [1pu aTOM J'IopeHu [0Ka3bIBaeT Ha NpH-

1 1
Mepax, UTo TeopeMa yTpaTUT Cuiy, eciu B Gpopmyie (2.2) 3aMEHHTb —-Ha —- TIpH
1 1
a <1 unu B (2.3) 3ameHuTb - + ~p—,JIIO6blM MEHBLIUM UKCIIOM.
2. Kputepuii Ans HenpepeIBHOCTH (GYHKLMHM C OrPaHHYEHHBIM H3MEHEHHEM.
Mbl 10Ka3aiy, 4TO CyLIeCTBYIOT HelpepblBHblE (YHKUMM C OTpaHUYEHHBIM H3Me-

1 1
HEeHMeM, Y KOTOpPBIX KO3 HLeHTbl UMEIOT MOPSII0K O(F)’ aHe o (F) Bosnukaer

BONIPOC, HENL3sT JIM 10 Xapakrepy KoapduuuenToB Pypbe 3aKIIIOYNTL O Hempe-
PHIBHOCTM (YHKUMU C OrpaHMYeHHbIM M3MeHeHMeM? OTBeT Ha 3TOT BONPOC
MO)KHO YKa3aTb B HECKOJBKHX pa3iMuHpX (opmax. OpgHOit M3 Takux ¢opm
ABJISIETCS

Teopema Bunepa (Wiener(2). [Jaa moeo umobor gynxyus ¢ oepanu-
YeHHbIM U3MeHeHUeM Oblaa HenpepblgHa, Heo0X00UMO U 00CMAaIMoyHo, 4molst

91+292+~~-+”92=0 (24)

n

lim

n-» o

20e o2 = a? -+ b2.
Mbl cHavana noKa)keMm, YTO HeOOXOAMMOE M JOCTATOYHOE YCJIOBUE MOMKET
ObITHL 3aNUCaHO B BUJE

. hid .o kT
lim ngef, smz—z—? =0, (2.5)

n—» o

a MOTOM JI0Ka)KeM 3KBUBAJIEHTHOCTDb ycnoBuit (2.4) u (2.5).
Ecnu psap ®ypbe nns f(x) umeer BUX

f(x)N_“z.*L+ >a, cosmx + by, sinmx,
m=1

TO
F(x+0) ~ 5 Agt) + 3 An(t) cos mx + B (f)sin mx,
rpe "
A t)=a,cosmt 4 b, sinmt, Ayt) = % ,
B, (t) =b,, cosmt — a,, sin mt,
CJIe[l0BATEJILHO,

100+ =109~ 3 an(®) cosmx + B(sinms,
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rie
a, ()= A,({t) — a, = a,(cosmt — 1) + b, smmt =

o t t N
_2smm5cosm§bm~—25m m-y Qp, =

= |b, co mt a,sinm 2'smmi B i)ZSinmi'
= \9m COSTIL 5 ) ) m\ 2 2

Bm(t) = Bp(t) — by = by (cosmt — 1) — a,, sin mt =

. omt . t t mt t
_2sm7(——bmsmm?—amcosm 2]:—25m 5 Am(f) .

[ToaTomy

j( __)._f(x)Nz 2[ ( )cosmx—Am(—zn—n)sinmx]sinm%

M, CliefoBaTelibHO, o paBeHCTBY IlapceBanst
Ll D) s oo Slan(5) + o (5)[swem 5 -
0

200' sin2 m
m=1

B cus1y nepuoMuHOCTH TO/LIHTErPAJIBHOTO BHIPAYKEHMsT MMeeM J171st J1io6oro k
2n
1 2 o .
(ke g) = ix+ @=L ])dr=4 Sehsinm 5.
N =

3acrasnsas k npoberaTs 3HaueHus 1, 2, ..., 2n U CKIafpiBasi 0Jy4YeHHbIe paBeH-
CTBa, Halnem

Té[f(x + k%) - f(x+ (k — 1)%]]2(13(7 :8nn,,é;9?"5in2mgﬁ‘ (2.6)‘
0
Ecnu 3ameTuTh, YTO B CJlyyae HeNpepbIBHOCTH f(X) MMeeM
(x4 %) =1 (x+ e — D5 ) |<oF),

rae o (d) — Mmoaynp HenpephiBHOCTH f(x) (cM. BBomublif matepuan, § 25), To
2n

Slio+3) - o607 <
e+ k) —i(x+ =D |<Vo(F),

7 2n

<0’(F)k%

rae V — nosHoe u3meHeHue f(x). [Toatomy B cuny (2.6)

R T
nngs.nm2n<4Vw(n]

m=1
H, 3HAUMT, ecyu f(X) HempephiBHA, TO ycJIoBHe (2.5) NeHCTBATENHLHO BBIMONHSETCS .

llonycmM Tenepb, uto f (x) paspblBHA. 3HAUMT, HAHJETCSA TaKas ToUKa &, 4To
[F(E+0)—f(§—0) =d=+0.
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Mpb1 yenoBuMCsl CUuTaTh
_fE+0)+fE—-0)

Torna 11 BCeX 0CTATOUYHO 00JIbIIMX 712 J11000# 0TPe3oK [a, B MuHbL % cofeprra-

wuit TOUKy £, Takos, 4To B HeM |f (B) — f(a)] > % , CJIe[I0BaTeJIbHO, /IS 1106010

2n 2
& 7
XB cymmez [f (x +_k7) — f(x +(k—1) %)] COjIepIKUTCS WleH, IPeBOCXOIs1-
T

WUHA -, @ TOTOMY M MHTerpaj OT 3TOH CYMMbl He MeHblle YeM —o- T @ 1. e. He
CTPEMUTCS K HYJIO NPU N — co.

Wrak, mpl foKasanu, yto yciosue (2.5) HeOGXOAMMO U JOCTATOUYHO JJIS He-
NpepLIBHOCTA f (X).

Hoxa)kem Tenepp, uto (2.5) 9KBUBAJIEHTHO YCJIOBHIO

tm L S g —o0. 2.7)

n—» o k 1

Bospmem Lenoe uucno r, KOTopoe noadepem mosxe, u, 0003navas yepes P, uncio,
crosiuiee B JeBoit yactu ¢popmydnl (2.5), pasobpem P, Ha JBa Cllaraembix

n29k5m2k—— U n 2 gkank-—
k=nr+1
Mbl BUIUM, UTO

P, <n29k\ 2n) +nk%+19k

OGosnauum uepes Q,, CymMMy, CTOsILYI B JieBod yactu (2.7). Mbl 3Haem
(cm. ra. 1, § 22), uto

\'4 \'4
lakl<—k— u lbk‘< Kk’
OTKy 2
V2

AP

H, 3HAUWT,
2 V2
Po< o Qu42V2 S o < rQut+2. 2.8)

nr+1

B3sB r pocraTouno 60JILIIMM, MBI MOYKeM CeJaTh BTOPOil WJleH npaBoif yacTu
(2.8) Kak yronHo masbm. I1ocie 3T0ro Mbl r 3aQUKCUpPYEM, a 1 yCTpeMuM B 6eCKo-
HEUHOCTh, TOrAa npu Q, — 0 monyuum P, — 0.

Hao6opor, ecnu P, — 0, To 1 NOKaBHO

L g km
n > ogsin ?rl«-—>0,
k=1

7 . 2
a TaK Kak npu 0 < u < 5 umeeM sin u>;u, TO U

2
nﬁ “ k2
k=1
a 9T0 ¥ 3Haumr, 4to Q, — 0. MTaK, sKBUBaNeHTHOCTH (2.5) 1 (2.7) ycTaHOBIeHA.

IMonaras

1 n
27{2"&(,
k=1
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HMeeM, B CHJIy HepaBeHCTBa BYHSIKOBCKOTO,
2 1 n 12 1 n g
T3 =F[2kek] < n 3 (ker<Q,
k=1 k=1

H, 3HauuT, U3 Q,, — 0 cnenyer T, — 0.
C npyroii CTOpOHBI, TaK Kak

|4
Qk<V2_—‘,
TO
1 =z = 1 2,
"n"% (ko <2 V;k_zké’k:ﬁv’rm

a noromy u3 T, — O cnenyer Q,, — 0.

Hrak, (2. 7) ¥ (2.4) SKBUBaJIEHTHBI, a II03TOMY 3KBHUBaJIeHTHH (2.5) u (2.4).
Cnenosa’renbﬂo Teopema J0KasaHa.

3ameuvanue 1. M3 Teopembl Bunepa BhTeKaer, uTo ecny f (X) ¢ orpaHu-

YeHHBIM U3MEHEHHNEM H
1 b 1
ap, =0 ) h =20 DE

TO f(x) HempepniBHA. JT0 0bUIO y)Ke NOKasaHo B § 42 riaswl .

3amevanue 2. C. M. Jlosunckuii [21 man npyryi ¢opmy ycioBusi, npu
KOTOpOM (QYHKUHMS C OFPaHMYEHHBIM M3MeHEHHEM OKa3blBaercsl HempepblBHOH, a
MMEHHO: JJIS1 3TOT0 He00XO0QMMO M JOCTATOYHO, UTOOBI

So=o(nn),
rfie CHOBa g, = Jai + b3.

§ 3. 0 xoadhduumentax dPypbe AMA dyHkumii U3 kmacca Lip a
Ilycts
o(f) =2+ 3 a,cosnx + b,sinnx.

n=1
Toraa (cm. Lorentz[tl) umeem:
Ecau f(x)€Lipa u a>%-——é—(0<p<2), mo
2 C
2‘|a,{|P+|bk|P < T 1
k=n 2"5
HelcTBUTENBHO, TaK KaK 1ia f(x 4+ h) — f(x —— h) psan Pypbe uMeeT BUJL

2 37 (b, cos nx — a,, sin nx) sin nh, 3.1

n=1

TO, B CUily paBeHcTBa Ilapcesans u f € Lip o,
4 3 (@} + b sint ki = [ [1 (t + B) — f(t — W)]2dt < Che,
k=1 —n
rae C — moCTosiHHOE. l'IoaTomy npu ao0om n

2, (ai + b3) sin2kh < C | h|*

k=n
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4

4, W 3amedasi, uto Toria sin®kh > %npn n< k<2n—1,

u, nojaras i =

Haiizem

2n—1 1
\ 2
S+ <,

rjie C; — HoBasi KOHCTaHTa.
[Tpumensia HepasencTso I'ennpaepa, HaXoxum OTCIOAA

2n—1 2n—1 4 1_p
> UalP+ 10 P)<<3 > (ak + b2 2n) 72,
k=n k=n
OTKYIla
S la, |” + |6 lp)<L’
Ign( k k S np(a+%)—l

Ho Torma us a > %— — % 3aKJIIouyaem

§<laklp+lbkl”>}’l’={§:wz""l(lak|v+lb,‘lp)}’lk

k=n j=0 k=2n

9TO ¥ TpeboBaJoCh AO0KA3aTh.
CnenxcTBue 1. B vactHOCTH, mpu p = 2 OTCIOA NOJNYYaeM, UTO IS

f€lipa 1
> @i+ obf=0 (7).

k=n

CnepxctBue 2. Ecnu a > —;—, TO TEOPEMY MO)KHO NPUMEHUTHL IpU p = 1,
OTKyZa

Saf+ 10l =0(-1r],
k=n n""z

¥ TaK KaK IpaBast 4aCTb CTPEMHUTCS K HYJIO IPH 11 — oo, TO OTCIOJia BbITEKAeT
. . 1
Teopema Bepuurreitna: ecau f (x) € Lip a npu a > 5, mo ee pAa0 Dypwe cxo0umesa

abcoaromHo.

(9ra Teopema OyfeT TarKe 0Ka3aHa uHaue B ri. 1X.)

Jlopenn noxasbiBaeT Ha NMpPUMEPaX, B KAKOM CMBICJIe ero TeopeMy Hejb3si
ynyuumints. Mbl He GyieM OCTaHaBJIMBAaTLCS Ha 3TOM, OTChUIAs K paboTe aBTopa,
3/leCh HKe JOKaKeMm Jpyryio Teopemy JlopeHua, rie, Hao00pOT, II0 NOBEJEHUIO
Koo puLenToB Pypbe MOYKHO 3aKITIOUUTD, YTO f (X) NPUHALIIEIKUT K HEKOTOPOMY
xyaccy Jlunmuna, a UMeHHO:

Ecau

S(la]+10d) =0(4) 0<a< 1),
k=n

mo f(x) € Lip a.
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JlelicTBUTENIBHO, U3 YCIIOBHSI TEOPEMbI CIIeJlyeT

2n—;1 C
%(|ak[+|bkl)<7ﬁ’

No3TOMYy
2n—1 .
3 k(4 + b h<2cne.
B cuny Toro, uto pax Pypee misa f(x 4+ h)—f(x — h) umeer Bun (3.1), umeem
n 2i—-1 ©
160 —fc =W <23 S+ Bk +2 3 (Ja] +]b)<

< —a)j— c —an 1
<Gi|h| Z20 D 250 <Gy (|20 ]

Ecnu mpl BeiOepeM n Tak, 4To0bl
1 1
o < B <z

[f 4 h) = (x— )| < e <K|H,

rae K — HOBoe NMOCTOSIHHOE, U TeopeMa J0Ka3aHa.
CnenpcrBue. Ecau

anZO(Fll_q), bnzo(ﬁ),

f(x)eLipa O<a<l).

TO OTCIOJa

mo

JleficTBUTEIBHO, B 9TOM Cilydae

k=n

a,| +|b| =0 (,17) , 1 Mbl HaxoJumcs

B yCJOBUAX NpeJbIIyLIel TeopeMbl.
B pa6ore JlopeHua durartesnb HaliieT psil JAPYTUX UHTEpECHBIX TEOPeM O
($YHKUUAX, NPUHAUIeKAIIUX K KiIacCy Lip a, u HEeKOTOpHIX uXx 0000leHusIX.

§ 4. CBA3L MeXAY CTENMEeHbI0 CYMMHPYEMOCTH (PYHKIMH
U Koddpduuuenramu dypne

MsBectHo (cm. 1. I, §§ 13 u 16), uto ecnu f () € L2u {c,} — ee KO3QHULHMEHTEL
@ypre 10 A0000# HOPMAPOBAHHOM! OPTOTOHABHOM cucreme {p, (X)}, TO

Sleals< [0 ax,

¥ 9T0 HepaBeHCTBO NpeBpalllaeTcsl B paBeHCTBO, eCJIU cucTeMa nojHa. HanpoTus,

ecy JlaHa TOCIEJl0BAaTeIbHOCTb Uncea {c¢,}, JUISI KOTOPHIX 3 |¢,|2 < + oo, TO

Haiinercs f(x) € L2, n1st KOTopoit ot uucna OyayT KospuuueHtamu Pypbe u
b

J1f @) pdx= X ¢, 2.
a n=1

Bompoc Tenepb cTaBuUTCS TaK: ecau p — Jjoboee uucho, aump 06l p > 1, u
MBI 3HaeM, 4To f(X) € LP, TO UTO MO)KHO CKasaThb 00 ee Koapduuuenrax dypne?

W naoGopor, ecin Y c,|P < 4 oo, TO CyliecTBYeT JU (QYHKUMS, HMEIOLasi
n=1

3TH ¢, cBoUMHU KoadpduuueHtamu Pyphe, U KakoBa CTeleHbL ee CYMMHUDYEMOCTH?
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OTBeTHI Ha 3T BOMPOCHI IS CJ1yyasi TPUTOHOMETPUYECKOI CUCTEMBbI JarTCst
Teopemoii Xaycpoppa—IOura (em. Hausdorff [ u W. H. Young [435)), nys oGueit
0pTOroHabHOM —Teopemoit Pucca (cm. F. Riesz [2!). [Tpexxe yem ux copmyiu-
poBaTh, BBesieM 0003HaueHust. Mbl Oyjem nucars

1 ={f1rrag

1
el ={2lenlr,

rie r — noboe M0J0XKuTeNbpHOe Ynceno. byjaem 0603HayaTh yepe3 p 4ucio, yao-
BJIETBOPSIIOLIEE HepaBeHCTBAM

1<p<2
U 4yepes ¢ Yucio, onpejessiemoe GopMyIioi

1 1
=1
Torpga g > 2. Mmeem Teopemy:
Teopema Xaycnopba—IlOHura. 1) [Tycme

f(#) €LP(0, 1)
u nycrme

1
co=(ftyemtdt  (n=0,+1,42,...), 4.1y
0

m.e. ¢, — ee koapPuyuenmpt Pypoe N0 HOPMUPOSAHHOU U 0PMO20HANLHOL HA
(0,1) cucmeme {e¥"t}. Toz0a
llellg <<l 1l (4.2)

2) Ecau ¢, (n =0, +1, +2, ...) — nociedoéameapHocms uiicen, 041 KONo-
poil ||c||, << + oo, mo cymecmeyem maxas f(t) € L0, 1), oaa romopoii ydos-
snemeopero ycaogue (4.1) u

e <lell,- 4.3)

JTta Teopema eCTb YaCTHbH ciyuail Gosee oOwiero pesynprata @. Pucca:
Teopema ®. Pucca. ITycms {p,(f)} — HOpMUPOSAHHAS 0pMO20HAL-
HAA cUCMeMa, cocmoayan u3 PynKyuil, 02paHudeHHLIX 8 c6oell cO80KYnHocmuU

<M, OIS (4.4
n=12...
1) Ecau f € LP(a, b), mo xoapguyuermsl @ypoe
[
¢, = | fo,dt (4.5)
om f(t) no cucmeme {p, (t)} yoosaemeopsrom yca06ur
2
1
el <<MP 1], (4.6)

2) Ecau 0a nocaedosamensrocmu qucea c, umeem ||c||, < + oo, mo cyuje-
cmeyem @ynryus f () € L (a, b), yoosaemeopsrowas (4.5) 042 6cex n u maxas, umo

Il <M~ e, @4.7)
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CyliecTByeT HeCKOJILKO J0Ka3aTedbCTB 9TOM TeopeMbi*). Mbl Jajgum 3spiech
NI0Ka3aTeNbCTBO, NpuHajexauee 3urmyuny u Kanpaepony (cm. Calderon and
Zygmund () u mocTpoeHHoe Ha NpuMeHeHuM NpuHiuna PparmeHa—Jlunneneda
(cm. HobaBnenus, § 1).

HoxkasaTenbcTBO TeopeMs P. Pucca. Mo HaunHaem c 1mep-
BOI1 4aCTH TeopeMbl 1 IPeXKJie BCero 3aMeTHM, 4To, He HapyIuast 00IHOCTH, MOYKHO
CHeNnaTh CJEeyIOLue MpPeIoI0KeHus:

a) cucrema {g,} COCTOUT U3 KOHEUYHOI0 4ucna QyHKUMH,

0) QyHKUUA f cTyneHyaTasi,

B) |Ifll, = 1.

JledCTBUTENBHO, MBI MOYKEM Bcerja mofo0paTte CTyneHuaTyw QyHKUUIO f* (f)
TaK, utoOml ||f — f*||, < &; oGo3navas yepes ¢} ee Koaddpuuuentsl Pypre, Homy-
yaem u3 (4.0) mo HepaseHcTBy I'enpzepa (cm. BBojuelil maTepuan, § 9)

b 1
= I = o | 2nlly<<e(J 1@nl' [ @n]Pdx)e <

=2 2

1
< oM T (f|palrany oM T (4.8)

Tak Kak Mbl TPeANOJIOXKUIM, UTo cuctema {@,(X)} COCTOMT U3 KOHEYHOTO
ypciia QYHKLMIL, TO OTCIONA CNIefyeT CIpaBeJIMBOCTb HepaBeHCTBa (4.6) B 001iem
ciyyae, eCiM OHO ObIJIO J0KA3aHO TOJILKO JJIs CTYTeEHYaThIX QyHKUMHA.

Ilanee, ecnu HepaBeHCTBO (4.5) MOKa3aHO jyuist JOOGOI0 KOHEYHOTO UMCIIA
GYHKUMN @y, @, . . ., PN, TO, IEPEX0JsI K Npefeny npu N — co, BUIUM, YTO OHO
0CTaeTcsl CIpaBeUINBbIM.

Haxonel, 3aKOHHOCTb T'UIOTe3bl B) CJIEyeT U3 TOr0, YTO NMPU YMHOKEHUHM f
Ha KOHCTaHTy 00e yacTu HepaBeHCTBa (4.5) YMHOXKAIOTCs Ha 9Ty >Ke KOHCTAHTY.

Mtak, HM OJHO M3 CHeJAaHHBIX IpPeNOJIO)KEeHUIi He HapymaeT OOLIHOCTH
J0Ka3biBaeMCH TeopeMal.

3ameTuM Tenepb, YTO BCerja MOXXHO Nojao0parte yucna d, Tak, yToObl

llclly =2 cndn, (4.9)
npuyem ||d||, = 1. HelCTBATENLHO, JUIST STOTO JOCTATOYHO MPUHSTH, HANPUMED,

e—-iargc,.

— ~1
dp = ¢, |7 Tel T

(paBeHCTBO (4.9) TOrAa MOJIyYaeTCst MTHOBEHHO, a
Zenlpla=1)  X|enld

P — Z == =1
“ “p ( ”CHg—I)p 2“‘”’(; ’
nbo p(g —1) = ¢).
[Tono)xum
1
dnzD,;:sn’ rjie !Enl =1, a Dn>0’
TOorAa

2D,=1. (4.10)
Kpome ToOro, nojloykxum

f&y=Frt)n(®), toe F()>0, a [n()]=1,

*) JlokasaTenbCTBO, NpUHAAIE)Kaee Puccy, Mo>kuo Haiti B KHure Kaumarka u IllTeiin-
raysa [M.7],
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torga B cuny ||fl|, = 1 umeem
b
fF(tdt=1. (4.11)

Met Mo)KeM Temepb BHIPa3UTh KOIQHULHEHTH ¢, TAK:
b 1
¢n={Fr(t)n ()@, (t)dt
, IpUHUMasi BO BHUMaHue (4.9),

llelly = VD”st%(t)n(t)q‘Jn(t)dt.

1
Eciin Mbl Tenepn 3aMeHUM 5 UEPE3 2, T. €. PACCMOTPHM GYHKUHMIO

0() =3 Die, | FFOn 07,0 dt, @12)

TO Ka)X/Iblil M3 UHTerpasoB B IpaBOi YacTu paBeHcTBa (4.12) (B cuiy Toro, uto f —
— CTyleHyaTasl) ecTb JIMHeHHast KOMOMHALUS C IOCTOSIHHBIMU K03 duLEeHTaMu
BEIp)KeHu# Bujia A%, rie Bce A mosoyxurenapHsl. Ho Torna u @ (2) ecTh Takas e
JIMHeHHas KomOuHaLus, a IOTOMY OHAa OTpaHuYeHa B JII000ii BepTHKaJIbHOM ojoce
TUIOCKOCTH 2.

OueHuM BepxHIOW rpaHb @ (2) Ha NPSIMBIX X =1

x=1nax=1u3
2 b
(4.10) u (4.11) HaxoaUM

b b
|®(2) | << X Dplen| [ Flo,|dt<<MXD, | Fdt =

1 . "
Onst 2z = 5 =+ iy, IpUMeHsisl HepaBeHCTBA ByHsIKOBCKOT0 K IpaBoi yactu
(4.12), Haiinem

(@< (3 D, (215 F2 0y m (05, () dt 2. (4.13)

B cuny HepaBeHcTBa Beccesnsi, Tak Kak MHTerpajisl B IpaBoil yacTH HepaBeHCTBA

1 .
4.13) sasoress  Koadduumenramu dypbe 0T Fz ™% 7 (f), umeem
y

[P (Y n)z(JFdl‘)Z—l

Urak,|PR)| << Muax=1u|®P)|<lHax =% . Ecnn mMu! xoTHM npume-
HUTb BTOpPYIO Qopmy npunuuna ®parmena—IJIungeneda (cm. dobasnenus, § 1)
g oueHku @ (2) B nonoce—2—< x < 1, T0 Hamo nono6paTs AUHeHHYI0 GYHKUHUIO

L(t) TaK, uro6el oHa paBHsinace O npu f = 1 ¥ paBHsanacey 1 npu t=%.Ta1<0ﬁ
dyuxuueii Oyner L (f) = 2(1 —¢). Ilonarass M; = 1 u M, = M, HaxXoquM Toraa
B (o + iyo) | 1209 MI=20-50 a2 <xp<<1, —oo <Pp<C oo
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OTCIOJIa, TaK KaK
lell,=2(5),
HaXoaumMm
lelly< 120D mp~" = ap

a 3TO U 3aKaHYUB&eT JOKa3aTeJbCTEO INePBOH TOJOBUHBI TEOpEMBI.
Jns1 moKasaTesbCTBA BTOPOH BOJIOBUHBI QUKCHpyeM 4ucia0 N U TOJIOXKUM

In®) =)+ o) +...+cvon(),

rhe {¢,} — sajaHHas NOCJIeIOBLTEIbHOCTD YHCE.
Tak Kak |@,| < M, TO @, € L9 3HauuT U fy € L9. Mbl Bcerja moy<em BbIOpAThb
g(t) TaK, 4ToGbI |[g|l "

b _
”fNquaj.ngdt' (4.14)
JlecTBUTENILHO, JUJISI 3TOr0 AOCTETOYHO IOJIOXKUTh XOTs OBl
1 e ng(t)
gO=1InO" =
I/~ llq

TaK Kak Torma (4.14) ciexyeT u3 TOro, yto

. [iimvete w0 §ip it a

Jngdt:“ g1 = =i~y

¢ h | ¢ T

{10l {1 a
U TIpU 3TOM
b . b
b {1 fn Pa=D at flin|?at
Hgll§=§igl”dt= pg=1 =1

(ﬁliNqut) 1 ?Ile"dt

O6o3Hauas depes d,, KOahduuueHTE Pypre OT g(t), nojyyaem

Q|-

b y Al
linlle = fugdt = 3 t,d, < (ZICnl”J (‘Idnl"]
HO Ha OCHOBAHUU HepBOﬁ TIOJIOBUHBI TeOpeMbI MBI UIMeeM

Nd e <Mp gl =Mr ',

2 0y P
vl g<<M> (;lcnlp) : (4.15)

a oToMy

Pa3s Ttak, 1o

= -

Ifwsn— frll g << Mo ™ [ e, |P]

N-+1
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npu nbom k, OTKyza ciejyert, 4ro {fy} CXOmUTCS MO HOPMe NpoCTpaHcTBa LI,
3uaunt (cM. Beojmblit MaTepual, § 21), naiinercs Taxas f € LY, uto ||f — fnl|, =0
npu N — oo; TOrja, 3actaBiusisi N — oo, Mmbl U3 (4.15) nonyuum

1 le<<M7 = [l e,

¥ OCTaeTCsl TOJIbKO N0Ka3aThb, UTO YKUCIIA ¢, ABNSITCA KoadunuenTamn dypoe ot
f, uT06blI Teopema Obla MOJTHOCTBIO JOK&3aHa.
Ho Tak kak

[ = D3t 1<y — 11l 190l < MG — @) [ — e lly—>0

npu N — oo, TO

U JA0Ka3aTeJbCTBO 3aKOHYEHO®).

Sameuvanue 1. Ml 31ech He U3yuyaeM BOIIPOCa 0 TOM, KOTJd HepaBeHCTBa
B Teopeme @. Pucca obpamarTcs B paBeHcTBa. OTCbUIaeM MHTEPECYHOLIMXCS K
paboTe 3urmynna u KanbaepoHa.

3amevyanue 2. B nokasaTensCTBe TeopeMbl Pucca cylecTBeHHO UCHOTb-
30BaJIoCh MpeAnoJioXKeHue, yto p > 1. OxHako cama TeopeMa Pucca, a ciemoBa-
TeJibHO U Teopema Xaycmopda—IOnra, ocraercs cnpaBemnuBoi u npu p = 1.
B oToM ciyyae ¢ = oo, U eciiu yCIOBUTLCS CUUTATH (M. Boanbiil MaTepuau, § 9)

[#]l« = sup|f]

¥ aHaJIOTAYHO NPUHATH

lelle zm,?xlcnl’

T0 00a yTBep)KJleHUs1 TeopeMbl Pucca 0Ka3sBaIOTCSI BepHHL, B YeM MOYXHO MIHO-
BEHHO y0eauThes.

3ameuanue 3. B noxasanno# teopeme Pucca, Kak B yTBep)KIeHUH
1), TaK U B yTBep)KJleHUHU 2), Ipeanonaranocs p <_ 2 U TeM caMbiM ¢ > 2. Takum
00pasom u3 CyMMUpPYeMOCTH |f|P MBI 3aKJII0YaNK 0 CXOAUMOCTH 3 |¢,|? PR p<_ 2,
a TaroKe U3 CXOMUMOCTH 3 |c,|P ienanu BHIBOL 0 cymmupyemoctd |f|¢ mpu p < 2.

MBI X0TUM N0Ka3aThb, 4T0 00a yTBEPI)KeHUs MepecTaloT ObITh BepHBIMY, eCIIN
Yyucaa p U ¢ TIOMEHSTb MECTaMM, MHAaye rOBOPS], €CJU CUUTaTb p > 2. B arom
MO>KHO y0eauThCst Ha MpuMepaX. MBI paccMOTpPUM CJIyyail TPUTOHOMETPUUECKO
CHUCTEMBI.

HeicTBuTensHo, ecin 6b1 yTBepyKaenue 1) 66010 BepHO M Is1 p > 2, TO, TaK
KaK HelpepbiBHAas QYHKUUSA CyMMHUpYyeMa B J11000# cTeneHH p, MOKHO ObLI0 bl
YTBeP)KIAThb, YTO JUIS1 TAKOH (QYHKUUM CXORUTCS DS

2 a1+ 16,7,

cyuTast ¢ Kak yromso 6auskuMm K 1. A mexny Tem B rnase 1V, § 14 mbl nokarkeM,
4TO MOYKHO TMOCTPOUTH TAKYIO HelpephiBHYI0 QyHKUUIO, ST KOTOPOH Mpu J060M

e >0
Elanlz—s+lbn[2—s: + oo

*) O6pamaem BHUMaHMe YnTaTesell Ha paGory Marcinkiewicz and Zygmund [4], rae gaercst
HeKoTopoe o00o0mieHue 3T0if Teopemsl.
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ToyYHO TaK >Xe 1 yTBep)KJieHUe 2) nepecTaeT OLITb BepHBIM IIpu p > 2. [leii-
CTBHTEJILHO, €CIM MBI PACCMOTPHM Psif

< €OS 27X

n=1 VF’

’

TO
1\?
— oo
Sl <+
st aoboro p > 2.

CrnenoBaTesbHO, ecin Obl yTBepyK/eHUe 2) Ipu p > 2 ObUI0 BEPHbIM, TO pac-
cmaTpuBaeMblit psit 661 Ob1 psimoMm ®ypbe oT f(x) € L. A Me)xay Tem B IJaBe
X1, § 3 mbl yOenumcst, uTO ITOT s He MOXKeT OBITh psioM Pypbe, TaK KaK TaM
6y11eT NOKa3aHo, YTO JIAKyHapHBIA Psill siBsieTCst psaioM Pyphe TONIBKO IpU yCso-
BUM CXOJTUMOCTH Psifia U3 KBAJAPaTOB ero Ko3(p(QuUUeHTOB, a B HAILEM CJyyae 3TOT
PSII PacXOMUTCS.

Yka)keM o0fMH NIPOCTO# QaKT, BbITeKalowuii ns Teopemsl Xaycroppa—IOnra.
CnencrBue. Ecau f(x) € LP, p> 1, mo oba pada

=

bn

n

;| an
n

i

cxooames.
IleifcTBuTeNbHO, ecu p > 2, T0 f € LP Breuer f€ L2, a Torna ROCTAaTOYHO
3aMeTUTh, YTO

1

Qan
‘<§ar21 +E n2

n

U aHaJOTHYHO JJIst b,
Ecnu ke 1 < p <2, To o Teopeme Xaycnopha—IOHra J0oJKeH CX0AUThCs

pan X a,|? + 16,9, rne—;— +7= 1."Ho Toraa ans noboro m

1 1

<[Z1ar)’ {;( )gkc[ﬁ . ]

n=1

A

rae C MOCTOSTHHO, TaK KaKZ( ) <

b
paccy)xpeHue Juisi 2—;— COBEpIIEHHO TaKOe JKe.
V3 noKa3aHHON TeopeMbl, B YaCTHOCTH, CJeyeT CXOIXMUMOCTb PSIIOB

dan bn

n - n
npu f(x) € LP. UTo Kacaercss BTOPOr0 M3 3TUX PSIOB, TO OH CXOMUTCS u HpU

f(x) € L (cm. rnaBa I, § 40), HO jy1s1 mepBoOro, eciu p = 1, 3T0 y)Ke HeBepHO.
HenctBuTensho, B rnase I, § 30 MBI 10Kasanu, yto psif

5"'; COS nx
Inn

eCTb psifi Pyphe, a MOKIY TeM ¥ —— = + oo,

nlnn



§4 CTEIIEHb CYMMWPYEMOCTHU ®YHKIUU 1 KOS®PUIIUEHTDbI ®YPbBE 217

Viaxem, uro Xapau u Jlurrnssyn (Hardy and Littlewood!s) nauuin Heo6-
XOJIMMbIE U JOCTaTOUHBIE YCJIOBHUSI, KOTOPBIe HAJ0 HAJIOMXUTb Ha f(x), 4ToOBI PSIL

a
2-;1’1 OBl CXOISIUMCS, a TAaKOKe J0Ka3asld, YTO eCJId OHHU BBIIOJIHEHB, TO

200‘ _"r_;t = _71!- }”f(x)]n (2sin—§~) dx.
0

n=1

b
Yro Kacaercsi CyMMbl pﬂnaZT" , TO JIETKO JOKa3aTb PaBeHCTBO

2n

b @ v i@

n
0

Jdra dpopmysa nonyyaercss NpuMeHeHneM paBeHcTBa [lapceBans K yHkuum f(x)

1 QYHKUUH
T — X o, sin nx

Tz > n

n=1

(cm. r71. I, § 41), mpuyeMm IpuMeHeHHe PaBeHCTBA 3aKOHHO, KaK OyjeT J0Ka3aHo
B § 5, TaK Kak 3Ta QYHKUUS ¢ OTpaHUYEHHBIM U3MeHEHMEeM.

3axaHuMBas 3TOT Naparpad, MOCBSILEHHBINA CBSI3U MEXKIY CTENEHbI0 CYMMH-
pyemocT QyHKUMM K ee KoadduLueHTamu Pypbe, Mb yKa)KeM 0e3 Jokasaresb-
cTBa eule fBe TeopeMbl ITanu (cMm. Paley [1).

Beeniem ciepyrouiue 0603HaAUEHHSA: €CIH (4, Cy, ... — JII00As MIOCJIE0BATE b~
HOCTb 4YuCesl (NeHCTBUTEJbHBIX WJIM KOMIUIEKCHBIX), TO OyaeM 00603HauaThb
Uepes Yy, Vo --+y Ym ... UHCHA ], [Cgf, ..., |Cn|, ..., pacmono)KeHHHE B

nopsiike yObIBaHUS; €CJIM HECKOJIbKO umcesl |[C,| PaBHBI Mexay Co00H, TO
B II0CJIeJI0BaTeIbHOCTH y, OyAeT COOTBETCTBYOLIEE KOJMYECTBO MOBTOPSIIOMINXCS
YJIEHOB.

MeroT MecTo Ciefyiolye TeopeMbl:

Teopemu Ilanu. IMycms {g,(X)} — 0pmo2oHarbHAL HOpMUPOCAHHAS
cucmema Ha [a, b] u |, ()| <M (n=1,2,...), a<x<b.

1) Ecau 1<<p<(2 f(X)ELP u ¢,Coy oov,Cpy ... — €€ KOIPPUYUEHTIBL
Dypoe no cucmeme @, (X), mo

P
’

1 b
Stnlnrl <ayl[ifpas
n=1 a

20e A, sagucum moavko om p u M.
2) Ecau q>2 u ¢,¢y ..., €y ... — N0CAO06QIMENBHOCTL UliCEA, OAL

Kxomopolii
2 | palf < oo,
n=

mo cywecmeyem gynryus f (x) € L9 (a, b), 0452 xomopoil ucaa c, A6AM0MCA K0IP~
Puyuenmamu Pypve no cucmeme {g, (x)} u

1
S EAE S

n=1]

b 1
Jifepax ' <5,

20e B, 3asucum moasko om q u M.
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JloKasaTenbCcTBa 3TUX TeOPeM, KpoMe padOThl aBTOpa, MOXKHO HaliTH M B
KHure 3urmysza M- 61 (cm. § 9.4).

BMSKOMY ¢ 3THMH pe3yJbTaTaMy BOIpOCY TOCBsimieHa U pabora JIuTTiib-
Byna (Littlewood [5]).

HaxoHen, Heo00X0[UMO OTMeTUTb TeoOpeMbl XapAu U JIUTTIBBYJA, OTHOCS-
Iuecss K BONPOCY O CBS3M MEXJY CTeNeHbI0 CYMMUPYEMOCTH QYHKUMU U ee
Koa(Quunentamu dypoe (cm. taroxe 3urmynp M-61 § 9.5). HekoTopbie yacTHbIE
Cllydau UX pesynbTaToB pa3oOpaHbl HamMu B § 3 ryaBbl X.

§ 5. 06o0wenne paseHcTBa IlapceBanst ANsi npou3BeJeHUsA HABYX
pyHKuni

Mpel Bufienu B rnaBe I, § 18, uro ecnm f(x) € L2 u ¢ (X) € L2, npuuem a, u
b,, —KoapdunuenTsl Pypoe 1as f(X), a, u f, — 1151 @ (X), TO UMEeT MeCTO paBeH-
ctBo IlapceBans

1@ ar=150 4 3 @a,+0,6,. G.1)

JorarkeM, yTo Gopmya coxXpaHsieT Cuiy, ecqiu f€ LP, o € LI u % + % =1

(p>1). Mbl y)xe 3Haem (cM. BBogubiit maTepuan, § 9), 4T0 B 3TOM ciydyae
npousBefieHue [ (x) @ (X) CYMMHUPYEMO.
0O603HaunM yepe3 S, (x) yacTHymo cymmy psiga Pypwe mist f (X). Mmeem Torna

n

-};JS,,(x) @ (x) dx= %J %—‘;"_ + kz_nlak cos kx + b sin kx

n

q)(X)dX:

=£°§g°~+ ’(Z‘akak + by B -
=1
TToaTomy HOCTATOYHO JOKA3aTh, YTO
l n ) l n
210 9@ dx=lim [ S, () ¢ (x) dx
WM, 9TO
lim [ ()[f () — S, (9]dx =0.
Ho B rnase VI, § 20 6yxer noxasaHo, yTo npu p > 1
[1f() =S, Pdx—0 mpu n—>eo,
ecnu f(x) € LP. Ecnn Tak, To 10 HepaBeHCTBY ['esibnepa

116 = 8. ()19 @) [dx<||f () — Sa(®) 5[l 9 (3) ly—>0,

TIOCKOJBKY @ (X) € L1,
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[Tonb3ysiChb 9TUM PABEHCTBOM, MOXKEM IIOJIYUUTh CIeAYIOWMUA Kpurepui 1jst
TOr0, YTOOBI HEKOTOPBIA psift ObU1 psitom dypbe OT f(x) € LP.
Teopema. [aa mozo umobsl pso

Ly é; a, cos nx -+ b, sin nx (5.2)

obin psivom Dypoe -om Pynkyuu f(x) € LP (p > 1), HeobXxo0umo u 0ocmamodro
4mo0bl 04a Kaucooll Pynryuu ¢ (x) € LY ¢ koapduyuenmamu a,, f, pao

Got 1 N a,a,+ b, p, (5.3)
n=1

Obla cxX00yUMCA.
YenoBue Heo0X0quMO. IT0 OBUIO TONBLKO YTO J0KasaHO. MBI fajxe
NI0Ka3aJjii, 9TO0 CyMMa 3TOr0 psiia ecThb

1@ e@ax.

Ycnosue goctaTtouno. Paccmorpum QyHKuuo ¢ (X) € L? ¢ psagom
o(p) = 320- + 3 a,cos nx + B,sinnx. (5.4)

O6o3Haunm yepes o, (x) u 7, coorBercTBeHHO cpennue (C, 1) mis psipoB (5.2) u
(5.3). SlcHo, uro

T, = %J:t(p (tyo, (b dt .

Ho 7, = 7, (p) — nuHelinpil pyHKuuoHan B LI, NOTOMY UTO o, (), KAK TPUTOHO-
MeTPUUECKUH TOJMHOM, NpUHAMIEKUT LP mpu mo6oM p, HOpMA 3TOro (QyHK-

LIMOHAJIA eCTh % o, ||, (cM. BBomubiA MaTepua, § 20).

Tak Kak psan (5.3) cxoaurcsi, 3HauuT Tem Oosee (C, 1) cymmupyem, TO Yuclia
T, (p) OrpaHUYeHbl I KOKIOH @ € Ly, T. e.

=) P Qo dt| <M @) <+,

rae M — KOHCTaHTa, 3aBHUCsAsl OT ¢ (HO He OT 7).
CrnenoBarenbHo, 11m T, (p) << 4 oo. Tlo3TOMYy Ha OCHOBAHMH TeOPEMBI

BaHaxa——LHTeHHraysa (CM JlobaBnenust, § 4) HOpMbI YYHKLUHUOHATIOB 7, (p) OTpa-
HUYeHBI, T. €.

lonlp, <K (n=1,2,...).

Orcropa no Teopeme 3 § 60 rnaswi I cienyer, uro psix (5.2) ectb psit Pypbe OT
HEKOTOPO# f € LP, 1 I0Ka3aTeNIbCTBO 3aKOHYEHO.

Bepuemcst K paBeHCTBY IlapceBanst M JIOKa)KeM TeOpeMy:

Pasercmeo Ilapcesais coxparsem cuay, ecau f(X) umeern o2paHuyeHHoe ume-
Henue, a @ (x) € L.
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JlelcTBUTENbHO, B 3TOM Cliyyae U f(X) orpaHndeHa, 1 yHkuuu S, (X) orpaHu-
YeHbl B COBOKYITHOCTH, a OTOMY IpousBejieHue ¢ (X) [f(x)—S, (x)] markopupyercst
cymmupyemoit dyuxuueit. C npyroi croponsl, S, (x) — f (X) nours Beroay. Ha octo-
BaHUU TeopeMbl Jlebera 0 3aKOHHOCTH Mepexoia K peJieny Mo SHAKOM MHTerpaja
uMeeM Torza

Tim [p () [£() — S, (] dx =0,

M JIOKa3aTeJIbCTBO 3aKaHUMBAETCS KAK B NPeJbIIYLIeM Clyyae.

ITO paccyrxjeHue y)xe He TOAUTCS, €ClH f(X) TOJbKO OrpaHMYeHa, HO He C
OrpaHUYeHHbIM U3MeHeHreM. OHAKO U B 9TOM CJiydae, T. e.1IpH ¢ (X) € L u f(x) —
OTpaHMYeHHOH, paBeHCTBO [lapceBans CnpaBeiJIMBO, €CJIU TOJIBKO BMECTO CXOMH-
MOCTU psifia, CTOsIEr0 B MNpaBo# wvacty, paccmarpusatbh ero (C, 1) cym-
MUDYEMOCTb.

HeAcTBUTENBHO, YCTh 0, (X) — deliepoBcKue cyMMBl psiia Pypobe oT f (x).
Torma o, (x) — f(x) noutu Beway u |o, (X) — f (x)| < M, a notomy

lim Jo([f() — o, ()] dx =0,
Ho

oot 90 [ 3 (1 =) (ocosie -+ usinke e —

o %o nﬁ k
=a2 __l__’%(l——_n_l_l)[akak"l—bkﬂkl,

1 TpaBasi YacTh 9TOTO PABEHCTBA €CTb He UTO MHOE, KaK 71-51 ue3apoBCKasl CyMMa
st psaga (5.3). [ToaToMy HY)KHOe yTBepiKJeHHe JOKa3aHo.

Bosspawmasics K ciyyarn, KOTAa f(X) UMeeT orpaHUYeHHOe U3MeHeHHe, BhiBe-
JleM OJIHYy TeopeMy, KOTopasi 4acTo ObIBaeT IOJIe3HOM.

Besaxuii pao @ypee nocae ymHoncerHua na awbyo GyHKYUuO ¢ 02paHU4eHHbIM
U3MEHEHUeM MOMCHO UHMe2PUPOsant NOYACHHO Nno A06omy ompesky, m.e. ecau
@ (X) ¢ 0eparuueHHbIM U3MeHeHUeM U

() ~-5-+ 3 aycosnx + b, sinnx,
TO

J'f(x) @(x) dx= %fcp(x) dx + é‘ a,,jqa(x) cos nx dx + anncp (x)sinnxdx. (5.5)

[Ipe)kae Bcero 3aMeTuM, YTO JOCTATOUHO NOKa3biBaTh Qopmyny (5.5) ans
cnyvas [a, b] = [0, 2z]. B camom pene, ecnu O <a <b <2z, TO JOCTATOYHO
cyutath @ (x) =0 BHe (q, b), ¥ TOTAA MOYKHO NPOU3BOAUTL MHTEIPUPOBAHUE IO
oTpesKy [0, 2z ]; ecnu >Ke IyIMHA OTpe3Ka [a, b] NPeBOCXOJUT 27, TO ero MOXKHO
pas0uTb Ha KOHEYHOEe YHMCJIO OTPEe3KOB, Ha KA)KJIOM M3 KOTOPHIX (opmyJia yrKe
J0Ka3aHa.

HMrak, 10CTaTOYHO IOKa3aTh, UTO

2n 27 2n

[H)9() dx= 2 [9(x)dx+ 3 a, [ p(x) cos nxdx + by | 9 (x)sinnx dx. (5.6)
0 0 0

0
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" 1
TMocne ymHO)KeHust 00eux yacTeli (5.6) Ha —, MBI BUIUM, UTO 9Ta GOpMyIa npeBpa-
maercsi B paBeHCTBO [lapceBassi

2n
L1090 dx=-3-ay + 3 @, 0, + b, By,
0

CNpaBe/UIMBOCTb KOTOPOTo Auisl f(x) € L u ¢ (X) ¢ OrpaHUYEHHBIM U3MeHeHeM yiKe
Obla JoKasaHa*).

§ 6. O cxopocTH cTpemMieHHA K Hymo KodpduunentoB Pyphe
0T CyMMHpPYEMbIX ¢yHKumii

[TocTaBuM BONpPOC TaK: MOXKHO JIM HaiTH Takylo QyHKUuw A (n)4 oo, uTO
JUIs1 m000H cyMMupyemMo#t GyHKUMU MMeem

anzo(ﬁ), bn=o(~“‘—n)). 6.1)

OxasbIBaeTCs1, 4TO Ha 3TOT BONPOC NPUXOAUTCS AaTh OTPUUATENLHLINA OTBET;
Gosee TOro, MOYKHO s 11060 A (1) 1 oo MOCTPOUTD HeMpePBIBHYIO f (X), y KOTO-
poii KoagduuUeHTEl Pyphe He YA0BIETBOPAIOT cOOTHOWEeHUIO (6.1). B camom fene,
BBI0EpEM UMCTIA 17, TAK, YTOOBI

L1
glz(nk)<+°°

1 1
FIEnL b”kzl(nk); a,=b,=0, ecitu nsn, (k=1,2,...).

U TOJIOKUM Qp, =

Torna psin
Da,cosnx+b,sinnx = > 7(%;) [cos . x + sinny, x]

ecTb paf Pypbe OT HeNpepbIBHOH QYHKUMHU, TOCKOJIbKY OH CXORUTCsST aOCOJIIOTHO
M paBHOMEPHO, HO B TO >Xe BpeMsl COOTHOLIeHMsT (6.1) He MMeIOT MecTa, TaK Kak

A A(n)=1 u b,A(n) =1 k=12...).

HMrak, fnaxe AJs1 Helpep bIBHBIX QYHKUMI Helb3sl YTBEPIKAaTh, UTO KO3Gdu-
1KeHTbl Pypbe 00513aHBl CTPEMUTLCSI K HYJII0 C HEKOTOPOR ONpefesieHHOM «CKo-
POCTBIO).

Oanaxo, ecmu f(x) € LP (p > 1), To mbl Bugenu (§ 5), uyro nmpu p <2
umeeM ' a,|? 4+ [by|?< 4+ oo, @ mpu p > 2 yKe BO BCSIKOM Clyuae
2 |an? + b, << 4 oo, T. €. BCe TaKu @, U b, He MOTYT OBITb «CIIMILKOM BeJIUKH»
Juisi OONBIIMX 3HAYEHHH n.

Muaue oOcrouT geno ans ciyvas f(x) € L, a MMeHHO:

Ecmu f(x) Tonbko cymmupyema, To ee koagduuueHTsl Pypbe MOryT cTpe-
MHTBCST K HYJIIO KaK yroJHO MeJJieHHO. TouHee:

*) Mo)KHO BMECTO OrPAHMYEHHOCTM W3MEHEHNs] HAKJIajeBaTh HA f (X) Apyrue Orpasu-
uyeHus. Tak, Hampumep, paseHCTBO [lapceBanst coxpassieT CHily, eCsin ¢ (X) € L, f (x) orpauu-
h

4eHa, U, KPOMe TOro, J [f(x+u)— fx—u)]du=o0 (———’-l—l—) PABHOMEDHO OTHOCHTEJILHO X (CM.

0 In —h—
Izumi and Sato[1]),
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Ecau e, | O kak y20010 Me0AeHHO, M0 MOMCHO Halimu makxoid pad Pypee
sula
2 a,cosnx,

y Komopoz2o a, >¢, (n =1,2,...).

J10 OymeT NOKa3aHo B § 2 rnasbl X.

Banax (Banach []) oTmeTnn TarKe, 4TO MOYKHO NOCTPOUTL NOCIIEN0BATEN b
HOCTb IOJIOYKUTENbHBIX A, CTPEMSILIMUXCST K - oo, M CYMMUpPyeMyIo f(X), miIsi
KOTOPOH

3 (1t 4 [y =+ oo

Mo>KHO JIH BCe »Ke yK&3aTb KaKue-iubo HeobXxo0umble yenoBust mist Koadgu-
MeHTOB Pypbe 0T CyMMUPYEeMON GYHKUUHN?

b
31ech MBI TONLKO HallOMHKUM, UTO psif > T" JIOJOKEH CXOIUTHCST (CM. TJ1aBa |,

§40), Ho 11 Y %STO yoKe HeBepHO (cM. § 4); Takum 00pa3om, KoapduuueHTbI a,,

u b, HepaBHONpaBHbl. B rnase VIII MBI yBUAMM, UTO PsIJI, CONPSDKEHHBIH K Py
dypre, He 10KeH ObITL psagom Pypbe. K Bonpocy 0 HEOOXOAMMBIX YCIOBHUSIX
MBI BepHeMcs B § 9 HacTosiulel rnaBel. A cefiuac nocTaBuM BONPOC 0 Jocmamouy-
Hbix ycnoBUsiX. K coyKalleHMio, ¥ 37eChb HNPUXOMUTCSI TOBOPUTH MOUTH TOJIBKO
00 OTpULATENBHBIX (aKTax.

MsBecTHO, yTO yCI0BUE 2’ a% + b2 << 4 oo sBysieTCs MOCTETOYHBIM. Ho,

Kak otmeTus Opiny (Orhcz ”]) M0>KHO HaHTH N0CIIe0BATeILHOCT L TOJI0KUTET b=
HBIX YUCET Y, ¥y, —> 2, IPH Nl — co, TAKyl0, YTO PSiN

2 (lap+1b, 7)<+ oo,

0aHaKo Y (a, cos nx + b, sin nx) He ecTb psjx Pypee.
Janee 3ameTuM, YTO HMKaKOe yCJOBUE BHJA

4=0(755) 0= 0(r55)

rie A(n) 1 oo, He MOXET OKa3aTbCsl JOCTATOUHBIM JUISI TOFO, uTOOBI psf
2 @, COS X + b, Sin nx oKa3zajcst psaoM dypre. B sTom Ml yﬁenumca B § 8.
Hanee HanoMHuM, YTO B § 4 HacTOsied rnaBbl OBUIO OTMEUEHO: HUKAKOE
ycioBue BUa

Zianlq+ Ibn‘q<+ oo,
rje ¢ > 2, He SBJsSETCS] JOCTATOYHBIM UIsI TOTO, 4TOOBI PSAX 3 a, COS nx -+
+ b, sin nx Obu1 psigom Pypre.

OOparum elle BHUMaHKe Ha CIIeyIOMuit aKT: eciu B psife Pypbe HEKOTOPbIE
KOOQQULMEHTBI 3aMEHUTb HYJISAMHU, TO OH MOJKET IlepecTaThb ObiTh psiioM Dypbe.

1
JlefcTBUTEIILHO, NYCTh 4, = Vi ToTI@ pan 2 @, cos nx SIBJSIETCS PSIIOM

dypbe (CM § 30 rnasel I). Tenepy 3aMmeHUM HYJISIMU BCE @, IJIST KOTOPBIX 1 == 2F

k=1,2,. ). Honyuum psg 3 @y cos 25x, KOTOpBIA GyieT NaKyHapHBIM; eciiu
Ob1 OH ObLT psanoM ®ypoe, TO (cM. riaBa XI § 3) MBI JOJDKHBI ObUIH OBl UMETI,
2 (agr)? <+ oo, a MOXKJY TeM

S(@P>Y iy =+ oo

JTO U MOKa3bIBAET Hallle YTBEDIKACHUE.



§7 BCIIOMOTATEJIbBHBIE TEOPEMbI O CUCTEME PAJTEMAXEPA 223

B § 8 Mbl yka)keM 00JbIINE TPYAHOCTH HA NYTU K PeLIeHHI0 BOIIPOCA 0 JOCTa-
TOYHBIX YCIOBUSIX M Ko3pduuuenToB Pypre. Ho 1ys1 aroro Ham noHamo0sirest
HEKOTOPBIE BCIIOMOTaTeJIbHbIE TEOPEMBI.

§ 7. BcnomoraTenbHble Teopembl 0 cHcTeme Pajgemaxepa

B § 9 rnaser I 610 nano onpenenenne GyHkunii Pagemaxepa. Ceiiuac Mbl
JIOKA>KeM HECKOJIbKO TeOpeM, KacalolUXCsl 3TUX (YHKUHUH, U NPUMEHUM UX 3aTeM
K M3yUEHHI0 TPUTOHOMETPUUYECKUX PSIJIOB.

Teopema 1%). Ecau 3 ¢2 < 4 oo, mo pso

2 eapn(t), (7.1)
e0e @, (t) ecms n-s gynkyua Pademaxepa, cxodumces noumu 6crooy.

B camom nene, u3 3 ¢2 << 4 oo cuenyer, uto psif (7.1) ects psajg Oypee oT
HEKOTOpo# f(x) € L2, 1yt KOTOpOi

1
{[f(®) — Su(x)]2dx—0 npu n-—>co.
0

OTciofia pU NIOMOLIYM HepPaBeHCTBa BYHSIKOBCKOTO BHIBOJMM

.fif(x)—sn(x)idxﬁo,

0

[Tycrs (a, b)
8. — 1)1 18,9~ 10l ds < (15,00 — 0] dx 0,

moboit nurepsan Ha [0, 1]; Torna

T. €.
ijn(x) dx—»ff(x) dx npu n-—»>oo. (7.2)

Tenepn 0Go3nauum uyepes F (f) HeompeeseHHBbI uHTerpan ot f(f), TOrja
F’ (t) = f(f) Bcrony, Kpome HeKCTOPOTo MHOYKecTBa E, mE = 0. [Tycts & —nony-

yaercsl u3 E no0aBJeHneM BCeX TOUeK [ Buia t = 21,{, rjae p u k — no0ble Leble;

ciosa m& = 0. J{oxaykeM, uto psix (7.1) cxomurest Berony Bue & . JlefiCTBUTENBHO,

nycrs t € &. Torma te(zik,pz—tl), rie k — KaKoe-To 1leJioe ¥ p IPUHUMAET
ONHO M3 3HauveHuit 0, 1,2, . . 2K —1.
Hnst moGoro j > k Ha unrepsane I = (zik, pz“: 1~) nMeeM

j ®;(x)dx =0,
1
TI03TOMY
§Sa(x)dx= S, (x)dx (n > k)
1 1
u B cuny (7.2) orcioma § f(x) dx= [ Sy (X) dx. Ho S,_; (x) nocrosinna nHa I
1 1

a noTomy
Sim () =7 [ Sica (@) tx = 1 [ dx. (7.3)

*) Cm. Rademacher (1], a taxke Paley and Zygmynd [1], Konmoropos [4].
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Ecmu k — oo, TO miuHa unTEpBaNa I CTPEMMTCS K HYIIO U TNOCKOJBKY
t¢ E, To npasasi yacth (7.3) crpemurcs K f(f), a 3HauuT

Tim Sy (0 = 100),

a 9TO0 ¥ 3aKaHYMBAET NOKa3aTeNbCTBO TEOPEMBI.
Teopema 2 (Zygmund!?). Ecau pso

S eamnl®), (7.4)

20e @, ({)— pyrryus Pacemaxepa, cymmupyemcs memeooom (C, 1) na muoncecmee E,
mE >0, mo 3 ¢ <+ oo.
HoxkasaTennbcTBo. VMeeM s n-i ye3apoBCKOH CyMMBI psijia

ou(t) = 2 (1 =5 e (1.5)

¥ TI0 YCIIOBHIO o, (f) cxoaurest Ha £, mE > 0. 3Hauur, Haiizercst takoe &, m& > 0,
rie o,(f) cxomurcsl paBHOMePHO K o (f) U o (f) HempepbiBHA. [Toaromy Juist mocra-
TOYHO Oospiioro N umeeMm npu n > N, Hanpumep,

e ()| <|o@®|+1, te&,
T. €. Halipercs Takoe M, 4ro
e, )| <M pna n>N u te&,

1, Cj1eflOBaTeNbHO, HalizeTcst Takoe M;, uTo

o, ()| <M, pnst t€& u n=12,... (7.6)
Orcrona

[ ydt<Mim& (n=1,2,...). (7.7)

£
3HauuT,

z k2 nod k j
M2m& >2(1 wn,,) e [ g2y ar+ (1 _7;) (1 —’7) ¢ [ o dt.
k=1 & k=1 j=1 P
k#

~

(7.8)
W3 onpenenenuss ¢yHxuuit Pajemaxepa J1erKe BBIBECTH, YTO CHCTeMa
{@r(X) pj(x)}, THE k 5 ], TalOKe OPTOroOHaidbHa. Yncna

by i =é§ P (t) Pj () at

CyTb K03ddHULIMeHTE Qypbe MO 3TOH cucreme or dyuxuuu f(x), xapaxrepu-

CTHUECKOH A muoy)ecTBa & (T. e. f(x) =1 Ha & uf(x) = 0 HaC &). 3Hauur,

2 b,%j < 4 oo. Tlpu paccmorperun cymmupyemocty psiga (7.5) meromom (C, 1),

a TaKyKe CXOAMMOCTH psAja > €2 KOHeuHOe YHCJIO TMepPBBIX UJEHOB He Hrpaer

pOJIK, MO3TOMY, He HapylIas OOI[HOCTH, MOXKHO CUUTATh, YTO JUIS HEKOTOporo N,
umeeM ¢, =0 g n<_N;.

I710 yrceno N, MOYKHO IPEJI0I0OKUTh CTOJIL 0OJIBIIKM, YTO

@ d 2
> <) 1.9

k=N,+1 j=N,+1
(k#))



§7 BCIIOMOTATEJIbBHBIE TEOPEMbI O CUCTEME PAJTEMAXEPA 225

M3-3a BbIOpachbiBaHUSI WJIEHOB B CyMMe o,(f) (T. e. NpeaosIo)KeHus
¢, =Cy= ... =y, =0) Koucraury M, B Qopmyne (7.6), MOXeT OHITE,
NPUJIETCS] U3MEHUTh Ha HEKOTOPYIO M,.

[MpuMeHsist K 1ocjefHell cymme B HepaBeHcTBe (7.8) HepaBeHCTBO ByHSKOB-
CKOTo ¥ yuurbiBas (7.9), noayuaem

;é; él‘ (1 —%) (1 —%)Ck0j£¢k¢jdti<

(k#j)

< Z0-ra (-4 ey -5 20 -5

09TOMY, 3aMeuasi ewie, uTo g2 (f) = 1 mouru Bclofy s moboro n, HaligeM us
(7.8)
“ k)2 2 kY2 o mE  mé < k2
2 A 2 . —_ 2 772 . 2
M2m8”>é(l n) ¢ m& g(l o) a="1 g(l n) .
3Hauwur,

n

S —4)a<em

k=1

npu mobom n. ITycts N, NPOU3BOJILHO.
Ecan N; > N,, TO

kZM(l —NL3)202<S‘(1 ~—1§;)2c,%<2M§.

=1 k=1

Ho N3 MO)KHO B3ATh KaK yrofHO 0OJbLIMM; OTCIOiA CJeayeT, UTo
2

<< 2M3,

2

k

I
-

=]
a Taxk Kak N, moGoe, T0 3 ¢z << + oo.
k=1

Teopema 2 noka3aHa.

Sameuanne 1. Teopemy 2 MOXXHO HECKOJHKO YCHIWTh, a HMMEHHO
BBICKaZ3aTh €e B TaKoi dopme:

Ecau 0aa paoa 3 c, @, (t) ueaposckie cyMmbl y0064eme0pAatom yCcao8Li0

lo.)|<<M  (n=1,2,...) (7.10)

Ha Hekomopom &, m& >0, mo 3 ¢ < + oo.

JeiicTBUTENBHO, NPU JI0Ka3aTeILCTBE TEOPeMbl 2 MBI CHayaja 00Hapy)KUIu
CYLECTBOBaHME MHOYKECTBA IOJIO)KUTENLHOM Mepbl, IJe BBIIOJHEHO YCJIOBHE
(7.10), a panplie ONMPaKUCh TOJMLKO HA 9TOT PAKT.

3amMeuaHue 2. Mbl WIs1 YIOpoIleHUs] T0Ka3aTeIbCTBA IPOBOMMIIU pac-
cy»knenune ¢ meronom (C, 1). Ha camom pese cnpapefymBa ropasjo 6osee o0mast
Teopema.

Teopema. Ecau pao 3 ¢, ¢, (t) cymmupyem kakum-aubo memoodom T, uau
Oance T * na mHomcecmee mepbl Goavuie HyAs, Mo 3 ¢2 <+ oo *).

JList ciiydast CXOfMMOCTH 3Ta Teopema ObUla Joka3aHa KoOIMOropoBbIM U
Xunupnpm [,

*)O meromax T u T* cm. § 5 BBogHoro marepuaina.
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§ 8. OTcyTcTBHEe KpHTepHEB, HalaraeMbiX Ha MOAYIH Ko3(@HLHEHTOB

MBI XOTHM 110Ka3aTh, UTO €CJIK He 3a00TUTHCS 0 3HAKAX YUCET Ay, U by, & yun-
TBIBATh TOJILKO MX MOMYJIM, TO HHMKaKoe ycloBHe, KpoMme 3 a2 4 b2 < 4 oo,
He JOCTAaTOUHO NSl TOTO, YTOOBI PSINt

>a,cosnx + b, sin nx

oxasancst psgom dypine. Buepsble 9T0T Qakr Obin 00Hapy»eH JIMTTILBYIOM
(Littlewood [l), noxasaBiunm, uto ecnu psit Y o7 pacxoaurcesi (p2 = a2 4 b2),
TO MOXXHO TaK Noxo0parh yucia a,, UTO Psij

2 encos (nx —ay)

He Oyner psnom dypoe. 3arem Cupgon (Szidon 1) manm Takoe ycuiieHHe Teopembl
JIurTneByna:
Ecau sce psaowt

:[:%L_l_éo"j:(ancosnx—}—bnsinnx), (8.1)
n=1

20e 3HaKU -+ U — MOMCHO 8bI0UPAIMb KaK y200HO, A6AAwmca padamu Pypwe, mo
2 af 4 b <+ oo.

JIpYTrUMHU CJIOBaMH, ecu ' a2 + b2 = -} oo, TO MOYKHO Bcerja TaK 1ojo0-
paTh 3HAKU + WIAM —, YTOOLI NONYYUTH cpefu psAoB (8.1) Takoif, KOTOPBI He
siBJIsieTcs: psfoM Pypee.

JTOT pe3YJIbTAT B CBOI0 OYepelb COAEPIKUTCS B ropasno 0oJjiee CUILHOM
pesyibrare 3urMynpa. [ast Toro uro0bl ero cQopMyuMpoOBaTh, BBElEM B pac-
cmoTpeHue Qynkuuu Pagemaxepa. ITonoyxkum

Ap(x)= %"—, A, (x) = a,cos nx + b, sin nx

u Oyjiem paccMaTpuBaTh PSIABI BUA
iimm. 8.2)

Eci MBI HCKITIOUMM M3 PACCMOTpeHUsI BCe Te ciydau, Korpa aubo 1, nubo —1
B KaUeCTBe MHOYKUTENA Y A, (X) BCTpeuaeTcsl JIUIb KOHEYHOE UKCIIO Pas, TO BBIKK-
HEM JIMIlib CUETHOE MHOXKECTBO pAfoB BUAa (8.2). Bce ocranpHble psiibl MOTYT
OLITL 3allUCaHbl B (pOpMe

2 A 9.0, (83)

rne @, (f) ects n-1 ynkuust Pagemaxepa, a t — HeKOTOpOe UKCIIO HA WHTepBaje

(0, 1), mpuuem ¢ +%, Ije p U ¢ — Lelble. B camom pene, nnst nro0oro ¢ -+ %

umeeM @, (f) = + 1 wm ¢, (f) = —1 npu mobom n u, 3HauuT, psix (8.3) NpUHU-
maet popmy (8.2); 006partHo, ecsun fiaH psif (8.2) U B HEM 3HAKH -+ U — BCTPEYAIOTCS
0ecKOHeYHOe MHOYKECTBO pas, TO, KaK JIENKO BUMIETh, HANJETCS OJIHO BIIOJIHE OTIpe-

JieJieHHoe f) =+ zﬂq, AJs1 KOTOpOro ¢, () = + 1 unn ¢, (f,) = — 1 u npunumaer

UMEHHO TaKO{ 3HaK, KOTOPBIA cTOUT y A, (X).

VYeoBUMCST TOBOPUTD, UTO noumu éce psosl uoa (8.2) obaadarom Hexomo pbim
C60LICITI60M, €CII OTUM CBOMCTBOM 00J1afiatoT psijibl (8.3) 17151 IOYTH BCeX 3HAUeHMUI ¢
Ha uHTepBade (0, 1).
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ITpuusB 3Ty (GOPMYJIUPOBKY, MLl MOXKeM TeopeMy 3UIMyHAA CHOpPMYJIH-
poBaTh TaK:

Teopema 1%). Ecau S‘ aZ 4 b2 = oo, Mo noumu éce paosl
n=1
Lo 4 ¥ 4+ (a,cos nx + b, sin nx)

ne cymmupyemvt (C, 1) noumu ecrody na [0, 2r] u, caedosamensvro, He ABASAHONICA
paoamu Dypoe.

Jra Teopema JeHCTBUTENBHO ¢ U30OBITKOM NMOKPHIBAET Bbillle CHOPMYIUPOBAH-
HYI0 Teopemy CupoHa.

B cBoI0 ouepesnp, OHa MOYKeT OBITh IOJydeHa u3 TeopeMmbl 2 § 7. B camom
jesie, onycTum, uro 3 a2 4- b2 = -+ oo. JJoKa)KeM CHauasa, 4YTo TOrja

2 Ai(x) =
n=1
TUIST TIOUTH BCeX 3HaYeHUH X.
JeicTBUTeNIbHO, NONYCTUM, YTO 3TO HeBepHO. Torjma Halimercst Tawoe E,
©
mE >0, uro 3 AZ(x) cxopurcst Ha E. MoyxHo Torjga BuOpars BHyTpu E
n=1

takoe &, mé& >0, Ha KoTopoM cymma > AZ(x) orpanuuena. Iycrs
N A<M mHa &.
n=1

[Monarast A, (X) = g, c0s (nx + a,), MO)KeM HHTerpupoBaTh psix > AZ(X) mo-
YJIEHHO 10 MHO)KeCTBy &; Torna NoJy4um

@,, f cos? (nx + a,) dx < Mm& . (8.4)

n=1

Ho
Jcosﬁ(nx + a,)dx = %j[l + cos 2 (nx + a,)] dx»%mé’
& &

IpU N — oo; 3HAUMT, JUISI TOCTATOUHO 00JIbLIOro N Ka)Kibli ujeH psja B JeBod
yacru (8.4) mpu n > N npeBocxoauT 2 a, rjae a > 0, mosromy

20k <+ oo,

a 9TO MPOTUBOPEUMT Tunorede > a2 4 b2 = + co,

Wtak, mbl y6en;vmnc1: YTO €eCJIu 2‘ a? + b2 = 4 o0, 10 3 A2(X) = + o0
JJIsl TIOUTH BCeX 3HaueHuit X.

Tenepb 0003HauuM uyepe3 E IJIOCKOe MHOYKECTBO ToueK (X, f), obiafaromux
TaKUM CBOHCTBOM: eciut (X, t,) € E, To psn

2 An (%) Pn (to)
cymmupyercst merogoM (C, 1), T. e. COOTBETCTBYIOILMA P

2+ An(x)
cymmupyercst Meroiom Peifepa. Jokakem, yro mE = 0.

*) Burmynp, mokasan GoJiee o0IIyl0 Teopemy, 4 MMEHHO HECYMMHMPYEMOCTh 9TUX PSIOB
mo6bim Metogom T *. OQHAKO, MOCKOJBKY MBI B I0Ka3aTesIbCTBE ONMpaeMcst Ha Teopemy 2 § 7,
a oHa Obis1a JoxkasaHa Juib st merona (C, 1), To ¥ 34eCh MBI IosTyuaem Gosree C1a0plit pe3ynbTar.
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HeticrBurensHo, 3 A2 (X,) = - oo JuIst 10UTH BCeX X. [TyCTh & — MHOYKeCTBO
TeX X, JUIs1 KOTOPBIX 9TO UMeeT MeCTo, Torga mé = 2m. Eciu X, € &, To 10 npejpbl-
Ayliei Teopeme SUMyHIa MHOYKECTBO TeX f, IJIs KOTOPHIX 3 A, (X,) @, (f) cymmu-
pyercst meroom (C, 1), umeer Mepy HyJb. SHAYUT, MHOYKECTBO TOUEK (X, [) € E
MMeeT MepY HYJIb, X 9TO BepHO ISl BeeX X, € & . Clle0BaTeNIbHO, IJIsi I0UTH BCeX
X, Ha [0, 27] BepTUKaNbHAS IPSIMAs X = X, IlepeceKaeT £ M0 MHOYKeCTBY Mephl
Hynb. Ho torpa mo teopeme dybunn (cMm. Bpomublil marepuan, § 18) umeem
mE = 0. Ecin Tak, 10, cHoBa no TeopeMe PyOMHH, MOUTH BCSIKAsi TOPU3OHTATb-
Hasi NpsiMasi nepeceKaer £ Nno MHOXKeCTBY MEphI HyJb, T. €. [JIsI IIOYTH BCEX f,

0

pan 3 A, (X) g, (f,) mo>xeT cymmupoBartbest MeTooM (C, 1) muiib 1T MHOYKeECTBA
n=1

TOYEK, UMEIOIero Mepy HyJb. Ho 3T0 3HauuT, yTo «IoyTH BCe psifbk > + A, (x)
CYMMHUDPYIHOTCST MeTOJ0M deifepa Nuib HA MHOYKECTBe Mepbl HYJIb, @ TAK KaK PN
dypbe NOJDKEH CYMMUPOBaTbCsl MeronoM Peiiepa mouru BCIORY, TO NOYTH BCe
psaabl 3 + A, (x) He sBIsOTCS psifaMu Pypbe, M [OKa3aTeNbCTBO 3aKOHUYEHO. -

3ameuanue 1. ITonesHo OT™MeTUTD, UTO eciin Y a2 + b2 = -+ oo, TO [JIsI
HOUTH BCEX PANOB Y 4= (a, €08 nX + b, sin nx) yacTHbIE CYMMBI psiia IOYTH BCIOY
HeorpaHuueHbl. JledcTBUTeNbHO, ecnu psn Y (a, cos nx -+ b, sin nx) ¢, (f) umeer
OrpaHMUYeHHBIE YaCTHblE CYMMBl Ha IUIOCKOM MHO)KectBe E, mE >0, T0
TOTMa Ha OCHOBAHWM 3aMeuaHus] K Teopeme 2§ 7 Ha MHO)KecTBe IIOJIOXKH
TeNLHOU Mephl Y (@, €0s nx + b, sin nx)? < 4 oo, a 3T0 NPOTUBOPEYHT [UIIOTE3e
2 ap 4 by = + oo.

OTUM 3aMeyaHueM MBI BOCHOJIb3yeMcsl B riage V, § 23.

3amevaHue 2. Mbl goKas3aiu, 4ro ecau 3 a2 + b2 = - oo, TO IOUTH
BCE DPSIfbl

2 =+ (a,cos nx + b, sin nx)

He ABISIIOTCS psiaMu Pypbe. IHTEpecHO OTMETHTD, uTo Ko2da Y a2 + b2 < + oo,
Mo no4miu 6ce IMu pAOkl cxo0AmMcA. ITOT Pe3yJILTAT SIBJISIETCsT HeMelJIeHHBIM CJIef-
cTBreM TeopeMbl 1 § 7.

§ 9. Hekoropele Heo0xoauMble yCI0BHA KIsi KodduuueHToB dyphe

B § 6 MBI y)Ke TOBOPHIIM O TPYAHOCTSIX HAXO0XKeHHUsT He0OXOUMBIX YCIIOBUIA
1151 K0apduunenToB Pypbe 0T CYyMMUPYeMBIX QYHKUMIA.

3nech Mbl, citenyst Cajtemy (Salem ) yrarkem HexoTOpBIe He0 0X0MBIE YCII0
BHUSI, KOTOPbie MOTYT NpeJCTaBUTh U3BECTHBIH MHTepec.

[Tycrs

%+’éancosnx+bnsinnx 9.1)

ecTb psft Pypbe 0T HeKOTOpO cymmupyemoi pyHrumn f (x). [Tycrb ¢ (x) — PyHK-
Lyl ¢ OrpaHUYEHHEIM H3MeHeHHeM, a, U f3, — ee KoadduuneHTE Oypbe; MBI OyieM
npegnonarats a,==0. Torga cnpaseninBo paBeHcTBO [lapceBains (§ 5)

1000 dx =2 3 @0 +8,6).

[lycTs y — nepeMeHHEBIR napamerp; paccMoTpuM (QYHKLHIO, paBHYIO ¢ (uXx)
Ha (—m, w) u ¢ nepuojoM 2x. Eciu a, (1), B, (1) — ee koapduuneHTe Pypoe, TO
Mbl Oyziem UMeThb

24

J 16 0(u) dx=[ %8+ Xa,a,(0-+0,5,(9)]. (9.2)

-7
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2:1
[Mone3ysick nemmoit Peliepa (cm. rnasa I, § 20) u Tem, uto ¢, = [ (x)dx =

0
MBI BUJMM, UTO MHTErpas B JIeBOH yacTu (9.2) CTpeMHUTCS] K HYJIO NMPU p —> oo,
Kpome Toro,
p2m

27
1 1
ay (1) = ;J‘P(WC) dx = “/;n‘“‘ln?’(y) dy—0 mpn p— oo
6 0

cHOBa B cuny a, = 0. [ToaTomy u3 (9.2) nonmyvaem:

lim 2 [@n . (1) + b, B, ()] =

U—>

SIBJISIETCS] HE0OXOIMMBIM YCJIOBHEM JJIST TOTO, UTOOBI @,,, b,, ObL1H KO3(QuLHEHTAMY
Dypre.

B 4yacTHOCTH, eCNIM TOJIOXKUTB @ (X) = COS X MM ¢ (X) = SiN X U CUUTATDb. u
He LeJIbIM, TO Halijem

(—1)" an a, sin um
ff(x)cosuxdx=2,usm,un2 e )_,,2 + =

—1)" nby
j]‘(x)sm,uxdx—Zsm,unZ ) Zz .

Eciu BmecTO f(X) paccmoTpers f (X + 7), To MBI U30aBUMCST OT MHOYKHUTeNST
(—1)". 3acraBum Tenepp u —> oo, NIPUHUMAs 3HAUEHHUsI, He NpUOIIHKAIOWKeCcs HU
K KaKUM LIeJIBIM YMCJIaM; HallpuMep, I0JI0YKUM

1
sz_}"?)

rie p npoGeraer BCe IieJible YKCIa.
Orcrofa umeeM Takue Heo0Xo0UMble Yea08uA 044 Moe2o, umobsl dicaa a, u b,
Ovlau kospguyuenmamu Pypoe :

©

i bn = U. .
}iTpglm:O’lﬂém‘"g—_;: o

113 nepBOro U3 3TUX yCI0BUit MOYKHO, B YaCTHOCTH, U3BJIeUb TAKOE CIIe/ICTBHE:
Ecaut a, | 0, mo 019 moeo umobsl pso

2 a, cos nx
Ovia padom Pypee, HeodX00uMmo 4moodbl

lim (a, — a,4,)Inn=0. 9.4)

n— o

IIJIH I0Ka3aTeJIbCTBa 3TOI'0 YTBEPI)KIAEHUST INOKA)KEM CHayalla, 4YTO €CJIH

a, | 0, 1o
limp > . o —0, (9.5)
p—~ 2p+1 (p +7) — n2
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HeiicrBurenbHo, Bce uieHel paga B dopmyie (9.5) oTpuuaTeNbHEL,
TNI03TOMY  PSIT

©

dan
e
2+ g2 (p +5)

3HAKOTIOJIOXKUTETIEH, U B CUITY @, | O ero cymma He IpeBOCXOIHT

N 1 .
a2p+1 2 ‘—"——‘—I—T )
n=2p+1 nz——(pl+§)

HO Tipu 11 > 2p 41 umeem n2 — (p —l—%)z}%nz, a moTomy

S S L—o(d)
S e 12 > 3 2 P
w—(p+)

CrenoBaTenkpH O,

©

1
o 1”2‘<pa2p+10(;):0(1)’
n=2p+1 p2 _ (p +E

1 9TO foKaseiBaeT (9.5).
Orciona cnenyer, uro npu a, | O HeoOxonumoe ycioBue (9.3) MOYKHO Ilepe-
nucaTb B BUJIE

2p
limp X ————=0. (9.6)
p—> n=1 (p+_2_) ___n2
Ho Tak xak
1 2 1 1
= + ) )
(p+%,2_n2 2P+1[2p+1+2n 2p+1 n]

TO ycioBue (9.6) paBHOCUIIBHO YCIIOBHIO

lim 2"a[ L + =57]=0 (9.7)
p_mgl nL2p+14+2n 2p+1—2n|" 7 :

Tak kak
2p 1 1 2

p
=% pFiton ~2p =00

n

NpU p — oo, MOCKOJBKY a, — 0, To ycnoBue (9.7) IpuUHUMAeT BUJT

fim X _g
P"“’n=l 2P+1—2"
Uin
a4 as Gp | Gt ap+s _ Gap
-1 1T 2p—3 T-1t7 [ i t—3 +...F 2p—1]“’0’
NI

ap — ap ap-1 — Ap+g ay — ayp
o SR L ST 0. (9.9)
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Ho, nonarast A, = a, — @41, MBI CPa3y BHUJMUM, UTO KaXKILIA U3 uduciuTeneil
ApoGeii B (9.8) He MeHblIe A, (II0CKOJILKY BCe Ad, >0 N0 yCIOBAI), a IOTOMY
(9.8) Bieuer

1 1
Aap(l +§+. .. +2—p——f)—>0.
Ho Torma n
da,Inp—0,
U Hallle yTBep)KJleHue I0Ka3aHo.
910 HeoOXOmMMOE  yCJIOBME TO3BOJISIET IOCTPOUTL NPHUMED psija U3

KOCHHYCOB:
2 a,cosnx,

y KOTOPOro a, | O, n 0HaKo OH He siByIsieTcs psiioM Pypoe *). I1jist aToro gocra-
TOYHO I0JIOYKUTh, HallpuMep,

1 2 2
@, = 2= n<2™ m=12,...

Torpa MOHOTOHHOCTB HaJuio, HO

. 1 1
(agm_y — @) IN 27" = (H T m+1

) m2in2 —In2
IpH M — oo U Heo0X0uM0e YCJI0BHe He COOII0eH0.

§ 10. HeoOxopumbie U focTaTouHbie yciaoBusi Canema

Mbl XOTHM Tellepb YKas3aTh HEKOTOPbIE YCIIOBHUsI, KOTOPbIE XOTsl U He SIBJIsi-
I0TCs IPO3PaUHBIMK, HO BCe YKe NIPE/ICTABIISIIOT HHTePeC KaK He0GXO01MMble U I0CTa~
tounble. OHu Gbutn BhiBeJeHb! CasnemoM (Salem [Y).

OGosnaunm uepes {M} Kiacc QyHKUuii

o (x) =n2; a, cos nx + B,sinnx

HenpephIBHBIX, AuddepeHnupyeMbiX, (o (X)| < 1, u Takux, 4ro psg Pypbe OT
o’(x) a0COJIIOTHO CXOIMUTCS.
Teopema. [Jaa moeo umobst pao

2a,cosnx 4+ b,sinnx (10.1)

Ovin padom Pypee, HeoOxo0uMo u 0ocmamouro, 4mobst 1) dopmussiio npourmezpu-
POBAHHBLL psao

bn an .
> — - cosnx 4 —=sinnx
cxoouaca K Henpepbleroll Pynkyuu F (x);
2) evlpancerue
2 a, 0, + b, By
CMpeMunocs K Hyaw, k020a o, Haxo0scy 6 kaacce {M}, meHsemca max, 4mo

> (a2 + B2) cmpemumes Kk Hyar.
n=1

*) IMepBelii MpuMep TaKoro psiaa Gul1 mocTpoer CumoHom (cm. Szidon [11).
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Yenobus Heo0xopumbl. Honycrum, uro (10.1) ectb psin Pypobe oT
cymmupyemoit ¢pyHkuuu f(x). HeobxomumocTts yenosuss 1) ecTb KiaccuuecKuit
pesynpTat. ITycTh Tenepn  (x) npuHajuieKutr {M} u nycrb

_y‘t_J'wz (dx= ot 2 —e. (10.2)
“n n=1
Mbl umeem
~i@e@d= Zj;a,,a,, + b B, (10.3)

[TpumeHenne paBeHcTBa IlapceBaist 3aKOHHO (cM. § 5), Tak KaK w’(X) umeeT
a0coJIOTHO cxoasmuiicss psin Pypwe, a NOTOMY @ (X) He TOJILKO C OTpaHUYEHHBIM
u3MeHeHueM, HoO 1 a0coJIoTHO HenpepbiBHa (0osiee TOTo, psiji B HpaBoil yacTu

(10.3) ma>ke abcoONMIOTHO CXOAUTCS).
1

ITycth E — MHOMECTBO TOUeK, rje lw (xX)| > &3; Torna us

%fw%x)dx}:ﬁ%mE
E
1

u u3 paserctsa (10.2) cueayer, uro mE < we3. O6o3nauas yepes CE 10M0JTHEHUE
K E 1 npuHumMast Bo BHUMaHKe TO, uTo |o (X)| < 1, umeem

100 x| <I[1 @)@ x| +] [16)0@dx]<

< 176 1dx+e7 [ 17 () |ax,

a TaK KakK ¢ — 0, To He0OXOAUMOCTDb 2) J0Ka3aHa.
YcnoBusi gocTaTouyHBb. [ocraroyHo OyaeT Ao0KasaTb, 4To F (X)
a0COJIIOTHO HeNpepbiBHA ; IeWCTBUTENBLHO, TOT/A F (X) eCTh HeoIlpe/iesIeHHbI HHTer-

o " b a
pajl 0T HeKOoTOpOit cymMMupyemoii f (X), u TaK Kak ——,;'— u —n"- SIBJISIIOTCS KO3(u-

nueHtamu Pypoe 0T F(x), TO, UHTeTpUPYsl 10 YyacTsm, ybeaumest, uro a, u b, —
K03(ppuLmeHTs Pypre 0T f(X).
Iyctb (¢, dy), (€, dy), ..., (¢, dy) — HeKOTOpasi cucrema Heneperbearo-

WMXCsT MHTEPBAJIOB, JEKAWMX Ha [—w, w]. BoGepem QyHKumio o’(x) = -

cyeayomum 00pa3om: NyCcTb p — Ieji0e NMOJ0YKUTENbHOE KaK YrOJHO 6OJII>HIO€
yucyo. I[Tonoykum pnst i = 1,2, ..., %

o’(x) = 1 L Sln(zfin x)llﬂﬂci<x<c"(1+2%’)’

o'(x) = 1 p” sm(z—giix)mﬂdi(l—zip)<x<d,~

n o'(x) = 0 BO BCEX OCTaJbHBIX TOYKax [— a,7].

SlcHo, uto cBOGO/HBIA wieH psja Pypbe oT w'(X) paBen 0, uTo ee psg Pypie
CXOUTCsT abCOMIOTHO U UTO

o] =| for @ax| <1,
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T. e. o (X) IpUHAIEeKUT K Kiaccy {M}. TlycTs
o (x) = S‘ a, cosnx + B, sinnx.
n=1
Torpa Koagduuuentsl psaaa Pypoe i o’ (X) UMeT BUA 1B, U —Nna,, TO3TOMY
1 4 , ~ bn n - ,
# PO b= 3 (=) b= (] non=— 3t + by (103)
C apyroit cToOpoHHI,

2a2+/3n_ fm2(x)dx< Z(d

TaK Kak o (x) = 0 BHe Bcex (¢;, d;) 1 o (x)] < 1 chﬂy
[Toatomy, ecnu 2‘ (d; — c¢;) cTpemuTCs K HYJII0, TO 2‘ a? + B2 =0, a Torna,

B CWIYy YCJIOBHSI TE€OPeMbl, 2, (a, a, + b, B,) =0, a noromy u3 (10.3")
n=1
T F(x)or (x)dx—0. (10.4)

MbI 10KaKeM, U4TO U3 3TOTO CleyeT Zy‘ | F (d;)— F (c;)|—0, a Torma a6coor-
i=1
Hasi HenpepbBHOCTb F (x) OyjeT ycraHoBiieHa. Mmeem
1
[ ) “ (H-E) d;
[P @)= f F(x) o’ (x) dx+ j F(x) o’ (x) dx.
—7 i=1 1
‘ (1)
[TpumeHsist IEPBYIO TeOpeMy O CpeJHeM 3HaueHMU 1 0003Havast yepes y; HEKOTO-
PYI0 TOUKY, TaKylw, 4To ¢; < y; < ¢; (1—}——21-’)) , U uepe3 §; TaKyl TOUKY, 4TO

d; (1— L) < §; < d;, umeem
(1+25) “(rrz)

F(x)o (x)dx =F (7)) 2 P%sin (2% x) dx =5 F (),
Ci c 2

G

f F (x)o’ (x)dx=F (3,) f 5 2 sin (227 x) dx = — 3 F ).
“(1-3) “(i-2)
3Hauurt,
[Feyor(@dc= é [F ) — F (5)]. (10.5)

Y
Ho Bripa)keHue B npaBoit uactu (10.5) KaK yrogHo 6;113K0 K% S[F(d)—F(c)],
i=1
€CJM P JOCTATOYHO BEJIMKO, M, 3HAUMT, U3 TOrO, YTO MHTerpajl B JIEBOW yacTu
(10.5) crpemurcst K Hymo (cm. (10.4)), BwTekaer, uto Y [F(d;) — F (¢;)] =0,
i=1

a 9TO 3aKaHYMBAeT JOKa3aTeJIbCTBO.
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§ 11. TpuroHomerpuyecKasi npodiemMa MOMEHTOB

Bomnpoc o ToM, Korjla 3ajlaHHble uucna {a,} u {b,} moryt ObITb KO3 puuueH-
tamu Pypne uiaM, 0ojiee crnelUasbHBI BONPOC, KOTJA OHU SIBJSIIOTCST KO3(pdu-
nueHtaMu Pypbe 0T (PyHKUMH, YAOBJIETBOPSIOLIEH MOMOJIHUTEIbHBIM TpedoBa-
HUSIM (Hallpumep, OrPAaHUUEHHOM MM HEOTPULATENBbHOH, HJIM MOHOTOHHOH),
MO>KeT OBbITb [T0CTaBJIeH B TePMUHAX TaK Ha3blBAeMOH «TPUTOHOMETPUUYECKOH Npo-
0J1eMBl MOMEHTOBY.

[TpuHsITO Ha3bIBaTb «MOMeHTaMu» QyHKuuu f(X) uyucia

b
po={f)x"dx (1 =0,1,2,...) (11.1)
U «TPUTOHOMETPUUECKMMU MOMEHTaMU» yuciia
27
cn={f@®)emdt  (n=0,+1,42,...). (11.2)
0

ITpoGyemoif MOMEHTOB Ha3bIBaeTCsl TAaKOH BOIPOC: 3aJaHa I0CJell0BaTeb-
HOCTDb YHUCeJI 11, CYILECTBYeT JI TaKasl f (X), JJIs1 KOTOPOii CripaBe/UIUBEl paBeHCTBa
(11.1)? AHaJIOrMuHO CTABUTCS U TPUTOHOMETpUUECKas Ipoliiema MOMeHTOB. Tak
Kak cucrema {e"} noyna Ha [0, 277], To paBeHCTBO HYJII0 BCEX MOMEHTOB (yHKIUU
BO3MOYKHO TOJIbKO, €cJIM OHa PaBHA HYJIIO NTOYTU BCIOAY, @ HOTOMY (DYHKLMSI 0JIHO=
3HAYHO 3ajlaeTCsl CBOUMHU TPUIOHOMETpUUECKMMM MoMeHTamu. Ho, pasymeercs,
JAJIeKO He BCsIKasi I0CJIel0BAaTEJIbHOCTL UMCes MO)KET OBITb I0cjiefoBaTelb-
HOCTBI0O MOMEHTOB HeKOTOPO# (pyHKuuU. [TpoOiaemMoii MOMEHTOB 3aHUMAJICS] LieJIblit
psit aBropoB, HauuHast ¢ I1. JI. YeObimeBa. OCHOBHBIE CBeJeHUSI O CTENEHHOHN
npofyieMe MOMEHTOB UMTaTeN b HalijeT B kKHure M. I1. Hatancona [M-151 yactp 11,
raasa VII. TToapoGHOe u3i0)KeHue pe3ysibTaToB, OTHOCSAIUXCSA KaK K CTEeNeHHOH,
TaK ¥ K TPUTOHOMETPUUYECKO!l INpoOjeMe MOMEHTOB, MOXXHO HalTu B KHHUTE
H. U. Axuesepa u M. I'. Kpeiina [M-21. MuI 31iech He nmeeM BO3MO)KHOCTY H3Jla-
raThb 3TU Pe3yJLTaThl, TAK KAaK 3TO I0Tpe00Basio OBl CIMUIIKOM MHOTO MeCTa.
Orpanuuumcss anst hpumepa (QOPMYJIMPOBKOW OJHOrO M3 HUX. ILJIs1 3TOr0 Haj0
CHayaJia BBECTH OJHO OIpejiesieHMUe.

[lycts ¢, — melicTBuTenbHOE, ¢+ 0, ¢, Cy, ..., Cpy ... — KOMIUIEKCHBIE
uycaa. PaccmMoTpum TpUroHoMeTpuyecKue IOJIMHOMBL

N N

¢, BOOOIIE roBOPsl, KOMILIEKCHBIMU K03(dULMeHTaMu; TTyCTh

n
o (Tn) =k ~ Ak (D

rae
C_k=zk (k=1,2,..-,n).

OueBujiHo, uro ecnu T, (e'*) ecTb TPUrOHOMETPUUECKUH TOJIMHOM C JefcTBU-

TeJbHBIMY Koapduiuentamu (A_, = A, k= 1,2, ..., n), To u o (T,) ecTb Aeii-
CTBUTEJILHOE UUCIIO.
Yc0BUMCST Ha3blBaTh KOHEYHYH0 NOCIE0BATeIbHOCTD

Coy €y Cay «+ oy Cn
HereeamusHoil Ha oxpyxcrocmu O <t < 2z, ecu U3 COOTHOIIEHUMH

Ta(e")#0, T,(")>0, 0{t<2x
o(Tn) >0.

BCerja cieayer
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Beckoneunyro mocieoBaTesbHOCTD
CorCiyeneyCryeen
Ha30BEM HeHe2aMuGHOI HA OKpyucHocmil, eciy TpU JIOOGOM 71 3TUM CBOMCTBOM
o0lajiaer 10cye0BaTeIbHOCTD
CoyCqyereyCpn
Mo)KHO yKa3aTb Ps1Ji KpUTEPUEB JUIsl TOr0, 4T00bI [10CJ1eJ0BaTeIbHOCTD ¢ OblIa

HeHeraTUBHOM Ha OKPY)KHOCTH, Hamlpumep Kpurepuil Tennuna: Ajst 3T0ro HeoO6-
XOJMMO U JOCTaTOYHO, uTo0bI KBajpaTUuHasi ¢popma

m
n
Zo'ci+kxixk) rpe m= [‘2‘] )

OblJIa HeOTpULATeJIbHA.

[Mpuuss  3T0  onpejeieHue, CcHOpMyIUpyeM  CIEAYIOUIYI0 Teopemy
H. U. Axuesepa u M. I'. Kpeitna M-2],

Jaa moao umobbl cyuwjecmeosana Pyrxyusa f(X), y0061emeopaomas coomHo-
weHuaAM

27
o= [jMyemdt (k=0,1,...),
0

Heo0X00uMo u 00cmamouro, 4molbl GbINOAHAAOCH HEPABEHCITEO

— 2L <cy<<2mL
U 4moGbl 0blaa HelHe2aMUuEHA HA OKPYHCHOCMU NOCAe006AMeAbHOCHb
Yo Vv V-
20e
-9 %o
Yo = COSH ,
a nocae006ameAbHOCb Yy, Vg, .. ONPEOCAACINCS € NOMOWBI) PA3AONCEHUS

1 C,
e—zz<7°+clz+ R e i )

=y+rz+...Fyp 24

Taxum 06pasom, ¢ OHOH CTOPOHBI, 3ajaya JyuIsl cIyyasi OrpaHuueHHON QYHK-
MU Ka3aJI0Ch Obl [TOJIHOCTBIO pellieHa, HO, C APYTroi CTOPOHBL, IPAaKTUUeCKU KpaiiHe
TPYAHO NpPOBEPUTDH, CYWIECTBYET JKM I 3aJaHHON IOCIeJ0BaTeIbHOCTU YHCesl
orpaHuyeHHass QyHKIUs, UMeI@as UX ceoumu KoapduuueHtamu Pypbe, U TeM
foyee ee HaiiTu.

CyliecTBYIOT U pyrue KpuTepuy, HOCSIIUE CTOJIb YKe 3aKOHUEeHHBIH Xapak-
Tep C TOYKU 3PEHUST YUCTO TEOPETUYeCKOH, HO B TO Ke BPeMsl 3aTpyJHUTeJIbHbIE
JUIsl IpUMEHeHUs1 K KOHKDEeTHBIM ciydasiM. TakoBa, Hanpumep, teopema Kapa-
teogopu (cm. Carathéodory [11I2]),

Jaa mozo umobst uucaa 1, a;, Qg ..., Qpy ... by, by, oo, by, ... ObLAL KOIP-
puyuenmamu Dypse 0m nOAOHCUMEALHOLI PYHKYUU, HE0OX00UMO U 00CMAMOUHO,
umobbl mouxa (ay, dy; ..., Ap, by, by, ..., by) 6 2n-mepHom npocmparcmee npu-

HaOsemcana meay K, A6A10ueMycss HAUMEHBIILM bUTYKAbLM MeA0M, CO0e PHCALUM
Kpueyr

X; = 2C0s @, Xo=2C082¢,.. ., X, =2cosng,
Y= —2sing, Y,=—28n2e,..., y,= —2sinng
(n=1,2,...)\.

B Tom >Ke HampaByenuu umeercss pabora Baitaga (Bajada[l), cm. Taroke
['usertu (Ghizzett ['h (21, B1) ITaupu (Pagni ().
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§ 12. KoahdHLUueHTH TPUTOHOMETPHUECKUX PSIIOB
€ HeOTpPHLATEILHBIMH YaCTHBIMM CYMMaMH

B pa6ore Xescona (cm. Helcon (') ykasano, uto LllteiiHraysom 6bu1 nocrapiieH
cyefyomuii Bonpoc:
[1ycTb y TPUTOHOMETPUUECKOTO psijia

tw )
3 ¢, einx (12.1)

N
BCE YaCTHblE CYMMBI ' C,ei"™ HeoTpuLaTes]bHbl Npyu jw6om x. Ciexyer ju
N

el
0TCI0a, UTO 3T0 psif Pypbe?

JTOT BOINPOC BOSHUK B CBsisu ¢ TeM, uto Ireiinrays [l noxasan teopemy:
ecliy TPUTOHOMETPUUYECKUH psifl CXOAUTCST BCIOLY U CyMMa ero IOJIOMKUTeJIbHa,
TO 3TOT Psift ecThb psift Pypobe *).

Bormpoc B 3T0# opme 10 cUX NOP He pelieH. Mbl XOTUM U3JI0XKUTH 3]1eCh 1Ba
pesyJibTaTa, TeCHO CBS3aHHLIX C pellieHMeM IOoCTaBJIeHHO#t npolieMmbl. [Tpexkje
BCEro 3aMeTuM, uto ecyu npoliema LlTeliHraysa peraercst NOJIOYKUTEIBHO, TO BO
BCSIKOM CJlyuae U3

N
Y ¢,ei™>0 mnpu Bcex N u x (12.2)
n=-N
JOJDKHO CJIEloBaTh ¢, — 0 npu |n| — co.

3nech Oy/eT J0KasaHo, YTO 9TO AHCTBUTEILHO UMeeT MeCTO0. ITOT pe3yJsbTaT
OyneT clefoBaTbh U3 TeOpeMbl XeJICOHA, B KOTOPOH JoKa3biBaeTcst aake Gosee
CUJIbHOE YTBep)KJeHue (CM. HIDKe TeopeMy XeJICOHa).

C npyroit croponnl, Oyaer jAaH npumep, npuHajexamuid TypaHy (cm.
Turédn ') n noxasbiBawLUi, 4TO NMpHU HEOTPULIATEIBHOCTH YACTHBIX CYMM psia
(12.1) Bo3mMoyKeH Bce yce cityuait ' ¢2 = -+ oo. Ciie/l0BaTeNbHO, NPH BHIOJIHEHUN
(12.2) psin He 00s13aH ObiTb psigom Pypee oT f € L2. JloJHKeH J1d OH Bee yKe ObITh
psinom dypbe — 0CTaeTCsl elle He BLISICHEHHLIM *¥).

Chopmysupyem Telepb TeOpemy XeJCOHA:

Teopema Xencona. Ecuu

2n N
{1 X cpem|dx< A (12.3)
0 n=—N
npu N — oo, mo ¢, -0 npu In| — oo.
[Tpekjie YeM JI0KasbIBaTh 9Ty Te0peMy, 3aMeTUM, UTO B CJIyyae, KOIja BLIIOJI-
HeHo (12.2), To u ycnosue (12.3) BbINOJIHEHO, TaK KaK TOT/a
27 N 2n N
f1 3 cpeincldx = 3 cpeimdx =cy-27.
0 n=—=N 0 n=—N

*) HokasaTenbCTBo 3T0i Teopemsl LliTeitnraysa (u garke Gosee oGIuero pesysbrara) Oyjer
Hamu jaHo B § 4 rnaswt XIV.

**) [lns1 caydasi, KOrAa Psifi CXOAUTCS BCIOLY, KPOME OfHOM TOYKM, K HEeOTPULATe]bHOH
(GyHKIMM | (X), MOYKHO TOJIBKO YTBEPIKAATD, UTo [ (X) € L, HO HeNb3si yTBEPIAATD, uTo | (X) € L¥

&, CoS NX
a5t p > 1. HefictBuTenbHo, mbl 3Haem (cm. § 30 raasst I), uro psig D “In g CXOAmMTCA BCIONY,
n=2

Kkpome X = 0 (mod 2x),u ero cymma f(x) HeoTpuuarenabHa. OxHaKo f(x) € LP, kakoBo 6b1 HH
Obl10 p > 1, TaK Kak, ecau Obl f (x) € LP (p > 1), To (cm. § 4) umenu 6bl

Svlanl oo
n=1 N

4T0 IPU dn = ILHC UMEET Mecra.
nn
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[ToaTomy u3 TeopeMbl XeJICOHA HeMe/UIeHHO CJIelyeT, UTO eCJIM Y TPUTOHOMEeTpU-
YeCKOI'0 Psifia BCe YaCTHbIE CYMMBbI HEOTPULATEJILHBL IIpU JII060M X, TO ero Koag¢u-
LUEHTBl CTPeMATCS K HYJIIO.

HokasdaTenncTBO Teopembn XeiacoHa. Eciau o06o3HauuThL
uepe3 oy (X) QeiiepoBckue cymmbl psja (12.1), To us yenosust (12.3) cpasy cie-
ayer

Ty ax < A, (12.4)
0

a noromy (cm. § 60 ri. I) paccmarpuBaemblit psj (12.1) ects psin @ypoe—Crun-
Theca OT HEKOTOPO# QyHKuuM w (X), T. e.

2n

1 (
cn=ﬂ‘ e—lﬂxdlu (n=07i 1,...). (12.5)
0

JlomycTuM IPOTUBHOE TOMY, YTO Mbl XOTUM J0Ka3aTb, T. e. ¢, —/— 0. 310
3HAYUT, YTO Halijercst TaKoe ¢ >0 u TaKas MOCJIeJ0BaTeILHOCTD LeJbIX 11, UTO

leo|>e,  j=1,2,... (12.6)

Eciu onpeenuTb GyHKLMU g, (X) yCI0BUEM
Sn (X) = j‘e—int d:u;
0

TO {gm; (X)} OrpaHMYEHbl B COBOKYIIHOCTU ¥ MMEIOT OJIHO U TO jKe IOJIHOE M3MeHe-
HMe, a MOTOMY 1O IepBoit Teopeme Xeynu (cM. BBoaubii martepuan, § 17) us
H0CJIeI0BATEILHOCTH { gn, (X)} MOYKHO BLIIEJIUTH IOAMOCIIE0BATEILHOCTL, CXO0/1s-
IIYIOCS1 B KaXKJ0M TOUKe K HEKOTOPOH y (X) ¢ OrpaHuYeHHBIM n3MeHeHueM. UToO0ol
He MeHSITh 0003HaueHui, OyieM CUuTaTh, YTO yr)Ke BCs T0CIIEJI0BATENILHOCTD {71}
obyiajiaer oTUM cBoiicTBOM. Torja B CUly TeOpeMbl 0 Mepexojie K Mpeeny Ioj
3HaKOM uHTerpana Ctunrbeca (cm. BBonHbIM maTepuas, § 17) umeem ais nwoboit
HelpepLIBHOM ¢ (X)

2n 25
Oj @ (x) dy:jlim 6( @ (x)e i du. (12.7)

Eciu Mbl pasio)kuMm y (X) Ha CyMMy ABYX (QYHKUMH, U3 KOTOPLIX OJHA CHH-
rynsipras (em. HdoGasienust, § 17), a apyrass — aGCoJIOTHO HenlpepuiBHAs1, TO
paBeHcTBO (12.7) ocTaercst B cuiie AJIsi CUHIYJISIDHOM YacTu, TaK Kak st abco-
JIIOTHO HENpPePLIBHON COOTBETCTBYIOMIUI MHTerpajl A0JDKEH CTPeMUThLCS K HYJIO.

Bynem B popmyse (12.7) paccMaTpuBaTh B KaueCTBe ¢ (X) TaKue HellpepbIBHbIE
(GyHKUMY, KOTODPbIE TI0 MOYJII0 He NMPEeBOCXOAAT eAMHULY U 00pamanTces B HyJb
BHe HeKOTOpOro uHrepBana (a, b). meem

27 b
sup { @ (x) dy = sup [¢(x)dy = Vary
? 0 leISta (a, b)

B CUJIy CBOICTB HOPM JIMHelHBIX QYHKUMOHAIOB (cM. § 19 BBoHOTO MaTepuana).
Ho u3 (12.7) Bunum, 4to Uit TaKUX @

b 2n b
laf‘P(x)dﬂ=|§¢(X)d7|<§|dﬂ|=\(’flgﬂ, (12.8)

Vary<_Varpu. (12.9)

(a,b) (a, b)
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Tak Kak y (X) CUHIYJIsIpHA, TO M Var g eCTb CUHIYJIsIPHAst GYHKUUsST X (CM.
(0,%)

Jo6asneHust, § 17), a noTomy, nockoJbKy (12.9) cnpaBeanuBo Ajst 00X @ U b,
MBI UMeeM

Var y(x) Var u(x)
< ["”‘J"”]z < ["”""h]]l —~0 npu h—0

yx+h)—y X
h

st outu Beex X. IToatomy 9/(x) = O mouru Bcropy. [Toxka)kem, utd y (X) CUH-
rysspHa. JJist 3Toro Hafo ToJbKo ybeauTnesi, uto y (x) + const. Ho, monaras B
(12.7) @ (x) = 1, mbl BuauMm, uto B cuiy (12.5) u (12.6)
27 27
f dy = limf e~indp =lim2mc, 50,
) >0 joe
a TOTJA SICHO, uT0 7 (x) == const. Mrak, y (x) cuHrymsipHa.
Pacecmorpum Tenepn UIst TeX HKe 1; QyHKIUM Ay, (X), onpeseleHHble TAK:

X n
b (x) = (et 3 ¢ ettdt.
0 k=—n
B cuny ycnosus (12.3) uX NoJHble M3MEHEHUsI OTPAHMYEHBl B COBOKYIHOCTH,

1 caMH OHU TOXKe, a IIOTOMY MOYXHO, PacCy)Kjast 110 NpeJbiiyLiemy, yTBep KIaTh,
uTO Haliercst Takas p* (x), AJs1 KOTOpoil npu yiro6oit HempepreIBHOR ¢ (X)

27 . 27 . my .
[ p()dy* =1im { (e=im= 3 ¢, ei™) g (x)dx.
0 J>=0 n=—m;
3nech 10CIe0BaTeIbHOCTb {171;} COMEPIKUTCS B {1}
[Toxa)kem, 4TO JJIs1 BCSIKOTO Kk > 0 UmeeMm
27
1 .
at = %J‘e—mxd}/* = O,
0
T. e. Koapduuuentsl Pypre—CTunrbeca af ot p ¥(x) obpamanrcss B Hylb 151
Bcex k > 0.
JlefiCTBUTENILHO, MBI UMeeM
27 . 2z my .
2naf= [ e ™ dy* =1lim [ 3 ¢,enmxdx=0, (12.8")
0 Jjoo 0 n=-—m;
TaK Kak n — m;<_0 u, ciegoparensho, n —m;— k < 0 npu k >0, a nmoromy
Ka)K/pIA uHTerpaJ B npasoil yactu (12.8’) paBeH Hyo.
[Toxka)kem Ternepp, uTo eciiu @, — Koadduuuentol Pyppe—CTuiTbeca st

7 (%), TO
af =a, npu k<(O.

JlelicTBUTENILHO, ¢ OJXHOH CTOPOHEI

2z m
dmat=Tim | 3 cémRRdx — 20 lim Cy 4y, (12.9)
Joo on=—m foe

TaK KaK TOJILKO NP 11 = m; 4+ k unrerpan B npapoit yactu (12.9°) otinven ot
HyJs1. C Ipyro#t cropoHsl, B cuity (12.7), nojctapisist ¢ (x) = e~ ¥ Haxoaum

25 27

2na, = | e dy =1lim | e"™ 0¥ du = 2n }im Crjbic-
0 0 -

j-»oo
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Pag [im ¢p4 CYIIECTBYET, a IOCIeJ0BATeNBbHOCTE {1} COJEPIKUTCS B {1}, TO
o

jlim Cmpgx = 1M Cpypp, @ TOTOMY
— oo Jo o
ay == a’ll; ) k < 0.

CienoBaTenbHo, Y QYHKUIUU 7y (x) — y * (X) Bce KoadduuueHTs Pypbe—
Ctuntbeca C  HeIOJIOYKUTEJbHBIMM ~MHJEKCaMU paBHBl HYJIO, a IOTOMY
¥ (x) — p*(x) abcomoTHO HenpepniBHa no Teopeme . u M. Pucca (cm. ria-
Ba VIII, § 12). Ho mo Toii »xe Teopeme u3 af = O npu k > O ciexyer, uto y*(x)
a0coI0THO HenpepbiBHA. 3HAUMT, U 7 (X) a0COJIOTHO HeNpepbiBHA, a MBI J0Ka-
3aJIM paHee, YTO OHA CUHTYJIsIpHA.

V3 mosyuyeHHOro npoTtuBopeunst BeiTeKaet, uto (12.3) u (12.6) HecoBMeCTHH,
a noTomy

lim|c,|=0 mpu |n|—+ oo,

1 Teopema J0KasaHa.
Ocraercst OTKPBITBIM BOIPOC, He J0JDKHA JiM NpU Hauuuuu yciaoBus (12.3)

GyHKuust u (X) 66ITb a6COJIOTHO HeNlpepbIBHON. Eciu Ob1 310 ObIIIO BEPHO, TO CIIpa-
n=-+o .
BeJJIMBOCTb rumnoTesbl LlITeiiHraysa Obiia Obl J0Ka3aHa, NOTOMY UTO P51 > ¢, e

n=-—oco
oKasaJjicst 0bl IpocTo psiiom Pypoe.
3ameuaHue. HeToabKo sl TPUTOHOMETPUUECKUX PSIIOB, YIOBJIETBOPSI-
IOLIUX JIMIIb YCIOBUIO ¢, — 0 1pu |n| — oo, HO Aa)Ke 1Jis1 psiioB Pypbe yeaoBue
XeJcoHa

T Islax<c

(rme S, (x) —cymma n IepBBIX 4IeHOB psifia), BOoOle roBopsi, He MMeeT MecTa.
Jro Oyner pokasaHo B § 22 raassl VIII. Takum o6pa3om, Teopema XejcoHa 3aBe-
IOMO HeoOpaTuma.

Mbl Tenepb IepexoauM K IOCTpOeHUI0 npumepa TypaHa, YIOMSHYTOI0 B
HayaJjie 9TOro naparpada M IOKasbBaIOUIEro, 4T0 HEeOTPULATEJbHOCTb YaCTHBIX
CYMM TPUIOHOMETPUYECKOI'0 Psifia BO BCSAKOM Cllyyae He BJIeYeT TO, UTO OH eCTb
pan ®ypbe ot f(x) € L2

Teopema Typana. Cywyecmgyem mpuaoromempuseckuii pso

2‘: a,cos nx, (12.10)
n=0

y Komopoeao uacmmble cymmbl S, (x) >0 (—ax < x<n), n=1,2, ..., u, o0Haxo,
S ai=+f oo,

B kauectBe KoapduiueHToB @, TypaH Geper KoaQQULUEHTH Pa3ioyKeHUsl B
1

psin Teitnopa ais1 (1 —2) 2, KaKk U3BECTHO,

1 < @n—11
— N n 1
= =1+ S e 2 (12.11)

npuyeM psif cxoauTest A || << 1. Ionaras

_@n—111

a=1,a,=C0=01 (12.12)

noka)kem, uro psaj (12.10) ynosieTBopsieT yciaoBusim Teopembl TypaHa.
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JJ1s1 9TOTO TpejKyie BCEro 3aMeTUM, UTo

x [ eemnt 1
’E*[@n—nu] oo, e 0<0,<1
(KaK JOKaspiBaeTcst Nnpu BeBOJAE (opmysibl Bainuca, cM., Hanpumep, PuxTeH-
rossl, T. 11, cTp. 169), oTKyna cpasy caenyer st n= 1,2, ...
2 1
2 __

U = onr 6,
2k =+ oo.

Tenepp Hajo 1OK&3aTb, 4TO YacTHHIe cymMBbl psija (12.10) Bce HeoTpuna-
TeJIbHBI.
C 910l LlesIbI0 3aMeTuM cHavaja, uto B cuny (12.13)

1 —_—
G<p (=12..). (12.14)

(12.13)
a MOTOMY

Ternepp TOKaXKeM JIeMMY:
JJemma. Ecau

g(x)=d,+d;cosx +...+d,cosnx
— MpUOHOMEMPUUeCKULL NOAUHOM, Y KOMOP020 KoIPPUYLEHNbL NOACHCUITEAbHBL

u MOHOMOHHO yOblsatom (uau eo3pacmarom), mo g(X) He oOpawyjaemea 6 Hyab 8
uHmepéase

O<x<%. (12.15)

Jlis1 T0Ka3aTeNnbCTBa 3aluileM g (X) B BUJe
n
2 n
g(x)= 23 d,cosvx -+ > d,cosvx.
r=0 I ln] 11
V)
B nepBoil cymme umcii0 UJeHOB He MeHbIle, YeM BO BTODOil, U NPUTOM B CHIIY

(12.15) BCe 3TH wieHBl HEOTPULTENbHLI. CIIe[I0BATENILHO, €CIIU CI0XKUTD KayKIbli
ujeH d, COS ¥X BTOPOH CYMMBI C WiIeHOM d,_, COS (1 — ¥) X NepBO#f CYMMBI, TO

g(®)> 3 [d,cosvx+ d,_,cos(n —v)x]. (12.16)

-3

Ho nis pacemarpuBaembix 3HaueHuit v B cuity (12.15), oueBujHo,

0<(n— v)x<%.
Kpome Toro,
n—v)x<<mx<m—(n—»x.
CiepoBaTenbHO,
| cosvx|<C|cos(n—v)x|=rcos(n—»)x. (12.17)

Tak Kak Mbl KOI(D(¢ULMEHTH! TOIUHOMA ¢ (X) OPEIONOIKUIM MOHOTOHHO
yOBIBAIOIIUMY, TO
4, <dy-y»

a orciofia u u3 (12.17) ciemyer, 4T0 BCe UJIeHBl CYMMBI, CTOSIEH B KBaJPATHBIX
ckolKax B (12.16), moy0)KuTesbHEL, a IOTOMY JIeMMa J0Ka3aHa.
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Tenepb BepHeMCsl K J0Ka3aTeJbCTBY TeopeMbl. Eciu MBI Bo3bMeM UaCTHYIO
cymmy S, (x) psaa (12.10), To Tak Kak uucna 4, MOJIOKUTEeJIbHBl ¥ MOHOTOHHO
yobBaKT (cM. (12.12)), MBI HAXOAUMCSI B YCJIOBUSIX JIEMMBI, T. €. 3aBeJlOMO UMeeM

S, () >0 mpn 0T x< 2.

B cuny yeTHoCTH TojuHOMA S, (X) 10CTaTOUHO Tenepb AOKa3bBaTh €ro HeoTpULa-
T
TeJILHOCTb U151 — < X < .
Kpome Toro, nnst n < 2 yTBep)K/eHue OYeBUIHO, TAK KaK

1 3
ao'_——-l, al'_—i', a2=§,
1 TTIOJIMHOMBI

So=1, S(x)—l—]-—cosx S@=1++ cosx+ 3 cos2x

HEOTPULIATEJIbHBI TIPOCTO TIOTOMY, uTo 1 — (—1— + %) >0.

2
Wrak, pocratoyno paccmatpuBaTh S, (X) npu
n>3 n o <xLam. (12.18)

1
Tax Kak K03QQUUUEHTH B Pas3yioyeHuu —T:MOHOTOHHO yOBLIBAIOT, TO 110

Teopeme AGenst psig (12.11) cxopurest He Tonbko st [2| < 1, HO n juisi 2 = e,
ecnu TonpKoO t %= O (mod 2x).
CrenoBaresibHO, B 3TUX YCIIOBUSX

Zmave“”= V_l__”, 0<t<2m.

v=0 1—e

OtnenuB AefCTBUTENIBHYIO YaCTh, UMeEEM

Reé}a,e“" § a,cosvt = Re [(1 —eit)” 1] — Re [e_'% (e—i? _ e,%)“z‘] _
1 n—t

i —~t
it -7 e cos—;—
=Re[e i4(—2isin—£—) J=Re : - =V 4t .
stmE i 2sm-2—
Otciona cnenyert, uto 1151 0 <<x <2 =
COS—— = hd
S, (x) = s > a,cosvx.
l/zsmi r=ntl
2
Ho B cuny (12.18) Bo BCsIKOM Cllyuae cos n;x > _V%’ OTKyJa
S,,(x)>——1-—— — 5' a,cosvx. (12.19)

. X v=n+1
2|/ sin =
2

Mbl Tenepn 3aiimeMcsl OLleHKOH CBepXy psfia, CTOsIero B IpaBoil 4acTu
(12.19).
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B cuny nemmbr AGenst (cm. BBoanbiit matepual, § 1) u yuurbiBasi, uto
1

D)<+, r=12...; 0<x<m,
2sin =
2
umeem
2 ! dn+1
> a,cosvx ‘<—x (12.20)
{v=n+1 Sll’li
Ho tak kak B cuny (12.14) umeem
L (12.21)

Apyq << IErEk
To u3 (12.19), (12.20) u (12.21) cnenyer
Sl > —Amr — | 5»476«~:;Tyamm
2Vsin 5 Valn 4 Tsin g Vsin 5 l/ o sin -
113 3TOr0 MBI JIOJ)KHBI Tellepb 3aKJI0UuTh, 4to S, (x) > 0. ITycTp cHavana
% <x<L®.

Torpa

X X . 4
sing > > -,
a ToToMy

l/nn sin%>2,

u ato B cuny (12.22) Bneuer S, (x) > 0.
Tenepb pacecmoTpum ciyyait

4
Zxl o (12.23)

B arom ciyuae, Tak Kak npu x >0
. x3
sSinx >x— 6’

umeeM B cuny (12.23)

. X X x3 X 1 16 7 2
siny >3 =g >y (1 —a w) > (- 5m) . (1229

Ho MBI yyKe oTMeyany, 4To J0CTaTOYHO paccMaTpuBaTh cayuait n >3, a Mexnay
TeM y)Ke mpu n > 2 umeeM B cuny (12.24)

Vnnsini \Vﬂz l_i)<Vn2(l_i]—;V5 <?’
2 ( 3n? 6

a notomy u3 (12.22) cHoBa 3akmiouaem, 4To S, (x) >0, u TeopeMa MOJHOCTLIO

Jl0Ka3aHa.
3ameuanue 1. ABTOp oTMeYaeT, YTO B MOCJIEJHEM TYHKTE J0Ka3aTellb:
cTBa ObUIO CYILECTBEHHO HCIOJIL30BAHO HEPaBEHCTBO

1
S Yo

~ 1 "
TaK KaK ecyu Obl B3SITh, HATIPUMeED, @, xv?, TO y)Ke JIAHHBI XOJ paccyie-
n

HUIl He mpuBen Obl K LeJIH.
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Gameuanue 2. Eciau 0b B JeMMe paccMOTPeTh BMECTO HMHTepBaja
T v 41
0 <<x < meHbUIM HHTEPBAT 0<x<< 55 2 1O HeoOpamienue g(X) B HyJb ObLI0

OBl TPUBUAJIBHBIM; OJJHAKO 9TOro (aKra Obio Obl HEJOCTATOUHO AJIS JOKasaTelslb-
CTBA TEOPEMBI.
C npyroil cropoHel, XOTS ISl AOKA34TEJIbCTBA TEOPEMbl 3TO M He HYIKHO,

T vy
MOYKHO OTMETHUTb, UTO PACLIMPUTH UHTEPBAI (O, 7) yoKe Henb3s1. HleficTBUTeNBHO,
ecqu Juist nn > 1 paccMoTpeTb NMOJIUHOM

2o(x) =14 cosx ...+ cos nx,
TO TaK KaK

g0() = 5 + D, (v),

rae D, (x) — ajppo Hupuxie, BUIUM, UTO

sin(n—]—i)x sinn+1xcos—rix

1 2 2 2

10 e A — .
Sll’l? Sll’l-z—'

44
Ho orciopa sicHo, 4ro g, (x) o0paiiaercss B HyJb IPU X = - @ MeXJy TeM OH

YJOBJIETBOPSIET YCJIOBUSIM JIEMMBI.
Psij uHTEpeCHBbIX 3aMevaHuii U 10M0JIHeH!H K JaHHOMY BOIIPOCY COJIEPIKUTCS
B y)Ke ynomsiHyToit pabote Typana (Turan ).

§ 13. Ilpeodpa3oBanus psaoB Pyphe

Psi aBTOpOB M3yuas Clelyloluii BONpoc: AONMYCTUM, UYTO
f(x)w—az—“—]-Z‘ a,cosnx -+ b,sinnx. (13.1)
n=1
[Tpy KaKUX YCJIOBUSIX, HAJIOXKEHHBIX Ha uucna 4,, psit
% do + X' (a,cos nx + b, sin nx) 4, (13.2)
n=1

cHOBa siBsieTcsi psiioM Dypbe, U eCi OH ecTh o (F), TO UTO MOYKHO CKas3aTb 00
aToit pyHrumu F(x), 3nast cBoiicTea f (x)? Mbl He OyjieM paccMaTpPHUBATh 3/1eCh Te
ciIyyan, KOTopble yyke pa3oOpanbl B Kuure 3urmyHnialM-61; § 4.60, u xotum yKasath
HeKOTopble 0oJiee TM03HKE PabOTBl B TOM jKe HalpaBJeHUH. -

Tak, Hanpumep, Canem (Salem [1]) mokaseiBaeT, 4To MOXKHO Bcerjia BHIOpaTh A,
TaK, uToObl 4, 1 oo, NOCJIEI0BaTEeNbHOCT {A,} Oblla BOIHYTOH M INIpPHU ITOM
pSL OT HempepbiBHOHU f(X) NpeoOpasoBLIBANICS B PSL OT HelpepblBHOW F M aHa-
JIOTUYHO st ciyvast f€ L u F € L.

A. ®. Tuman BB ykasan apdexrusroe nHeo6Xxomumoe ycaoBue sl {4, }, 4To0bI
psin ®ypbe n0O0M orpaHMYeHHOR QYHKUMK, MM HENpepelBHOM, WM MHTerpu-
pyemoit mpeo0pa3oBbiBasicsi B psi Pypee QYyHKUMU TOT0 »Ke Kjacca (a Taroxe
psin dypore—CTuntheca B psan Pypbe—Crunreeca). ITo ycioBue:

@ -
2\ Alk—n|k_/1k_+n ,
k=1
CXOJIUTCSI PAaBHOMEPHO OTHOCUTENIBHO 7. B uacTHOCTH, ecnu {4,} MOHOTOHHA, TO

orcofa A, — A,y =0 ( lnln] .
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A. A. KonwoukoB [t nokazan, uro ecmn 0 < a <1, 1 Cp<C oo
f() € Lip (a, p), T- €.

11 (x+h) =) |l, =0 ),

TO s 000l BRMYKIOH mocnegosaTensHoctu {4,} ¢ 4, —0 psan (13.2) Oyner
psimom dypee ot F € Lip (a, p), T. e.

| F(x+h)—F @), = o).

[TpoOnemy mnpeoOpasoBaHusi psiga Pyppe MOKHO 0000ILUTh, & HMEHHO:
JaHa Marpuua ||ay;||. CoBepiaem npeodpasosaHue, onpeeisiemoe 3Toi maTpuLeii,
Haja Ko3QduuueHtamu a, u b, T.e. Oepem

Ak=2akjaj; Bk=20kjbj‘ (13.3)
Jj=0 Jj=0

IMpeanonarasi, Yro 9TU PSAbI CXOMATCSA, T. e. Ay U By, onpejesieHsl st 1106010 k,
crnpawrBaem celsi, IpM KaKUX YCJIOBUSAX, HAJIOXKEHHBIX HAa MaTpULy, Psif

_‘31 + Z“'Ak cos kx -+ By sinkx (13.4)
k=1

Oyner cHoBa psiioM Pypbe, U KaKoBa onpejensieMast UM QyHKUUS.
B wactHoctn, Xapau [ nepBblii paccMoTpest 3TOT BONPOC Jisi CTyuasi, KOIa

f(x) ~=> acoskx,
k=1

Ak:ﬂi_aﬁ%*_‘"f_

(T. e. MaTpuLa sABJsIETCS TO#, KoTopast ynorpebisercs B metojne (C, 1)). Xapau
1oKasaj, YTo Taxast MmaTpuua npeobpasyer psp Pypoe B psap Pypbe, u ecau
fX)eLP(1 <p<oo),ToU F(x)€LP. Hanee beruman (Bellman [2]) paccmar-
puBaj ciydai, Korja
— .
Ac=3-

n=K

B orom cnyuyae it mpousBosibHOro psifa ®Pypbe uucna A, MOTYT yiKe He
VIMEThb CMbICNa, HO eciu f € LP npu p > 1, To OH IOKasas, YTO BHOBbL NOJIyYeH-
Hbli psix Oyzer psitom Pypee oT F € LP. Marpuua BennmaHa siBisieTcst TpaHCIIo-
HUPOB&HHOI 10 OTHOLIGHUIO K MarpuLe. Xapu.

Hpyrue aBTOpLI paccMaTPUBAIM TakdKe MaTpuuy Xapju, HO s psija us
CHHYCOB, a TaK)Ke 1 MaTpully Besnmana st 9TOro ciyyasi, 1 Ipy 9TOM Hajarajiu
Ha f(X) Te UM UHbIE yCIIOBUS.

He nmest BO3MOXXHOCTM OCTaHABJIMBATbCS Ha BCeX YACTHBIX pe3yJsbTaTax,
OTMeTHM OJMH JOCTaToYyHO oOmmii pesynerat MOura (F. Young(!). OH usyyan
IPOM3BOJIbHbIE MAaTPULbL ||| ¥ YKasan ycnoBusi, Ipu KOTOPBIX OHM Mpeobpa-
3yior pap ot f € LP B pag or F € LP. B vacTHOCTH, U3 €ro pe3yJbTaToB
BBITEKAET, UTO ecnum MaTpula o01afaeT 3TUM CBOMCTBOM, TO U TPAHCIOHUPO-
BaHHas TOXKe, a IIOTOMYy Teopema DBennmana morsna Obl ObITL BbiBefeHa U3
Teopembl Xap/u.

YKaXKeM elle, 4To B Y)Ke yHoMsiHyTo#t pabore A. A. KOHIONIKOBA €CTL Teo-
pema, aHajoruyHasi Teopeme bGennmaHa, a UMeHHO:
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Ecin g(x)~3'b,sinnx n g(x) €Lip a, 0<<a<l, T0O 1 a1s1 G(x) ~ 3 B, sin nx,
rie B, = S‘ %" , umeem G(x) € Lip a.
k=n

Tam »Ke UMEIOTCSI ¥ TeOpeMBbI 0 Tpeo0pasoBaHusIX psioB Pypbe s GyHKUui
u3 kjaccoB Lip (a, p).

Haxonen, rosops o Ipeo0pasoBaHusix psiioB Pypbe, OTMETUM paboTy
Pynuna (Rudin ), rue craButcsi Bompoc, Npy KaKUX yCJIOBUAX, HaJl0XKeHHBIX
Ha QYHKLWMIO @ (2) U3 Toro, uTo 3¢, ecTh psift Dypoe, creayer, yrou Jo(c,) e*
ecTb psij Pypbe. OxasblBaeTcst 1J1s1 9TOI0 He00X0/ MO, UToOBI @ (2) yI0BIIETBOPSiIA
ycnoBuio Jlumumuua B OKPeCTHOCTH HYJIsl. ITO yCIOBHME HEJOCTaTOYHO, TaK KakK
@ (2) = |2| ynosnerBopsierT ycnoBuio Lip 1, a Mexxay Tem ' lc,| €™ MoKeT u He
ObITh psjom Pypee; 9TO BhITeKaeT u3d pedyipratoB Karana (Kahane [11).



