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CHAPTER

THIRTY-ONE
GALOIS	THEORY:	PREAMBLE

Field	 extensions	were	 used	 in	Chapter	 30	 to	 settle	 some	 of	 the	most	 puzzling	 questions	 of	 classical
geometry.	Now	they	will	be	used	to	solve	a	problem	equally	ancient	and	important:	they	will	give	us	a
definite	and	elegant	theory	of	solutions	of	polynomial	equations.

We	will	be	concerned	not	so	much	with	finding	solutions	(which	is	a	problem	of	computation)	as
with	 the	 nature	 and	 properties	 of	 these	 solutions.	 As	 we	 shall	 discover,	 these	 properties	 turn	 out	 to
depend	 less	on	 the	polynomials	 themselves	 than	on	 the	fields	which	contain	 their	solutions.	This	 fact
should	be	kept	in	mind	if	we	want	to	clearly	understand	the	discussions	in	this	chapter	and	Chapter	32.
We	will	 be	 speaking	 of	 field	 extensions,	 but	 polynomials	will	 always	 be	 lurking	 in	 the	 background.
Every	extension	will	be	generated	by	roots	of	a	polynomial,	and	every	theorem	about	these	extensions
will	actually	be	saying	something	about	the	polynomials.

Let	us	quickly	review	what	we	already	know	of	field	extensions,	filling	in	a	gap	or	two	as	we	go
along.	Let	F	be	a	field;	an	element	a	(in	an	extension	of	F)	is	algebraic	over	F	if	a	 is	a	 root	of	some
polynomial	with	its	coefficients	in	F.	The	minimum	polynomial	of	a	over	F	is	the	monic	polynomial	of
lowest	degree	in	F[x]	having	a	as	a	root;	every	other	polynomial	in	F[x]	having	a	as	a	root	is	a	multiple
of	the	minimum	polynomial.

The	basic	theorem	of	field	extensions	tells	us	that	any	polynomial	of	degree	n	in	F[x]	has	exactly	n
roots	 in	 a	 suitable	 extension	 of	 F.	 However,	 this	 does	 not	 necessarily	 mean	 n	 distinct	 roots.	 For
example,	 in	 [x]	 the	polynomial	 (x	−	2)5	has	 five	 roots	all	equal	 to	2.	Such	 roots	 are	 called	multiple
roots.	 It	 is	perfectly	obvious	 that	we	can	come	up	with	polynomials	such	as	(x	−	2)5	having	multiple
roots;	 but	 are	 there	 any	 irreducible	 polynomials	 with	 multiple	 roots?	 Certainly	 the	 answer	 is	 not
obvious.	Here	it	is:

Theorem	 1	 If	 F	 has	 characteristic	 0,	 irreducible	 polynomials	 over	 F	 can	 never	 have	 multiple
roots.

PROOF:	To	prove	this,	we	must	define	the	derivative	of	the	polynomial	a(x)	=	a0	+	a1x	+	⋯	+anxn.	It
is	a′(x)	=	a1	 +	 2a2x	 +	⋯	 +	nanxn−l.	 As	 in	 elementary	 calculus,	 it	 is	 easily	 checked	 that	 for	 any	 two
polynomials	f(x)	and	g(x),

(f	+	g)′=	f′	+	g′	 and	 (fg)′	=	fg′	+	f	′g



Now	suppose	a(x)	is	irreducible	in	F[x]	and	has	a	multiple	root	c:	then	in	a	suitable	extension	we	can
factor	a(x)	as	a(x)	=	(x	−	c)2q(x),	and	therefore	a′(x)	=	2(x	−	c)q(x)	+	(x	−	c)2q′	(x).	So	x	−	c	is	a	factor
of	a′(x),	and	therefore	c	is	a	root	of	a′(x).	Let	p(x)	be	the	minimum	polynomial	of	c	over	F;	since	both
a(x)	and	a′(x)	have	casa	root,	they	are	both	multiples	of	p(x).

But	a(x)	 is	 irreducible:	 its	only	nonconstant	divisor	 is	 itself;	so	p(x)	must	be	a(x).	However,	a(x)
cannot	divide	a′(x)	unless	a′(x)	=	0	because	a′(x)	is	of	lower	degree	than	a(x).	So	a′(x)	=	0	and	therefore
its	 coefficient	nan	 is	 0.	Here	 is	where	 characteristic	 0	 comes	 in:	 if	 nan	 =	 0	 then	an	 =	 0,	 and	 this	 is
impossible	because	an	is	the	leading	coefficient	of	a(x).	■

In	the	remaining	three	chapters	we	will	confine	our	attention	to	fields	of	characteristic	0.	Thus,	by
Theorem	1,	any	irreducible	polynomial	of	degree	n	has	n	distinct	roots.

Let	us	move	on	with	our	review.	Let	E	be	an	extension	of	F.	We	call	E	a	finite	extension	of	F	if	E,
as	a	vector	space	with	scalars	in	F,	has	finite	dimension.	Specifically,	if	E	has	dimension	n,	we	say	that
the	degree	of	E	over	F	is	equal	to	n,	and	we	symbolize	this	by	writing	[E:	F]	=	n.	If	c	is	algebraic	over
F,	the	degree	of	F(c)	over	F	turns	out	to	be	equal	to	the	degree	of	p(x),	the	minimum	polynomial	of	c
over	F.

F(c),	obtained	by	adjoining	an	algebraic	element	c	to	F,	is	called	a	simple	extension	of	F.	F(cl,	…,
cn),	obtained	by	adjoining	n	algebraic	elements	in	succession	to	F,	is	called	an	iterated	extension	of	F.
Any	iterated	extension	of	F	is	finite,	and,	conversely,	any	finite	extension	of	F	is	an	iterated	extension
F(c1,	…,	cn).	In	fact,	even	more	is	true;	let	F	be	of	characteristic	0.

Theorem	2	Every	finite	extension	of	F	is	a	simple	extension	F(c).

PROOF:	We	already	know	 that	 every	 finite	extension	 is	 an	 iterated	extension.	We	will	now	show
that	 any	 extension	F(a,	b)	 is	 equal	 to	F(c)	 for	 some	 c.	 Using	 this	 result	 several	 times	 in	 succession
yields	our	theorem.	(At	each	stage,	we	reduce	by	1	the	number	of	elements	that	must	be	adjoined	to	F	in
order	to	get	the	desired	extension.)

Well,	given	F(a,	b),	let	A(x)	be	the	minimum	polynomial	of	a	over	F,	and	let	B(x)	be	the	minimum
polynomial	of	b	over	F.	Let	K	denote	any	extension	of	F	which	contains	all	the	roots	a1,	…,	an	of	A(x)
as	well	as	all	the	roots	b1,	…,	bm	of	B(x).	Let	a1	be	a	and	let	b1	be	b.

Let	t	be	any	nonzero	element	of	F	such	that

Cross	multiplying	and	setting	c	=	a	+	tb,	it	follows	that	c	≠	ai	+	tbj,	that	is,

c	−	tbj	≠	ai	 for	all	i	≠	1	and	j	≠	1



while	for	every	;	j	≠	1,

Thus,	b	is	the	only	common	root	of	h(x)	and	B(x).
We	will	prove	that	b	∈	F(c),	hence	also	a	=	c	−	tb	∈	F(c),	and	therefore	F(a,	b)	⊆	F(c).	But	c	∈

F(a,	b),	so	F(c)	⊆	F(a,	b).	Thus	F(a,	b)	=	F(c).
So,	it	remains	only	to	prove	that	b	∈	F(c).	Let	p(x)	be	the	minimum	polynomial	of	b	over	F(c).	If

the	degree	of	p(x)	is	1,	then	p(x)	is	x	−	b,	so	b	∈	F(c),	and	we	are	done.	Let	us	suppose	p(x)≥	2	and	get	a
contradiction:	observe	that	h(x)	and	B(x)	must	both	be	multiples	of	p(x)	because	both	have	b	as	a	root,
and	p(x)	is	the	minimum	polynomial	of	b.	But	if	h(x)	and	B(x)	have	a	common	factor	of	degree	≥2,	they
must	have	 two	or	more	 roots	 in	 common,	 contrary	 to	 the	 fact	 that	b	 is	 their	only	common	 root.	Our
proof	is	complete.	■

For	example,	we	may	apply	this	theorem	directly	to	 ( ,	 ).	Taking	t	=	1,	we	get	c	=	 	+	
,	hence	 ( ,	 )	=	 ( 	+	 ).

If	a(x)	is	a	polynomial	of	degree	n	in	F[x],	let	its	roots	be	c1,	…,	cn.	Then	F(c1,	…,	cn)	is	clearly	the
smallest	extension	of	F	containing	all	the	roots	of	a(x).	F(c1,	…,	cn)	is	called	the	root	field	of	a(x)	over
F.	We	will	have	a	great	deal	to	say	about	root	fields	in	this	and	subsequent	chapters.

Isomorphisms	were	important	when	we	were	dealing	with	groups,	and	they	are	important	also	for
fields.	You	will	 remember	 that	 if	F1	 and	F2	 are	 fields,	 an	 isomorphism	 from	F1	 to	F2	 is	 a	 bijective
function	h:	F1	→	F2	satisfying

h(a	+	b)	=	h(a)	+	h(b)	 and	 h(ab)	=	h(a)h(b)

From	these	equations	it	follows	that	h(0)	=	0,	h(l)	=	1,	h(−a)	=	−	h(a),	and	h(a−l)	=	(h(a))−1

Suppose	F1	and	F2	are	fields,	and	h:	F1→F2	is	an	isomorphism.	Let	K1	and	K2	be	extensions	of	F1
and	F2,	and	let	 :	K1→	K2	also	be	an	isomorphism.	We	call	 	and	extension	of	 	if	 (x)	=	 (x)	for	every	x
in	Fl	that	is,	if	h	and	 	are	the	same	on	F1.	( 	is	an	extension	of	h	in	the	plain	sense	that	it	is	formed	by
“adding	on”	to	h.)

As	an	example,	given	any	isomorphism	h:	F1	→	F2,	we	can	extend	h	to	an	isomorphism	 :	F1[x]→
F2[x].	(Note	that	F[x]	is	an	extension	of	F	when	we	think	of	the	elements	of	F	as	constant	polynomials;
of	 course,	 F[x]	 is	 not	 a	 field,	 simply	 an	 integral	 domain,	 but	 in	 the	 present	 example	 this	 fact	 is
unimportant.)	 Now	we	 ask:	What	 is	 an	 obvious	 and	 natural	 way	 of	 extending	 h?	 The	 answer,	 quite
clearly,	is	to	let	 	send	the	polynomial	with	coefficients	a0,	a1,	…,	an	to	the	polynomial	with	coefficients



h(a0),	h(a1),	…,	h(an):

(a0	+	a1x	+	⋯	+	anxn)	=	h(a0)	+	h(a1)x	+	⋯	+	h(an)xn

It	 is	 child’s	 play	 to	 verify	 formally	 that	 	 is	 an	 isomorphism	 from	F1[x]	 to	F2[x].	 In	 the	 sequel,	 the
polynomial	 (a(x)),	 obtained	 in	 this	 fashion,	 will	 be	 denoted	 simply	 by	 ha(x).	 Because	 	 is	 an
isomorphism,	a(x)	is	irreducible	iff	ha(x)	is	irreducible.

A	very	similar	isomorphism	extension	is	given	in	the	next	theorem.

Theorem	3	Let	h:	F1	→	F2	be	an	isomorphism,	and	let	p(x)	be	irreducible	in	F1[x].	Suppose	a	is	a
root	of	p(x),	and	b	a	root	of	hp(x).	Then	h	can	be	extended	to	an	isomorphism

:	F1,(a)	→	F2(b)

Furthermore,	 (a)	=	b.
PROOF:	Remember	that	every	element	of	F1(a)	is	of	the	form

c0	+	c1a	+	⋯	+	cnan

where	c0,	…,	cn	are	in	F1,	and	every	element	of	F2(b)	is	of	the	form	d0	+	d1b	+	⋯	+	dnbn	where	d0,	…,
dn	are	in	F2.	Imitating	what	we	did	successfully	in	the	preceding	example,	we	let	 	send	the	expression
with	coefficients	 c0,	…,	cn	 to	 the	 expression	 with	 coefficients	h(c0),	…,	h(cn):

(c0	+	c1a	+	⋯	+	cnan)	=	h(c0)	+	h(c1)b	+	⋯	+	h(cn)bn

Again,	it	is	routine	to	verify	that	 	is	an	isomorphism.	Details	are	laid	out	in	Exercise	H	at	the	end	of	the
chapter.	■

Most	often	we	yse	Theorem	3	in	the	special	case	where	F1	and	F2	are	the	same	field—let	us	call	it
F—	and	h	is	the	identity	function	ε:	F→F.	[Remember	that	the	identity	function	is	ε(x)	=	x.]	When	we
apply	Theorem	3	to	the	identity	function	ε:	F→	F,	we	get

Theorem	4	Suppose	a	and	b	are	roots	of	the	same	irreducible	polynomial	p(x)	in	F[x].Then	there	is
an	isomorphism	g:	F(a)→	F(b)	such	that	g(x)	=	x	for	every	x	in	F,	and	g(a)	=	b.

Now	let	us	consider	the	following	situation:	K	and	K′	are	finite	extensions	of	F,	and	K	and	K′	have
a	common	extension	E.	If	h	:	K	→K′	is	an	isomorphism	such	that	h(x)	=	x	for	every	x	in	F,	we	say	that	h
fixes	F.	Let	c	be	an	element	of	K;	if	h	fixes	F,	and	c	is	a	root	of	some	polynomial	a(x)	=	a0	+	⋯	+	anxn	in
F[x],	h(c)	also	is	a	root	of	a(x).	It	is	easy	to	see	why:	the	coefficients	of	a(x)	are	in	F	and	are	therefore
not	changed	by	h.	So	if	a(c)	=	0,	then



What	we	have	just	shown	may	be	expressed	as	follows:

(*)	Let	a(x)	be	any	polynomial	in	F[x].	Any	isomorphism	which	fixes	F	sends	roots	of	a(x)	to	roots
of	a(x).

If	K	happens	to	be	the	root	field	of	a(x)	over	F,	the	situation	becomes	even	more	interesting.	Say
K=	F(cl,	c2,	…,	cn),	where	cl,	c2,	…,	cn	are	the	roots	of	a(x).	If	h:	K	→	K′	 is	any	 isomorphism	which
fixes	F,	then	by	(*),	h	permutes	cl,	c2,	…,	cn.	Now,	by	the	brief	discussion	headed	“For	later	reference”
on	page	296,	every	element	of	F(c1,	…,	cn)	is	a	sum	of	terms	of	the	form

where	the	coefficient	k	is	in	F.	Because	h	fixes	F,	h(k)	=	k.	Furthermore,	c1,	c2,	…,	cn	are	the	roots	of
a(x),	so	by	(*),	the	product	 	is	transformed	by	h	into	another	product	of	the	same	form.	Thus,
h	sends	every	element	of	F(c1,	c2,	…,	cn)	to	another	element	of	F(c1,	c2,	…,	cn).

The	above	comments	are	summarized	in	the	next	theorem.

Theorem	5	Let	K	and	K′	be	finite	extensions	of	F.	Assume	K	is	the	root	field	of	some	polynomial
over	F.	If	h	:	K	→	K′	is	an	isomorphism	which	fixes	F,	then	K	=	K′.

PROOF:	From	Theorem	2,	K	and	K′	are	simple	extensions	of	F,	say	K	=	F(a)	and	K′	=	F(b).	Then	E
=	F(a,	b)	is	a	common	extension	of	K	and	K′.	By	the	comments	preceding	this	theorem,	h	maps	every
element	of	K	to	an	element	of	K′;	hence	K′⊆K.	Since	the	same	argument	may	be	carried	out	for	h−1,	we
also	have	K	⊆	K′.■

Theorem	5	is	often	used	in	tandem	with	the	following	(see	the	figure	on	the	next	page):

Theorem	6	Let	L	and	L′	be	finite	extensions	of	F.	Let	K	be	an	extension	of	L	such	that	K	is	a	root
field	over	F.	Any	isomorphism	h:L	→	L′	which	fixes	F	can	be	extended	to	an	isomorphism	 	:K→K.

PROOF:	From	Theorem	2,	K	is	a	simple	extension	of	L,	say	K	=	L(c).	Now	we	can	use	Theorem	3	to
extend	the	isomorphism	h	:	L	→	L′	to	an	isomorphism



By	Theorem	5	applied	to	 ,	K	=	K′.	■

REMARK:	It	follows	from	the	theorem	that	L′	⊆,K	since	ran	h	⊆	ran	 	=	K.
For	later	reference.	The	following	results,	which	are	of	a	somewhat	technical	nature,	will	be	needed
later.	The	first	presents	a	surprisingly	strong	property	of	root	fields.

Theorem	7	Let	K	be	the	root	 field	of	some	polynomial	over	F.	For	every	 irreducible	polynomial
p(x)	in	F[x],	if	p(x)	has	one	root	in	K,	then	p(x)	must	have	all	of	its	roots	in	K.

PROOF:	Indeed,	suppose	p(x)	has	a	root	a	in	K,	and	let	b	be	any	other	root	of	p(x).	From	Theorem	4,
there	is	an	isomorphism	h	 :	F(a)→	F(b)	 fixing	F.	But	F(a)	⊆	K;	 so	 from	Theorem	6	and	 the	remark
following	it	F(b)	⊆K;	hence	b	∈	K.■

Theorem	8	Suppose	I⊆E	⊆	K,	where	E	is	a	finite	extension	of	I	and	K	is	a	finite	extension	of	E.	If
K	is	the	root	field	of	some	polynomial	over	I,	then	K	is	also	the	root	field	of	some	polynomial	over	E.

PROOF:	Suppose	K	 is	a	 root	 field	of	 some	polynomial	over	 I.	Then	K	 is	a	 root	 field	of	 the	same
polynomial	over	E.	■

EXERCISES

A.	Examples	of	Root	Fields	over	
Example	Find	the	root	field	of	a(x)	=	(x2	−	3)(x3	−	1)	over	 .
SOLUTION	The	complex	roots	of	a(x)	are	± ,1,	 	(−1	±	 i),	so	the	root	field	is	 (± ,1,	 (−1±	
i)).	The	same	field	can	be	written	more	simply	as	 ( ,	i).

1	Show	that	 ( ,	i)	is	the	root	field	of	(x2	−2x	−	2)(x2	+	1)	over	 .

Comparing	part	1	with	 the	example,	we	note	 that	different	polynomials	may	have	 the	same	root
field.	This	is	true	even	if	the	polynomials	are	irreducible.

2	Prove	that	x2	−	3	and	x2	−	2x	−	2	are	both	irreducible	over	 .	Then	find	their	root	fields	over	 	and
show	they	are	the	same.
3	Find	the	root	field	of	x4	−	2,	first	over	 ,	then	over	 .
4	Explain:	 (i,	 )	is	the	root	field	of	x4	−	2x2	+	9	over	 ,	and	is	the	root	field	of	x2	−	2 x	+	3	over	



( ).
5	Find	irreducible	polynomials	a(x)	over	 ,	and	b(x)	over	 (i),	 such	 that	 (i,	 )	 is	 the	root	 field	of
a(x)	over	 ,	and	is	the	root	field	of	b(x)	over	 (i).	Then	do	the	same	for	 ( ,	 ).
#	6	Which	of	the	following	extensions	are	root	fields	over	 ?	Justify	your	answer:	 (i);	 ( );	 ( ),
where	 	is	the	real	cube	root	of	2;	 (2	+	 );	 (i	+	 );	 (i,	 ,	 ).

B.	Examples	of	Root	Fields	over	 p
Example	Find	the	root	field	of	x2	+	1	over	 3.
SOLUTION	By	the	basic	theorem	of	field	extensions,

where	u	is	a	root	of	x2	+	1.	In	 3(u),	x2	+	1	=	(x	+	u)(x	−	u),	because	u2	+	1	=	0.	Since	 3(u)	contains	±	u,
it	is	the	root	field	of	x2	+	1	over	 3.	Note	that	 3(u)	has	nine	elements,	and	its	addition	and	multiplication
tables	are	easy	to	construct.	(See	Chapter	27,	Exercise	C4).
1	Show	that,	in	any	extension	of	 3	which	contains	a	root	u	of

a(x)	=	x3	+	2x	+	1	∈	 3[x]

it	happens	that	u	+	1	and	u	+	2	are	the	remaining	two	roots	of	a(x).	Use	this	fact	to	find	the	root	field	of
x3	+	2x	+	1	over	 3.	List	the	elements	of	the	root	field.

2	Find	the	root	field	of	x2	+	x	+	2	over	 3,	and	write	its	addition	and	multiplication	tables.

3	Find	the	root	field	of	x3	+	x2	+	1	∈	 2[x]	over	 2.	Write	its	addition	and	multiplication	tables.

4	Find	the	root	field	over	 2	of	x3	+	x	+	1	⊆	 2[x].	(CAUTION:	This	will	prove	to	be	a	little	more	difficult
than	part	3.)
#	5	Find	the	root	field	of	x3	+	x2	+	x	+	2	over	 3.	Find	a	basis	for	this	root	field	over	 3.

C.	Short	Questions	Relating	to	Root	Field
Prove	each	of	the	following
1	Every	extension	of	degree	2	is	a	root	field.
2	If	F	⊆	I⊆	K	and	K	is	a	root	field	of	a(x)	over	F,	then	K	is	a	root	field	of	a(x)	over	I.
3	The	root	field	over	 	of	any	polynomial	in	 [x]	is	 	or	 .
4	If	c	is	a	complex	root	of	a	cubic	a(x)	∈	 [x],	then	 (c)	is	the	root	field	of	a(x)	over	 .
#	5	If	p(x)	=	x4	+ax2	+	b	is	irreducible	in	F[x],	then	F[x]/〈p(x)〉	is	the	root	field	of	p(x)	over	F.
6	If	K	=	F(a)	and	K	is	the	root	field	of	some	polynomial	over	F,	then	K	is	the	root	field	of	the	minimum
polynomial	of	a	over	F.
7	Every	root	field	over	F	is	the	root	field	of	some	irreducible	polynomial	over	F.	(HINT:	Use	part	6	and
Theorem	2.)
8	Suppose	[K	:F]	=	n,	where	K	is	a	root	field	over	F.	Then	K	is	the	root	field	over	F	of	every	irreducible



polynomial	of	degree	n	in	F[x]	having	a	root	in	K.
9	If	a(x)	is	a	polynomial	of	degree	n	in	F[x],	and	K	is	the	root	field	of	a(x)	over	F,	then	[K:	F]	divides	n!

D.	Reducing	Iterated	Extensions	to	Simple	Extensions
1	Find	c	such	that	 ( ,	 )	=	 (c).	Do	the	same	for	 ( , )
2Let	a	be	a	root	of	x3	−x	+	1,	and	b	a	root	of	x2	−	2x	−	1.	Find	c	such	that	 (a,	b)	=	 (c).	(HINT:	Use
calculus	to	show	that	x3	−	x	+	1	has	one	real	and	two	complex	roots,	and	explain	why	no	two	of	these
may	differ	by	a	real	number.)
#	3	Find	c	such	that	 ( ,	 , )	=	 (c).
4	Find	an	irreducible	polynomial	p(x)	such	that	 ( ,	 )	is	the	root	field	of	p(x)	over	 .	(HINT:	Use
Exercise	C6.)
5	Do	the	same	as	in	part	4	for	 ( ,	 ,	 ).
De	Moivre’s	theorem	provides	an	explicit	formula	to	write	the	n	complex	nth	roots	of	1.	(See	Chapter
16,	Exercise	H.)	By	de	Moivre’s	formula,	the	nth	roots	of	unity	consist	of	ω	=	cos	(2π/n)	+	i	sin(2π/n)
and	its	first	n	powers,	namely,	1,	ω,ω2,	…,	ωn−1	We	call	ω	a	primitive	nth	root	of	unity,	because	all	the
other	nth	roots	of	unity	are	powers	of	ω.	Clearly,	every	nth	root	of	unity	(except	1)	is	a	root	of

†	E.	Roots	of	Unity	and	Radical	Extensions

This	polynomial	is	irreducible	if	n	is	a	prime	(see	Chapter	26,	Exercise	D3).	Prove	parts	1−3,	where	ω
denotes	a	primitive	nth	root	of	unity.

1	 (ω)	is	the	root	field	of	xn	−	1	over	 .
2	If	n	is	a	prime,	[ (ω):	 ]	=	n	−	1.
3	If	n	is	a	prime,	ωn−1	is	equal	to	a	linear	combination	of	1,	ω,	…,	ωn−2	with	rational	coefficients.
4	Find	[ (ω): ],	where	ω	is	a	primitive	nth	root	of	unity,	for	n	=	6,	7,	and	8.
5	Prove	that	for	any	r	∈	{1,	2,	…,	n	−	1},	 ωr	is	an	nth	root	of	a.	Conclude	that	 , ω,	…, ωn−1
are	the	n	complex	nth	roots	of	a.
6	Prove	that	 (ω, )	is	the	root	field	of	xn	−	a	over	 .
7	Find	the	degree	of	 (ω, )	over	 ,	where	ω	is	a	primitive	cube	root	of	1.	Also	show	that	 (ω, )	=	
( ,	iV3)	(HINT:	Compute	ω.)

8	Prove	that	if	K	is	the	root	field	of	any	polynomial	over	 ,	and	K	contains	an	nth	root	of	any	number	a,
then	K	contains	all	the	nth	roots	of	unity.

†	F.	Separable	and	Inseparable	Polynomials
Let	F	 be	 a	 field.	An	 irreducible	 polynomial	p(x)	 in	F[x]	 is	 said	 to	 be	 separable	 over	F	 if	 it	 has	 no
multiple	 roots	 in	 any	 extension	 of	 F.	 If	 p(x)	 does	 have	 a	 multiple	 root	 in	 some	 extension,	 it	 is
inseparable	over	F.
1	Prove	that	if	F	has	characteristic	0,	every	irreducible	polynomial	in	F[x]	is	separable.



Thus,	 for	characteristic	0,	 there	 is	no	question	whether	an	 irreducible	polynomial	 is	separable	or
not.	 However,	 for	 characteristic	 p	 ≠	 0,	 it	 is	 different.	 This	 case	 is	 treated	 next.	 In	 the	 following
problems,	let	F	be	a	field	of	characteristic	p	≠	0.

2	If	a′(x)	=	0,	prove	that	the	only	nonzero	terms	of	a(x)	are	of	the	form	ampxmp	for	some	m.	 [In	other
words,	a(x)	is	a	polynomial	in	powers	of	xp.]
3	Prove	that	if	an	irreducible	polynomial	a(x)	is	inseparable	over	F,	then	a(x)	is	a	polynomial	in	powers
of	xp.	(HINT:	Use	part	2,	and	reason	as	in	the	proof	of	Theorem	1.)
4	Use	Chapter	27,	Exercise	J	(especially	the	conclusion	following	J6)	to	prove	the	converse	of	part	3.

Thus,	if	F	is	a	field	of	characteristic	p	≠	0,	an	irreducible	polynomial	a(x)	∈	F[x]	is	inseparable	iff
a(x)	is	a	polynomial	in	powers	of	xp.	For	finite	fields,	we	can	say	even	more:

5	Prove	that	if	F	is	any	field	of	characteristic	p	≠0,	then	in	F[x],

(HINT:	See	Chapter	24,	Exercise	D6.)
6	 If	F	 is	 a	 finite	 field	of	 characteristic	p	 ≠	 0,	 prove	 that,	 in	F[x],	 every	polynomial	a(xp)	 is	 equal	 to
[b(x)]p	 for	 some	 b(x).	 [HINT:	 Use	 part	 5	 and	 the	 fact	 that	 in	 a	 finite	 field	 of	 characteristic	 p,	 every
element	has	a	pth	root	(see	Chapter	20,	Exercise	F).]
7	Use	parts	3	and	6	to	prove:	In	any	finite	field,	every	irreducible	polynomial	is	separable.

Thus,	fields	of	characteristic	0	and	finite	fields	share	the	property	that	irreducible	polynomials	have
no	multiple	roots.	The	only	remaining	case	is	that	of	infinite	fields	with	finite	characteristic.	It	is	treated
in	the	next	exercise	set.

†	G.	Multiple	Roots	over	Infinite	Fields	of	Nonzero	Characteristic
If	 p[y]	is	the	domain	of	polynomials	(in	the	letter	y)	over	 p,	let	E	=	 p(y)	be	the	field	of	quotients

of	 p[y].	Let	K	denote	the	subfield	 p(yp)	of	 p(y).

1	Explain	why	 p(y)	and	 p(yp)	are	infinite	fields	of	characteristic	p.

2	Prove	that	a(x)	=	xp	−	yp	has	 the	factorization	xp	−	yp	=	 (x	−	y)p	 in	E[x],	but	 is	 irreducible	 in	K[x].
Conclude	that	there	is	an	irreducible	polynomial	a(x)	in	K[x]	with	a	root	whose	multiplicity	is	p.

Thus,	over	an	infinite	field	of	nonzero	characteristic,	an	irreducible	polynomial	may	have	multiple
roots.	 Even	 these	 fields,	 however,	 have	 a	 remarkable	 property:	 all	 the	 roots	 of	 any	 irreducible
polynomial	have	the	same	multiplicity.	The	details	follow:	Let	F	be	any	field,	p(x)	irreducible	in	F[x],	a
and	 b	 two	 distinct	 roots	 of	 p(x),	 and	K	 the	 root	 field	 of	 p(x)	 over	F.	 Let	 i:	K	→	 i(K)	 =	K′	 be	 the
isomorphism	 of	 Theorem	 4,	 and	 :	K[x]	→	K′[x]	 the	 isomorphism	 described	 immediately	 preceding
Theorem	3.
3	Prove	that	 	leaves	p(x)	fixed.
4	Prove	that	 ((x	−a)m)	=	(x−	b)m.
5	Prove	that	a	and	b	have	the	same	multiplicity.

†	H.	An	Isomorphism	Extension	Theorem	(Proof	of	Theorem	3)



Let	F1,	F2,	h,	p(x),a,	b,	and	 	be	as	in	the	statement	of	Theorem	3.	To	prove	that	 	is	an	isomorphism,	it
must	first	be	shown	that	it	is	properly	defined:	that	is,	if	c(a)	=	d(a)	in	F1(a),	then	 (c(a))	=	 (d(a)).

1	 If	c(a)	=	d(a),	 prove	 that	c(x)	−d(x)	 is	a	multiple	of	p(x).	Deduce	 from	 this	 that	hc(x)	−	hd(x)	 is	 a
multiple	of	hp(x).
#	2	Use	part	1	to	prove	that	 (c(a))	=	 (d(a)).
3	Reversing	the	steps	of	the	preceding	argument,	show	that	 	is	injective.
4	Show	that	 	is	surjective.
5	Show	that	 	is	a	homomorphism.

†	I.	Uniqueness	of	the	Root	Field
Let	h:	F1	→	F2	be	an	isomorphism.	If	a(x)	∈	F1[x],	let	Kl	be	the	root	field	of	a(x)	over	F1,	and	K2	 the
root	field	of	ha(x)	over	F2.
1	Prove:	If	p(x)	is	an	irreducible	factor	of	a(x),	u	∈	K1	is	a	root	of	p(x),	and	υ	∈	K2	is	a	root	of	hp(x),
then	F1(u)	≅	F2(υ).
2	F1(u)	=	Kl	iff	F2(υ)	=	K2.
#	3	Use	parts	1	and	2	to	form	an	inductive	proof	that	K1	≅	K2.
4	Draw	 the	 following	 conclusion:	The	 root	 field	of	 a	 polynomial	a(x)	 over	 a	 field	F	 is	 unique	up	 to
isomorphism.

†	J.	Extending	Isomorphism
In	 the	 following,	 let	 F	 be	 a	 subfield	 of	 .	 An	 injective	 homomorphism	 h:	 F→ 	 is	 called	 a
monomorphism;	it	is	obviously	an	isomorphism	F→h(F).
1	Let	ω	be	a	complex	pth	root	of	unity	(where	p	is	a	prime),	and	let	h:	 (ω)→ 	be	a	monomorphism
fixing	 .	Explain	why	h	 is	 completely	 determined	 by	 the	 value	 of	h(ω).	 Then	 prove	 that	 there	 exist
exactly	p	−1	monomorphisms	 (ω)→ 	which	fix	 .
#	2	Let	p(x)	be	irreducible	in	F[x],	and	c	a	complex	root	of	p(x).	Let	h:	F→	 	be	a	monomorphism.	If
deg	p(x)	=	n,	prove	that	there	are	exactly	n	monomorphisms	F(c)→ 	which	are	extensions	of	h.

3	 Let	F	⊆	K⊆ ,	 with	 [K:	F]	 =	 n.	 If	 h:	 F→ 	 is	 a	 monomorphism,	 prove	 that	 there	 are	 exactly	 n
monomorphisms	K→ 	which	are	extensions	of	h.
#	4	Prove:	The	only	possible	monomorphism	h: → 	is	h(x)	=	x.	Thus,	any	monomorphism	h:	 (a)	→	

	necessarily	fixes	 .
5	Prove:	There	are	exactly	three	monomorphisms	 ( )→ ,	and	they	are	determined	by	the	conditions:

→ ; → ω; → ω2,	where	ω	is	a	primitive	cube	root	of	unity.

K.	Normal	Extensions
If	K	is	the	root	field	of	some	polynomial	a(x)	over	F,	K	is	also	called	a	normal	extension	of	F.	There	are
other	possible	ways	of	defining	normal	extensions,	which	are	equivalent	to	the	above.	We	consider	the
two	most	common	ones	here:	they	are	precisely	the	properties	expressed	in	theorems	7	and	6.	Let	K	be	a
finite	extension	of	F.
1	Suppose	that	for	every	irreducible	polynomial	p(x)	in	F[x],	if	p(x)	has	one	root	in	K,	then	p(x)	must



have	all	its	roots	in	K.	Prove	that	K	is	a	normal	extension	of	F.
2	Suppose	that,	if	h	is	any	isomorphism	with	domain	K	which	fixes	F,	then	h(K)	⊆	K.	Prove	that	K	is	a
normal	extension	of	F.



CHAPTER

THIRTY-TWO
GALOIS	THEORY:	THE	HEART	OF	THE	MATTER

If	K	is	a	field	and	h	is	an	isomorphism	from	K	to	K,	we	call	h	an	automorphism	of	K	(automorphism	=
“self-isomorphism”).

We	begin	this	chapter	by	restating	Theorems	5	and	6	of	Chapter	31:
Let	K	be	the	root	field	of	some	polynomial	over	F;	suppose	a	∈	K:

(i) Any	isomorphism	with	domain	K	which	fixes	F	is	an	automorphism	of	K.
(ii) If	a	and	b	are	roots	of	an	irreducible	polynomial	p(x)	in	F[x],	there	is	an	automorphism	of	K	fixing
F	and	sending	a	to	b.

Rule	(i)	 is	merely	a	restatement	of	Theorem	5	of	Chapter	31,	using	 the	notion	of	automorphism.
Rule	(ii)	is	a	result	of	combining	Theorem	4	of	Chapter	31	[which	asserts	that	there	exists	an	F-fixing
isomorphism	from	L	=	F(a)	to	L′	=	F(b)]	with	Theorem	6	of	the	same	chapter.

Let	K	be	the	root	field	of	a	polynomial	a(x)	in	F[x],	If	c1,	c2,	…,	cn	are	the	roots	of	a(x),	then	K	=
F(c1,	c2,	…,	cn),	and,	by	(*)	on	page	316,	any	automorphism	h	of	K	which	fixes	F	permutes	c1,	c2,	…,
cn.	On	the	other	hand,	remember	that	every	element	a	in	F(c1,	c2,	…,	cn)	is	a	sum	of	terms	of	the	form

where	the	coefficient	k	of	each	term	is	in	F.	If	h	is	an	automorphism	which	fixes	F,	h	does	not	change
the	 coefficients,	 so	 h(a)	 is	 completely	 determined	 once	 we	 know	 h(c1),	 …,	 h(cn).	 Thus,	 every
automorphism	of	K	fixing	F	is	completely	determined	by	a	permutation	of	the	roots	of	a(x).

This	is	very	important!
What	it	means	is	that	we	may	identify	the	automorphisms	of	K	which	fix	F	with	permutations	of

the	roots	of	a(x).
It	 must	 be	 pointed	 out	 here	 that,	 just	 as	 the	 symmetries	 of	 geometric	 figures	 determine	 their

geometric	properties,	so	the	symmetries	of	equations	(that	is,	permutations	of	their	roots)	give	us	all	the
vital	 information	needed	to	analyze	their	solutions.	Thus,	 if	K	 is	 the	root	field	of	our	polynomial	a(x)
over	F,	we	will	now	pay	very	close	attention	to	the	automorphisms	of	K	which	fix	F.

To	 begin	 with,	 how	 many	 such	 automorphisms	 are	 there?	 The	 answer	 is	 a	 classic	 example	 of
mathematical	elegance	and	simplicity.



Theorem	1	Let	K	be	the	root	field	of	some	polynomial	over	F.	The	number	of	automorphisms	of	K
fixing	F	is	equal	to	the	degree	of	K	over	F.

PROOF:	Let	[K	:	F]	=	n,	and	let	us	show	that	K	has	exactly	n	automorphisms	fixing	F.	By	Theorem
2	of	Chapter	31,	K	=	F(a)	for	some	a	∈	K.Let	p(x)	be	the	minimum	polynomial	of	a	over	F;	if	b	is	any
root	of	p(x),	then	by	(ii)	on	the	previous	page,	there	is	an	automorphism	of	K	fixing	F	and	sending	a	to
b.	Since	p(x)	has	n	roots,	there	are	exactly	n	choices	of	b,	and	therefore	n	automorphisms	of	K	fixing	F.

[Remember	 that	 every	 automorphism	h	 which	 fixes	F	 permutes	 the	 roots	 of	 p(x)	 and	 therefore
sends	a	to	some	root	of	p(x);	and	h	is	completely	determined	once	we	have	chosen	h(a).]	■

For	example,	we	have	already	seen	that	 ( )	is	of	degree	2	over	 .	 ( )	is	the	root	field	of	x2	–
2	over	 	because	 ( )	contains	both	roots	of	x2	–	2,	namely	± .	By	Theorem	1,	 there	are	exactly
two	automorphisms	of	 ( )	fixing	 :	one	sends	 	to	 ;	it	is	the	identity	function.	The	other	sends	

	to	– ,	and	is	therefore	the	function	a	+	b 	→	a	−	b .
Similarly,	we	saw	that	 	=	 (i),	and	 	is	of	degree	2	over	 .	The	two	automorphisms	of	 	which	fix	

	are	the	identity	function	and	the	function	a	+	bi	→	a	−	bi	which	sends	every	complex	number	to	its
complex	conjugate.

As	 a	 final	 example,	 we	 have	 seen	 that	 ( ,	 )	 is	 an	 extension	 of	 degree	 4	 over	 ,	 so	 by
Theorem	1,	there	are	four	automorphisms	of	 ( ,	 )	which	fix	 :	Now,	 ( ,	 )	is	the	root	field
of	(x2	–	2)(x2	−	3)	over	 	for	it	contains	the	roots	of	this	polynomial,	and	any	extension	of	 	containing
the	roots	of	(x2	–	2)(x2	−	3)	certainly	contains	 	and	 .	Thus,	by	(*)	on	page	316,	each	of	the	four
automorphisms	which	fix	 	sends	roots	of	x2	–	2	to	roots	of	x2	−	2,	and	roots	of	x2	−	3	to	roots	of	x2	–	3.
But	there	are	only	four	possible	ways	of	doing	this,	namely,

Since	every	element	of	 ( ,	 )	 is	of	 the	 form	 ,	 these	 four	 automorphisms
(we	shall	call	them	ε,	α,	β,	and	γ)	are	the	following:

If	K	 is	an	extension	of	F,	 the	automorphisms	of	K	which	fix	F	form	a	group.	 (The	operation,	of
course,	is	composition.)	This	is	perfectly	obvious:	for	if	g	and	h	fix	F,	then	for	every	x	in	F,

that	is,	g	∘	h	fixes	F.	Furthermore,	if



that	is,	if	h	fixes	F	so	does	h–1

This	fact	is	perfectly	obvious,	but	nonetheless	of	great	importance,	for	it	means	that	we	can	now
use	 all	 of	 our	 accumulated	 knowledge	 about	 groups	 to	 help	 us	 analyze	 the	 solutions	 of	 polynomial
equations.	And	that	is	precisely	what	Galois	theory	is	all	about.

If	K	is	the	root	field	of	a	polynomial	a(x)	in	F[x],	the	group	of	all	the	automorphisms	of	K	which	fix
F	is	called	the	Galois	group	of	a(x).	We	also	call	it	the	Galois	group	of	K	over	F,	and	designate	it	by	the
symbol

Gal(K	:	F)

In	our	 last	example	we	saw	that	 there	are	 four	automorphisms	of	 ( ,	 )	which	fix	 .	We	called
them	ε,	α,	β,	and	γ.	Thus,	the	Galois	group	of	 ( ,	 )	over	 	is	Gal( ( ,	 )	:	 )	=	{ε,	α,	β,	γ};
the	operation	is	composition,	giving	us	the	table

As	one	can	see,	this	is	an	abelian	group	in	which	every	element	is	its	own	inverse;	almost	at	a	glance
one	can	verify	that	it	is	isomorphic	to	 2	×	 2.

Let	K	be	the	root	field	of	a(x),	where	a(x)	is	in	F[x].	 In	our	earlier	discussion	we	saw	that	every
automorphism	of	K	fixing	F	[that	is,	every	member	of	the	Galois	group	of	a(x)]	may	be	identified	with	a
permutation	of	the	roots	of	a(x).	However,	it	is	important	to	note	that	not	every	permutation	of	the	roots
of	a(x)	need	be	in	the	Galois	group	of	a(x),	even	when	a(x)	is	irreducible.	For	example,	we	saw	that	 (

,	 )	=	 ( 	+	 ),	where	 	+	 	is	a	root	of	the	irreducible	polynomial	x4	–	10x2	+	1	over	 .
Since	x4	–	10x2	+	1	has	four	roots,	there	are	4!	=	24	permutations	of	its	roots,	only	four	of	which	are	in
its	Galois	group.	This	is	because	only	four	of	the	permutations	are	genuine	symmetries	of	x4	–	10x2	+	1,
in	the	sense	that	they	determine	automorphisms	of	the	root	field.

In	 the	 discussion	 throughout	 the	 remainder	 of	 this	 chapter,	 let	 F	 and	K	 remain	 fixed.	 F	 is	 an
arbitrary	field	and	K	is	the	root	field	of	some	polynomial	a(x)	in	F[x].	The	thread	of	our	reasoning	will
lead	us	to	speak	about	fields	I	where	F	⊆	I	⊆	K,	that	is,	fields	“between”	F	and	K.	We	will

refer	to	them	as	intermediate	fields.	Since	K	is	the	root	field	of	a(x)	over	F,	 it	 is	also	the	root	field	of
a(x)	over	I	for	every	intermediate	field	I.

The	letter	G	will	denote	the	Galois	group	of	K	over	F.	With	each	intermediate	field	I,	we	associate
the	group



I*	=	Gal(K	:	I)

that	is,	the	group	of	all	the	automorphisms	of	K	which	fix	I.	It	 is	obviously	a	subgroup	of	G.	We	will
call	I*	the	fixer	of	I.

Conversely,	with	each	subgroup	H	of	G	we	associate	 the	subfield	of	K	containing	all	 the	a	 in	K
which	are	not	changed	by	any	π	∈	H.	That	is,

{a	∈	K	:	π(a)	=	a	for	every	π	∈	H}

One	verifies	 in	a	 trice	that	 this	 is	a	subfield	of	K.	 It	obviously	contains	F,	and	is	 therefore	one	of	 the
intermediate	fields.	It	is	called	the	fixed	field	of	H.	For	brevity	and	euphony	we	call	it	the	fixfield	of	H.

Let	us	recapitulate:	Every	subgroup	H	of	G	 fixes	an	intermediate	field	I,	called	the	 fixfield	of	H.
Every	 intermediate	 field	 I	 is	 fixed	 by	 a	 subgroup	H	 of	G,	 called	 the	 fixer	 of	 I.	 This	 suggests	 very
strongly	 that	 there	 is	 a	 one-to-one	 correspondence	 between	 the	 subgroups	 of	 G	 and	 the	 fields
intermediate	 between	F	 and	K.	 Indeed,	 this	 is	 correct.	This	 one-to-one	 correspondence	 is	 at	 the	very
heart	 of	 Galois	 theory,	 because	 it	 provides	 the	 tie-in	 between	 properties	 of	 field	 extensions	 and
properties	of	subgroups.

Just	 as,	 in	 Chapter	 29,	 we	 were	 able	 to	 use	 vector	 algebra	 to	 prove	 new	 things	 about	 field
extensions,	 now	 we	 will	 be	 able	 to	 use	 group	 theory	 to	 explore	 field	 extensions.	 The	 vector-space
connection	was	a	relative	lightweight.	The	connection	with	group	theory,	on	the	other	hand,	gives	us	a
tool	of	tremendous	power	to	study	field	extensions.

We	have	not	yet	proved	that	the	connection	between	subgroups	of	G	and	intermediate	fields	is	a
one-to-one	correspondence.	The	next	two	theorems	will	do	that.

Theorem	2	If	H	is	the	fixer	of	I,	then	I	is	the	fixfield	of	H.

PROOF:	Let	H	be	the	fixer	of	I,	and	I′	be	the	fixfield	of	H.	It	follows	from	the	definitions	of	fixer
and	fixfield	that	I	⊆	I′,	so	we	must	now	show	that	I′	⊆	I.	We	will	do	this	by	proving	that	a	∉	I	implies	a
∉	I′.	Well,	if	a	is	an	element	of	K	which	is	not	in	I,	the	minimum	polynomial	p(x)	of	a	over	I	must	have
degree	≥2	(for	otherwise,	a	∈	I).	Thus,	p(x)	has	another	root	b.	By	Rule	(ii)	given	at	the	beginning	of
this	chapter,	there	is	an	automorphism	of	K	fixing	I	and	sending	a	to	b.	This	automorphism	moves	a,	so
a	∉	I′.	■

Lemma	Let	H	be	a	subgroup	of	G,	and	I	the	fixfield	of	H.	The	number	of	elements	in	H	is	equal	to
[K	:	I].

PROOF:	Let	H	have	r	elements,	namely,	h1,	…,	hr.	Let	K	=	 I(a).	Much	of	our	proof	will	 revolve
around	the	following	polynomial:

b(x)	=	[x	–	h1(a)][x	−	h2(a)]	⋯	[x	−	hr(a)]

Since	one	of	the	hi	is	the	identity	function,	one	factor	of	b(x)	is	(x	−	a),	and	therefore	a	is	a	root	of	b(x).
In	the	next	paragraph	we	will	see	that	all	the	coefficients	of	b(x)	are	in	I,	so	b(x)	∈	I	[x].	It	follows	that
b(x)	is	a	multiple	of	the	minimum	polynomial	of	a	over	I,	whose	degree	is	exactly	[K	:	I].	Since	b(x)	is
of	degree	r,	this	means	that	r	≥	[K	:	I],	which	is	half	our	theorem.

Well,	 let	 us	 show	 that	 all	 the	 coefficients	 of	 b(x)	 are	 in	 I.	 We	 saw	 on	 page	 314	 that	 every
isomorphism	hi	 :	K	→	K	 can	 be	 extended	 to	 an	 isomorphism	 i,	 :	K[x]	 →	K[x].	 Because	 i	 is	 an



isomorphism	of	polynomials,	we	get

But	hi	∘	h1,	hi	∘	h2,	…,	hi	∘	hr	are	r	distinct	elements	of	H,	and	H	has	exactly	r	elements,	so	they	are	all
the	elements	of	H	(that	is,	they	are	h1,	…,	hr,	possibly	in	a	different	order).	So	the	factors	of	 i	(b(x))	are
the	same	as	 the	 factors	of	b(x),	merely	 in	a	different	order,	 and	 therefore	 i(b(x))	=	b(x).	 Since	 equal
polynomials	have	equal	coefficients,	hi	leaves	the	coefficients	of	b(x)	invariant.	Thus,	every	coefficient
of	b(x)	is	in	the	fixfield	of	H,	that	is,	in	I.

We	have	just	shown	that	[K	:	I]	≤	r.	For	the	opposite	inequality,	remember	that	by	Theorem	1,	[K	:
I]	is	equal	to	the	number	of	I-fixing	automorphisms	of	K.	But	there	are	at	least	r	such	automorphisms,
namely	h1,	…,	hr.	Thus,	[K	:	I]	≥	r,	and	we	are	done.	■

Theorem	3	If	I	is	the	fixfield	of	H,	then	H	is	the	fixer	of	I.

PROOF:	Let	I	be	the	fixfield	of	H,	and	I*	the	fixer	of	I.	It	follows	from	the	definitions	of	fixer	and
fixfield	that	H	⊆	I*.	We	will	prove	equality	by	showing	that	there	are	as	many	elements	in	H	as	in	I*.
By	the	lemma,	the	order	of	H	is	equal	to	[K	:	I].	By	Theorem	2,	I	is	the	fixfield	of	I*,	so	by	the	lemma
again,	the	order	of	I*	is	also	equal	to	[K	:	I].	■

It	follows	immediately	from	Theorems	2	and	3	that	there	is	a	one-to-one	correspondence	between
the	subgroups	of	Gal(K	:	F)	and	the	intermediate	fields	between	K	and	F.	This	correspondence,	which
matches	 every	 subgroup	with	 its	 fixfield	 (or,	 equivalently,	 matches	 every	 intermediate	 field	 with	 its
fixer)	 is	 called	 a	Galois	 correspondence.	 It	 is	 worth	 observing	 that	 larger	 subfields	 correspond	 to
smaller	subgroups;	that	is,

As	an	example,	we	have	seen	that	the	Galois	group	of	 ( ,	 )	over	 	is	G	=	{ε,	α,	β,	γ}	with
the	table	given	on	page	325.	This	group	has	exactly	five	subgroups—namely,	{ε},	{ε,	α},	{ε,	β},	{ε,	γ},
and	the	whole	group	G.	They	may	be	represented	in	the	“inclusion	diagram”:

On	the	other	hand,	there	are	exactly	five	fields	intermediate	between	 	and	 ( ,	 ),	which	may
be	represented	in	the	inclusion	diagram:



If	H	is	a	subgroup	of	any	galois	group,	let	H°	designate	the	fixfield	of	H.	The	subgroups	of	G	 in
our	example	have	the	following	fixfields:

(This	 is	 obvious	 by	 inspection	 of	 the	 way	 ε,	 α,	 β,	 and	 γ	 were	 defined	 on	 page	 325.)	 The	 Galois
correspondence,	for	this	example,	may	therefore	be	represented	as	follows:

In	order	to	effectively	tie	in	subgroups	of	G	with	extensions	of	the	field	F,	we	need	one	more	fact,
to	be	presented	next.

Suppose	E	⊆	I	⊆	K,	where	K	is	a	root	field	over	E	and	I	is	a	root	field	over	E.	(Hence	by	Theorem
8	 of	 Chapter	 31,	K	 is	 a	 root	 field	 over	 I.)	 If	 h	∈	Gal(K	 :	E),	h	 is	 an	 automorphism	 of	K	 fixing	E.
Consider	the	restriction	of	h	to	I,	that	is,	h	restricted	to	the	smaller	domain	I.	It	is	an	isomorphism	with
domain	I	fixing	E,	so	by	Rule	(i)	given	at	the	beginning	of	this	chapter,	it	is	an	automorphism	of	I,	still
fixing	E.	We	have	just	shown	that	if	h	∈	Gal(K	:	E),	then	the	restriction	of	h	to	I	is	in	Gal(I	:	E).	This
permits	us	to	define	a	function	μ	:	Gal(K	:	E)	→	Gal(I	:	E)	by	the	rule

μ(h)	=	the	restriction	of	h	to	I

It	is	very	easy	to	check	that	μ	is	a	homomorphism.	μ	is	surjective,	because	every	E-fixing	automorphism
of	I	can	be	extended	to	an	E-fixing	automorphism	of	K,	by	Theorem	6	in	Chapter	31.

Finally,	if	h	∈	Gal(K	:	E),	the	restriction	of	h	to	I	is	the	identity	function	iff	h(x)	=	x	for	every	x	∈	I,
that	is,	iff	h	fixes	I.	This	proves	that	the	kernel	of	μ	is	Gal(K	:	I).

To	recapitulate:	μ	is	a	homomorphism	from	Gal(K	:	E)	onto	Gal(I	:	E)	with	kernel	Gal(K	:	I).	By
the	FHT,	we	immediately	conclude	as	follows:

Theorem	4	Suppose	E	⊆	I	⊆	K,	where	I	is	a	root	field	over	E	and	K	is	a	root	field	over	E.	Then

It	follows,	in	particular,	that	Gal(K	:	I)	is	a	normal	subgroup	of	Gal(K	:	E).

EXERCISES

†	A.	Computing	a	Galois	Group
1 Show	that	 (i,	 )	is	the	root	field	of	(x2	+	1)(x2	−	2)	over	 .
#	2 Find	the	degree	of	 (i,	 )	over	 .



3 List	the	elements	of	Gal( (i,	 )	:	 )	and	exhibit	its	table.
4 Write	the	inclusion	diagram	for	the	subgroups	of	Gal( (i,	 )	:	 ),	and	the	inclusion	diagram	for	the
fields	intermediate	between	 	and	 (i,	 ).	Indicate	the	Galois	correspondence.

†	B.	Computing	a	Galois	Group	of	Eight	Elements
1 Show	that	 ( ,	 ,	 )	is	the	root	field	of	(x2	–	2)(x2	–	3)(x2	−	5)	over	 .
2 Show	that	the	degree	of	 ( ,	 ,	 )	over	 	is	8.
3 List	the	eight	elements	of	G	=	Gal( ( ,	 ,	 )	:	 )	and	write	its	table.
4 List	the	subgroups	of	G.	(By	Lagrange’s	theorem,	any	proper	subgroup	of	G	has	either	two	or	four
elements.)
5 For	each	subgroup	of	G,	find	its	fixfield.
6 Indicate	the	Galois	correspondence	by	means	of	a	diagram	like	the	one	on	page	329.

†	C.	A	Galois	Group	Equal	to	S3
1 Show	that	 ( ,	i )	is	the	root	field	of	x3	–	2	over	 ,	where	 	designates	the	real	cube	root	of	2.
(HINT:	Compute	the	complex	cube	roots	of	unity.)
2 Show	that	[ ( )	:	 ]	=	3.
3 Explain	why	x2	+	3	 is	 irreducible	over	 ( ),	 then	show	that	 [ ( ,	 i ):	 ( )]	=	2.	Conclude
that	[ ( ,	i )	:	 ]	=	6.
4 Use	part	3	to	explain	why	Gal( ( ,	 )	:	 )	has	six	elements.	Then	use	the	discussion	following
Rule	(ii)	on	page	323	to	explain	why	every	element	of	Gal( ( ,	 i )	 :	 )	may	be	 identifed	with	a
permutation	of	the	three	cube	roots	of	2.
5 Use	part	4	to	prove	that	Gal( ( ,	i )	:	 )	≅	S3.

†	D.	A	Galois	Group	Equal	to	D4

If	α	=	 	 is	a	real	fourth	root	of	2,	 then	the	four	fourth	roots	of	2	are	±α	and	±iα.	Explain	parts	1–6,
briefly	but	carefully:
#	1	 (α,	i)	is	the	root	field	of	x4	−	2	over	 .
2	[ (α)	:	 ]	=	4.
3	i	∉	 (α);	hence	[ (α,	i)	:	 (α)]	=	2.
4	[ (α,	i)	:	 ]	=	8.
5	{1,	α,	α2,	α3,	i,	iα,	iα2,	iα3}	is	a	basis	for	 (α,	i)	over	 .
6	 Any	 -fixing	 automorphism	 h	 of	 (α,	 i)	 is	 determined	 by	 its	 effect	 on	 the	 elements	 in	 the	 basis.
These,	in	turn,	are	determined	by	h(α)	and	h(i).
7	Explain:	h(α)	must	be	a	fourth	root	of	2	and	h(i)	must	be	equal	to	±i.	Combining	the	four	possibilities
for	h(α)	with	the	two	possibilities	for	h(i)	gives	eight	possible	automorphisms.	List	them	in	the	format

8	Compute	 the	 table	of	 the	group	Gal( (α,	i)	:	 )	and	show	that	 it	 is	 isomorphic	 to	D4,	 the	group	of



symmetries	of	the	square.

†	E.	A	Cyclic	Galois	Group
#	1	Describe	the	root	field	K	of	x7	−	1	over	 .	Explain	why	[K	:	 ]	=	6.
2	Explain:	If	α	is	a	primitive	seventh	root	of	unity,	any	h	∈	Gal(K	:	 )	must	send	α	to	a	seventh	root	of
unity.	In	fact,	h	is	determined	by	h(α).
3	Use	part	2	 to	 list	explicitly	 the	six	elements	of	Gal(K	 :	 ).	Then	write	 the	 table	of	Gal(K	 :	 )	and
show	that	it	is	cyclic.
4	List	all	the	subgroups	of	Gal(K	:	 ),	with	their	fixfields.	Exhibit	the	Galois	correspondence.
5	Describe	the	root	field	L	of	x6	−	1	over	 ,	and	show	that	[L	:	 ]	=	2.	Explain	why	it	follows	that	there
are	no	intermediate	fields	between	 	and	L	(except	for	 	and	L	themselves).
#	6	Let	L	be	the	root	field	of	x6	–	2	over	 .	List	the	elements	of	Gal(L	:	 )	and	write	its	table.

†	F.	A	Galois	Group	Isomorphic	to	S5
Let	a(x)	=	x5	−	4x4	+	2x	+	2	∈	 [x],	and	let	r1,	…,	r5	be	the	roots	of	a(x)	in	 .	Let	K	 (r1,	…,	r5)	be	the
root	field	of	a(x)	over	 .
Prove:	parts	1–3:
1	a(x)	is	irreducible	in	 ⌈x⌉.
2	a(x)	has	 three	real	and	two	complex	roots.	 [HINT:	Use	calculus	 to	sketch	the	graph	of	y	=	a(x),	and
show	that	it	crosses	the	x	axis	three	times.]
3	If	r1	denotes	a	real	root	of	a(x),	[ (r1)	:	 ]	=	5.	Use	this	to	prove	that	[K	:	 ]	is	a	multiple	of	5.
4	Use	part	3	and	Cauchy’s	theorem	(Chapter	13,	Exercise	E)	to	prove	that	there	is	an	element	α	of	order
5	in	Gal(K	:	 ).	Since	α	may	be	identified	with	a	permutation	of	{r1,	…,	r5},	explain	why	it	must	be	a
cycle	of	length	5.	(HINT:	Any	product	of	disjoint	cycles	on	{r1,	…,	r5}	has	order	≠	5.)
5	Explain	why	there	is	a	transposition	in	Gal	(K	:	 ).	[It	permutes	the	conjugate	pair	of	complex	roots
of	a(x).]
6	Prove:	Any	subgroup	of	S5	which	contains	a	cycle	of	 length	5	and	a	 transposition	must	contain	all
possible	transpositions	in	S5,	hence	all	of	S5.	Thus,	Gal(K	:	 )	=	S5.

G.	Shorter	Questions	Relating	to	Automorphisms	and	Galois	Groups
Let	F	be	a	field,	and	K	a	finite	extension	of	F.	Suppose	a,	b	∈	K.	Prove	parts	1–3:

1	If	an	automorphism	h	of	K	fixes	F	and	a,	then	h	fixes	F(a).
2	F(a,	b)*	=	F(a)*	 	F(b)*.
3	Aside	from	the	identity	function,	there	are	no	 -fixing	automorphisms	of	 ( ).	[HINT:	Note	that	 (

)	contains	only	real	numbers.]
4	Explain	why	the	conclusion	of	part	3	does	not	contradict	Theorem	1.
In	the	next	three	parts,	let	ω	be	a	primitive	pth	root	of	unity,	where	p	is	a	prime.

5	Prove:	If	h	∈	Gal( (ω)	:	 ),	then	h(ω)	=	ωk	for	some	k	where	1	≤	k	≤	p	−	1.



6	Use	part	5	to	prove	that	Gal( (ω)	:	 )	is	an	abelian	group.
7	Use	part	5	to	prove	that	Gal( (ω)	:	 )	is	a	cyclic	group.

†	H.	The	Group	of	Automorphisms	of	C
1	Prove:	The	only	automorphism	of	 	is	the	identity	function.	[HINT:	If	h	is	an	automorphism,	h(1)	=	1;
hence	h(2)	=	2,	and	so	on.]
2	 Prove:	 Any	 automorphism	 of	 	 sends	 squares	 of	 numbers	 to	 squares	 of	 numbers,	 hence	 positive
numbers	to	positive	numbers.
3	Using	part	2,	prove	that	if	h	is	any	automorphism	of	 ,	a	<	b	implies	h(a)	<	h(b).
#	4	Use	parts	1	and	3	to	prove	that	the	only	automorphism	of	 	is	the	identity	function.
5	List	the	elements	of	Gal( 	:	 ).
6	Prove	 that	 the	 identity	 function	and	 the	function	a	+	bi	→	a	−	bi	are	 the	only	automorphisms	of	
which	fix	 .

I.	Further	Questions	Relating	to	Galois	Groups
Throughout	 this	 set	 of	 questions,	 let	K	 be	 a	 root	 field	 over	F,	 let	G	 =	Gal(K	 :	F),	 and	 let	 I	 be	 any
intermediate	field.	Prove	the	following:

1	I*	=	Gal(K	:	I)	is	a	subgroup	of	G.
2	If	H	is	a	subgroup	of	G	and	H°	=	{a	∈	K	:	π(a)	=	a	for	every	π	∈	H},	then	H°	is	a	subfield	of	K,	and	F
⊆	H°.
3	Let	H	be	the	fixer	of	I,	and	I′	the	fixfield	of	H.	Then	I	⊆	I′.	Let	I	be	the	fixfield	of	H,	and	I*	the	fixer
of	I.	Then	H	⊆	I*.
#	4	Let	I	be	a	normal	extension	of	F	(that	is,	a	root	field	of	some	polynomial	over	F).	If	G	is	abelian,
then	Gal(K	:	I)	and	Gal(I	:	F)	are	abelian.	(HINT:	Use	Theorem	4.)

5	Let	 I	 be	 a	normal	 extension	of	F.	 If	G	 is	 a	 cyclic	group,	 then	Gal(K	 :	 I)	 and	Gal(I	 :	F)	 are	 cyclic
groups.
6	 If	G	 is	 a	 cyclic	 group,	 there	 exists	 exactly	 one	 intermediate	 field	 I	 of	 degree	 k,	 for	 each	 integer	 k
dividing	[K	:	F].

†	J.	Normal	Extensions	and	Normal	Subgroups
Suppose	F	⊆	K,	where	K	is	a	normal	extension	of	F.	(This	means	simply	that	K	is	the	root	field	of	some
polynomial	in	F[x]:	see	Chapter	31,	Exercise	K.)	Let	I1	⊆	I2	be	intermediate	fields.

1	Deduce	from	Theorem	4	that,	if	I2	is	a	normal	extension	of	I1,	then	 	is	a	normal	subgroup	of	 .
2	Prove	the	following	for	any	intermediate	field	I:	Let	h	∈	Gal	(K	:	F),	g	∈	I*,	a	∈	I,	and	b	=	h(a).	Then
[h	∘	g	∘	h−	1](b)	=	b.	Conclude	that

hI*	h−	1	⊆	h(I)*

3	Use	part	2	to	prove	that	hI*	h−	1	=	h(I)*.



Two	intermediate	fields	I1	and	I2	are	called	conjugate	iff	there	is	an	automorphism	[i.e.,	an	element
i	∈	Gal(K	:	F)]	such	that	i(I1)	=	I2.

4	Use	part	3	 to	prove	 that	 I1	and	 I2	are	conjugate	 iff	 	and	 	are	conjugate	 subgroups	 in	 the	Galois
group.
5	Use	part	4	to	prove	that	for	any	intermediate	fields	I1	and	I2	:	iff	 	is	a	normal	subgroup	of	 ,	then	I2
is	a	normal	extension	of	I1.

Combining	parts	1	and	5	we	have:	I2	is	a	normal	extension	of	I1	iff	 	is	a	normal	subgroup	of	 .
(Historically,	this	result	is	the	origin	of	the	word	“normal”	in	the	term	“normal	subgroup.”)



CHAPTER

THIRTY-THREE

SOLVING	EQUATIONS	BY	RADICALS

In	 this	 final	chapter,	Galois	 theory	will	be	used	explicitly	 to	answer	practical	questions	about	solving
equations.

In	 the	 introduction	 to	 this	 book	 we	 saw	 that	 classical	 algebra	 was	 devoted	 largely	 to	 finding
methods	for	solving	polynomial	equations.	The	quadratic	formula	yields	the	solutions	of	every	equation
of	 degree	 2,	 and	 similar	 formulas	 have	 been	 found	 for	 polynomials	 of	 degrees	 3	 and	 4.	 But	 every
attempt	 to	 find	 explicit	 formulas,	 of	 the	 same	 kind	 as	 the	 quadratic	 formula,	 which	 would	 solve	 a
general	equation	of	degree	5	or	higher	ended	in	failure.	The	reason	for	this	was	finally	discovered	by	the
young	Galois,	who	showed	that	an	equation	is	solvable	by	the	kind	of	explicit	formula	we	have	in	mind
if	and	only	if	its	group	of	symmetries	has	certain	properties.	The	group	of	symmetries	is,	of	course,	the
Galois	group	which	we	have	already	defined,	and	the	required	group	properties	will	be	formulated	in
the	next	few	pages.

Galois	 showed	 that	 the	 groups	 of	 symmetries	 of	 all	 equations	 of	 degree	 ≤4	 have	 the	 properties
needed	for	solvability,	whereas	equations	of	degree	5	or	more	do	not	always	have	them.	Thus,	not	only
is	the	classical	quest	for	radical	formulas	to	solve	all	equations	of	degree	>	4	shown	to	be	futile,	but	a
criterion	 is	made	 available	 to	 test	 any	 equation	 and	 determine	 if	 it	 has	 solutions	 given	 by	 a	 radical
formula.	All	this	will	be	made	clear	in	the	following	pages.

Every	quadratic	equation	ax2	+	bx	+	c	=	0	has	its	roots	given	by	the	formula

Equations	of	degree	3	and	4	can	be	solved	by	similar	formulas.	For	example,	the	cubic	equation	x3	+	ax
+	b	=	0	has	a	solution	given	by

Such	 expressions	 are	 built	 up	 from	 the	 coefficients	 of	 the	 given	 polynomials	 by	 repeated	 addition,



subtraction,	multiplication,	division,	and	taking	roots.	Because	of	their	use	of	radicals,	they	are	called
radical	expressions	or	radical	formulas.	A	polynomial	a(x)	is	solvable	by	radicals	 if	 there	is	a	radical
expression	giving	its	roots	in	terms	of	its	coefficients.

Let	 us	 return	 to	 the	 example	 of	x3	 +	ax	 +	b	 =	 0,	where	a	 and	b	 are	 rational,	 and	 look	 again	 at
Formula	(1).	We	may	 interpret	 this	 formula	 to	 assert	 that	 if	we	 start	with	 the	 field	of	 coefficients	 ,
adjoin	the	square	root	 ,	then	adjoin	the	cube	roots	 ,	we	reach	a	field	in	which	x3	+	ax
+	b	=	0	has	its	roots.

In	general,	to	say	that	the	roots	of	a(x)	are	given	by	a	radical	expression	is	the	same	as	saying	that
we	can	extend	the	field	of	coefficients	of	a(x)	by	successively	adjoining	nth	roots	(for	various	n),	and	in
this	way	obtain	a	field	which	contains	the	roots	of	a(x).	We	will	express	this	notion	formally	now,	in	the
language	of	field	theory.

F(c1,	…,	cn)	is	called	a	radical	extension	of	F	if,	for	each	i,	some	power	of	ci	is	in	F(c1,	…,	ci	−	1).
In	other	words,	F(c1,	…,	cn)	is	an	iterated	extension	of	F	obtained	by	successively	adjoining	nth	roots,
for	various	n.	We	say	that	a	polynomial	a(x)	in	F[x]	is	solvable	by	radicals	if	there	is	a	radical	extension
of	F	containing	all	the	roots	of	a(x),	that	is,	containing	the	root	field	of	a(x).

To	deal	effectively	with	nth	roots	we	must	know	a	little	about	them.	To	begin	with,	the	nth	roots	of
1,	called	nth	roots	of	unity,	are,	of	course,	the	solutions	of	xn	−	1	=	0.	Thus,	for	each	n,	there	are	exactly
n	 nth	 roots	 of	 unity.	 As	 we	 shall	 see,	 everything	 we	 need	 to	 know	 about	 roots	 will	 follow	 from
properties	of	the	roots	of	unity.

In	 	the	nth	roots	of	unity	are	obtained	by	de	Moivre’s	theorem.	They	consist	of	a	number	ω	and	its
first	n	 powers:	 1	 =	ω0,	ω,	ω2,	…,	ωn	−	 1.	 We	 will	 not	 review	 de	 Moivre’s	 theorem	 here	 because,
remarkably,	the	main	facts	about	roots	of	unity	are	true	in	every	field	of	characteristic	zero.	Everything
we	need	to	know	emerges	from	the	following	theorem:

Theorem	1	Any	finite	group	of	nonzero	elements	in	a	field	is	a	cyclic	group.	(The	operation	in	the
group	is	the	field’s	multiplication.)

PROOF:	If	F*	denotes	the	set	of	nonzero	elements	of	F,	suppose	that	G	⊆	F*,	and	that	G,	with	the
field’s	“multiply”	operation,	is	a	group	of	n	elements.	We	will	compare	G	with	 n	and	show	that	G,	like	
n,	has	an	element	of	order	n	and	is	therefore	cyclic.

For	any	integer	k,	let	g(k)	be	the	number	of	elements	of	order	k	in	G,	and	let	z(k)	be	the	number	of
elements	of	order	k	in	 n.	For	every	positive	integer	k	which	is	a	factor	of	n,	the	equation	xk	=	1	has	at
most	k	solutions	in	F;	thus,

(*)	G	contains	at	most	k	elements	whose	order	is	a	factor	of	k.

If	G	has	an	element	a	of	order	k,	then	〈a〉	=	{e,	a,	a2,	…,	ak	−	1)	are	all	the	distinct	elements	of	G	whose
order	is	a	factor	of	k.	[By	(*),	there	cannot	be	any	others.]	In	 n,	the	subgroup

contains	all	the	elements	of	 n	whose	order	is	a	factor	of	k.
Since	〈a〉	 and	〈n/k〉	 are	 cyclic	 groups	with	 the	 same	 number	 of	 elements,	 they	 are	 isomorphic;

thus,	the	number	of	elements	of	order	k	in	〈a〉	is	the	same	as	the	number	of	elements	of	order	k	in	〈n/k〉.



Thus,	g(k)	=	z(k).
Let	us	recapitulate:	if	G	has	an	element	of	order	k,	then	g(k)	=	z(k);	but	if	G	has	no	such	elements,

then	g(k)	=	0.	Thus,	for	each	positive	integer	k	which	is	a	factor	of	n,	the	number	of	elements	of	order	k
in	G	is	less	than	(or	equal	to)	the	number	of	elements	of	order	k	in	 n.

Now,	 every	 element	 of	G	 (as	well	 as	 every	 element	 of	 n)	 has	 a	well-defined	 order,	which	 is	 a
divisor	of	n.	Imagine	the	elements	of	both	groups	to	be	partitioned	into	classes	according	to	their	order,
and	compare	the	classes	in	G	with	the	corresponding	classes	in	 n.	For	each	k,	G	has	as	many	or	fewer
elements	of	order	k	 than	 n	 does.	So	 if	G	 had	no	 elements	 of	 order	n	 (while	 n	does	 have	 one),	 this
would	mean	that	G	has	fewer	elements	than	 n,	which	is	false.	Thus,	G	must	have	an	element	of	order	n,
and	therefore	G	is	cyclic.	■

The	nth	 roots	of	unity	 (which	are	contained	 in	F	or	a	 suitable	extension	of	F)	obviously	 form	a
group	with	respect	to	multiplication.	By	Theorem	1,	it	is	a	cyclic	group.	Any	generator	of	this	group	is
called	a	primitive	nth	root	of	unity.	Thus,	if	ω	is	a	primitive	nth	root	of	unity,	the	set	of	all	the	nth	roots
of	unity	is

1,	ω,	ω2,	…,	ωn	−	1

If	ω	is	a	primitive	nth	root	of	unity,	F(ω)	is	an	abelian	extension	of	F	in	the	sense	that	g	∘	h	=	h	∘	g
for	any	two	F-fixing	automorphisms	g	and	h	of	F(ω)).	Indeed,	any	automorphism	must	obviously	send
nth	roots	of	unity	to	nth	roots	of	unity.	So	if	g(ω)	=	ωr	and	h(ω)	=	ωs,	then	g	∘	h(ω)	=	g(ωs)	=	ωrs	and
analogously,	h	∘	g(ω)	=	ωrs.	Thus,	g	∘	h(ω)	=	h	∘	g(ω).	Since	g	and	h	fix	F,	and	every	element	of	F(ω)
is	a	linear	combination	of	powers	of	ω	with	coefficients	in	F,	g	∘	h	=	h	∘	g.

Now,	let	F	contain	a	primitive	nth	root	of	unity,	and	therefore	all	the	nth	roots	of	unity.	Suppose	a
∈	F,	and	a	has	an	nth	root	b	in	F.	It	follows,	then,	that	all	the	nth	roots	of	a	are	in	F,	for	they	are	b,	bω,
bω2,	…,	bωn	−	1.	Indeed,	if	c	is	any	other	nth	root	of	a,	then	clearly	c/b	is	an	nth	root	of	1,	say	ωr;	hence
c	=	bω4.	We	may	infer	from	the	above	that	if	F	contains	a	primitive	nth	root	of	unity,	and	b	 is	an	nth
root	of	a,	then	F(b)	is	the	root	field	of	xn	−	a	over	F.

In	particular,	F(b)	is	an	abelian	extension	of	F.	Indeed,	any	F-fixing	automorphism	of	F(b)	must
send	nth	roots	of	a	to	nth	roots	of	a:	for	if	c	is	any	nth	root	of	a	and	g	is	an	F-fixing	automorphism,	then
g(c)n	=	g(cn)	=	g(a)	=	a;	hence	g(c)	is	an	nth	root	of	a.	So	if	g(b)	=	bωr	and	h(b)	=	bωs,	then

g	∘	h(b)	=	g(bωs)	=	bωrωs	=	bωr	+	s

and

h	∘	g(b)	=	h(bωr)	=	bωsωr	=	bwr	+	s

hence	g	∘	h(b)	=	h	∘	g(b).	Since	g	and	h	 fix	F,	 and	every	element	 in	F(b)	 is	a	 linear	combination	of
powers	of	b	with	coefficients	in	F,	it	follows	that	g	∘	h	=	h	∘	g.

If	a(x)	is	in	F[x],	remember	that	a(x)	is	solvable	by	radicals	just	as	long	as	there	exists	some	radical
extension	of	F	containing	the	roots	of	a(x).	[Any	radical	extension	of	F	containing	the	roots	of	a(x)	will
do.]	Thus,	we	may	as	well	 assume	 that	 any	 radical	 extension	used	here	begins	by	adjoining	 to	F	 the
appropriate	 roots	 of	 unity;	henceforth	we	will	make	 this	 assumption.	 Thus,	 if	K	 =	F(c1,	…,	 cn)	 is	 a
radical	extension	of	F,	then



is	 a	 sequence	 of	 simple	 abelian	 extensions.	 (The	 extensions	 are	 all	abelian	 by	 the	 comments	 in	 the
preceding	three	paragraphs.)

Still,	this	is	not	quite	enough	for	our	purposes:	In	order	to	use	the	machinery	which	was	set	up	in
the	previous	chapter,	we	must	be	able	to	say	that	each	field	in	(2)	 is	a	root	field	over	F.	This	may	be
accomplished	as	follows:	Suppose	we	have	already	constructed	the	extensions	I0	⊆	I1	⊆	⋯	⊆	Iq	in	(2)
so	that	Iq	is	a	root	field	over	F.	We	must	extend	Iq	to	Iq	+	1,	so	Iq	+	1	is	a	root	field	over	F.	Also,	Iq	+	1
must	include	the	element	cq	+	1,	which	is	the	nth	root	of	some	element	a	∈	Iq.

Let	H	 =	 {h1,	 …,	 hr)	 be	 the	 group	 of	 all	 the	 F-fixing	 automorphisms	 of	 Iq,	 and	 consider	 the
polynomial

b(x)	=	[xn	−	h1(a)][xn	−	h2(a)]	⋯	[xn	−	hr(a)]

By	 the	proof	of	 the	 lemma	on	page	327,	one	factor	of	b(x)	 is	 (xn	−	a);	hence	cq	 +	 1	 is	 a	 root	of	b(x).
Moreover,	by	the	same	lemma,	every	coefficient	of	b(x)	 is	 in	 the	fixfield	of	H,	 that	 is,	 in	F.	We	now
define	Iq	+	1	to	be	the	root	field	of	b(x)	over	F.	Since	all	the	roots	of	b(x)	are	nth	roots	of	elements	in	Iq,
it	 follows	 that	 Iq	 +	 1	 is	 a	 radical	 extension	 of	 Iq.	 The	 roots	may	 be	 adjoined	 one	 by	 one,	 yielding	 a
succession	of	abelian	extensions,	as	discussed	previously.	To	conclude,	we	may	assume	in	(2)	that	K	is
a	root	field	over	F.

If	G	denotes	the	Galois	group	of	K	over	F,	each	of	these	fields	Ik	has	a	fixer	which	is	a	subgroup	of
G.	These	fixers	form	a	sequence

For	each	k,	by	Theorem	4	of	Chapter	32,	 	is	a	normal	subgroup	of	 ,	and	 	≅	Gal(Ik	 +	 1:	 Ik
which	is	abelian	because	is	an	abelian	extension	of	Ik.	The	following	definition	was	invented	precisely
to	account	for	this	situation.

A	group	G	is	called	solvable	if	it	has	a	sequence	of	subgroups	{e}	=	H0	⊆	H1	⊆	⋯	⊆	Hm	=	G	such
that	for	each	k,	Gk	is	a	normal	subgroup	of	Gk	+	1	and	Gk	+	1/Gk	is	abelian.
We	have	shown	that	if	K	is	a	radical	extension	of	F,	then	Gal(K:	F)	is	a	solvable	group.	We	wish	to

go	 further	 and	prove	 that	 if	a(x)	 is	 any	polynomial	which	 is	 solvable	by	 radicals,	 its	Galois	group	 is
solvable.	To	do	so,	we	must	first	prove	that	any	homomorphic	image	of	a	solvable	group	is	solvable.	A
key	 ingredient	 of	 our	 proof	 is	 the	 following	 simple	 fact,	 which	was	 explained	 on	 page	 152:	G/H	 is
abelian	iff	H	contains	all	the	products	xyx−	1y	−	1	for	all	x	and	y	in	G.	(The	products	xyx−	1y−	1	are	called
“commutators”	of	G.)

Theorem	2	Any	homomorphic	image	of	a	solvable	group	is	a	solvable	group.

PROOF:	Let	G	be	a	solvable	group,	with	a	sequence	of	subgroups

{e)	⊆	H1	⊆	⋯	⊆	Hm	=	G



as	specified	in	 the	definition.	Let	 f:	G	→	X	be	a	homomorphism	from	G	onto	a	group	X.	Then	 f(H0),
f(H1),	…,	f(Hm)	are	subgroups	of	X,	and	clearly	{e}	⊆	f(H0)	⊆	f(H1)	⊆	⋯	⊆	f(Hm)	=	X.	For	each	i	we
have	the	following:	if	f(a)	∈	f(Hi)	and	f(x)	∈	f(Hi	+	1),	then	a	∈	Hi	and	x	∈	Hi	+	1;	hence	xax−	1	∈	Hi	and
therefore	 f(x)f(a)f(x)−	 1	∈	 f(Hi).	 So	 f(Hi)	 is	 a	 normal	 subgroup	of	 f(Hi	 +	 1).	 Finally,	 since	Hi	 +	 1/Hi	 is
abelian,	every	commutator	xyx−	1y−	1	(for	all	x	and	y	in	Hi	+	1)	is	in	Hi;	hence	every	f(x)f(y)f(x)−	1f(y)−	1

is	in	f(Hi).	Thus,	f(Hi	+	1)/f(Hi)	is	abelian.	■
Now	we	can	prove	the	main	result	of	this	chapter:

Theorem	3	Let	a(x)	be	a	polynomial	over	a	field	F.	If	a(x)	is	solvable	by	radicals,	its	Galois	group
is	a	solvable	group.

PROOF:	By	definition,	if	K	 is	the	root	field	of	a(x),	 there	 is	an	extension	by	radicals	F(c1,	…,	cn)
such	 that	F	⊆	K	⊆	F	 (c1,	…,	 cn).	 It	 follows	 by	 Theorem	 4	 of	 Chapter	 32	 that	Gal(F(c1,	 …,	 cn):
F)/Gal(F(c1,	…,	cn):	K)	≅	Gal(K:	F);	 hence	 by	 that	 theorem,	Gal(K:	F)	 is	 a	 homomorphic	 image	 of
Gal(F(c1,	…,	cn):	F)	which	we	know	to	be	solvable.	Thus,	by	Theorem	2	Gal(K:	F)	is	solvable.	■

Actually,	the	converse	of	Theorem	3	is	true	also.	All	we	need	to	show	is	that,	if	K	is	an	extension
of	F	whose	Galois	group	over	F	is	solvable,	then	K	may	be	further	extended	to	a	radical	extension	of	F.
The	details	are	not	too	difficult	and	are	assigned	as	Exercise	E	at	the	end	of	this	chapter.

Theorem	 3	 together	 with	 its	 converse	 say	 that	 a	 polynomial	 a(x)	 is	 solvable	 by	 radicals	 iff	 its
Galois	group	is	solvable.

We	bring	 this	 chapter	 to	 a	 close	by	 showing	 that	 there	 exist	groups	which	are	not	 solvable,	 and
there	exist	polynomials	having	such	groups	as	their	Galois	group.	In	other	words,	there	are	unsolvable
polynomials.	First,	here	is	an	unsolvable	group:

Theorem	4	The	symmetric	group	S5	is	not	a	solvable	group.

PROOF:	Suppose	S5	has	a	sequence	of	subgroups

{e}	=	H0	⊆	H1	⊆	…	⊆	Hm	=	S5

as	in	the	definition	of	solvable	group.	Consider	the	subset	of	S5	containing	all	the	cycles	(ijk)	of	length
3.	We	will	show	that	if	Hi	contains	all	the	cycles	of	length	3,	so	does	the	next	smaller	group	Hi	−	1.	 It
would	follow	in	m	steps	that	H0	=	{e}	contains	all	the	cycles	of	length	3,	which	is	absurd.

So	 let	Hi	contain	all	 the	cycles	of	 length	3	 in	S5.	Remember	 that	 if	α	and	β	are	 in	Hi,	 then	 their
commutator	αβα−1β−1	is	in	Hi	−	1.	But	any	cycle	(ijk)	is	equal	to	the	commutator

(ilj)(jkm)(ilj)−1(jkm)−1	=	(ilj)(jkm)(jli)(mkj)	=	(ijk)

hence	every	(ijk)	is	in	Hi	−	1,	as	claimed.	■
Before	drawing	our	argument	toward	a	close,	we	need	to	know	one	more	fact	about	groups;	it	 is

contained	in	the	following	classical	result	of	group	theory:
Cauchy’s	theorem	Let	G	be	a	finite	group	of	n	elements.	If	p	is	any	prime	number	which	divides	n,

then	G	has	an	element	of	order	p.



For	example,	if	G	is	a	group	of	30	elements,	it	has	elements	of	orders	2,	3,	and	5.	To	give	our	proof
a	trimmer	appearance,	we	will	prove	Cauchy’s	theorem	specifically	for	p	=	5	(the	only	case	we	will	use
here,	anyway).	However,	the	same	argument	works	for	any	value	of	p.

PROOF:	Consider	all	possible	5-tuples	 (a,	b,	c,	d,	k)	 of	 elements	 of	G	whose	 product	abcdk	 =	e.
How	many	distinct	5-tuples	of	this	kind	are	there?	Well,	if	we	select	a,	b,	c,	and	d	at	random,	there	is	a
unique	k	=	d−1c−1b−1a−1	in	G	making	abcdk	=	e.	Thus,	there	are	n4	such	5-tuples.

Call	two	5-tuples	equivalent	if	one	is	merely	a	cyclic	permutation	of	the	other.	Thus,	(a,	b,	c,	d,	k)
is	equivalent	to	exactly	five	distinct	5-tuples,	namely,	(a,	b,	c,	d,	k),	(b,	c,	d,	k,	a),	(c,	d,	k,	a,	b),	(d,	k,	a,
b,	c)	and	(k,	a,	b,	c,	d).	The	only	exception	occurs	when	a	5-tuple	is	of	the	form	(a,	a,	a,	a,	a)	with	all	its
components	equal;	it	is	equivalent	only	to	itself.	Thus,	the	equivalence	class	of	any	5-tuple	of	the	form
(a,	a,	a,	a,	a)	has	a	single	member,	while	all	the	other	equivalence	classes	have	five	members.

Are	there	any	equivalence	classes,	other	than	{(e,	e,	e,	e,	e)},	with	a	single	member?	If	not,	then	5|
(n4	−	1)	[for	there	are	n4	5-tuples	under	consideration,	less	(e,	e,	e,	e,	e)];	hence	n4	≡	1	(mod	5).	But	we
are	assuming	that	5|n;	hence	n4	≡	0	(mod	5),	which	is	a	contradiction.

This	contradiction	shows	that	there	must	be	a	5-tuple	(a,	a,	a,	a,	a)	≠	(e,	e,	e,	e,	e)	such	that	aaaaa
=	a5	=	e.	Thus,	there	is	an	element	a	∈	G	of	order	5.	■

We	will	now	exhibit	a	polynomial	in	 [x]	having	S5	as	its	Galois	group	(remember	that	S5	is	not	a
solvable	group).

Let	a(x)	=	x5	−	5x	−	2.	By	Eisenstein’s	criterion,	a(x	+	2)	is	irreducible	over	 ;	hence	a(x)	also	is
irreducible	over	 .	By	elementary	calculus,	a{x)	has	a	single	maximum	at	(−1,	2),	a	single	minimum	at
(1,	−6),	 and	 a	 single	 point	 of	 inflection	 at	 (0,	−2).	 Thus	 (see	 figure),	 its	 graph	 intersects	 the	 x	 axis
exactly	three	times.	This	means	that	a(x)	has	three	real	roots,	r1,	r2,	and	r3,	and	therefore	two	complex
roots,	r4	and	r5,	which	must	be	complex	conjugates	of	each	other.

Let	K	denote	 the	root	 field	of	a(x)	over	 ,	and	G	 the	Galois	group	of	a(x).	As	we	have	already
noted,	every	element	of	G	may	be	identified	with	a	permutation	of	the	roots	r1,	r2,	r3,	r4,	r5	of	a(x),	so	G
may	be	viewed	as	a	subgroup	of	S5.	We	will	show	that	G	is	all	of	S5.

Now,	[ (r1):	 ]	=	5	because	r1	is	a	root	of	an	irreducible	polynomial	of	degree	5	over	 .	Since	[K:	
]	=	[K:	 (r1)][ (r1):	 ],	it	follows	that	5	is	a	factor	of	[K:	 ].	Then,	by	Cauchy’s	theorem,	G	contains

an	element	of	order	5.	This	element	must	be	a	cycle	of	length	5:	for	by	Chapter	8,	every	other	element
of	S5	is	a	product	of	two	or	more	disjoint	cycles	of	length	<5,	and	such	products	cannot	have	order	5.
(Try	the	typical	cases.)	Thus,	G	contains	a	cycle	of	length	5.



Furthermore,	 G	 contains	 a	 transposition	 because	 complex	 conjugation	 a	 +	 bi	 →	 a	 −	 bi	 is
obviously	a	 -fixing	automorphism	of	K;	it	interchanges	the	complex	roots	r4	and	r5	while	leaving	r1,
r2,	and	r3	fixed.

Any	 subgroup	G	⊆	 S5	 which	 contains	 a	 transposition	 τ	 and	 a	 cycle	 σ	 of	 length	 5	 necessarily
contains	all	the	transpositions.	(They	are	στσ−1,	σ2τσ−2,	σ3τσ−3,	σ4τσ−4,	and	their	products;	check	this	by
direct	computation!)	Finally,	 if	G	contains	all	 the	transpositions,	 it	contains	everything	else:	for	every
member	of	S5	is	a	product	of	transpositions.	Thus,	G	=	S5.

We	have	just	given	an	example	of	a	polynomial	a(x)	of	degree	5	over	 	whose	Galois	group	S5	is
not	solvable.	Thus,	a(x)	is	an	example	of	a	polynomial	of	degree	5	which	cannot	be	solved	by	radicals.
In	 particular,	 there	 cannot	 be	 a	 radical	 formula	 (on	 the	model	 of	 the	 quadratic	 formula)	 to	 solve	 all
polynomial	equations	of	degree	5,	since	this	would	imply	that	every	polynomial	equation	of	degree	5
has	a	radical	solution,	and	we	have	just	exhibited	one	which	does	not	have	such	a	solution.

In	Exercise	B	it	is	shown	that	S3,	S4,	and	all	their	subgroups	are	solvable;	hence	every	polynomial
of	degree	≤4	is	solvable	by	radicals.

EXERCISES

A.	Finding	Radical	Extensions
1	Find	radical	extensions	of	 	containing	the	following	complex	numbers:

(a)
(b)
(c)



2	Show	that	the	following	polynomials	in	 [x]	are	not	solvable	by	radicals:
#	(a) 2x5	−	5x4	+	5
(b) x5	−	4x2	+	2
(c) x5	−	4x4	+	2x	+	2

3	Show	that	a(x)	=	x5	−	10x4	+	40x3	−	80x2	+	79x	−	30	is	solvable	by	radicals	over	 ,	and	give	its	root
field.	[HINT:	Compute	(x	−	2)5	−	(x	−	2).]
4	Show	that	ax8	+	bx6	+	cx4	+	dx2	+	e	is	solvable	by	radicals	over	any	field.	(HINT:	Let	y	=	x;	use	the	fact
that	every	fourth-degree	polynomial	is	solvable	by	radicals.)
5	 Explain	why	 parts	 3	 and	 4	 do	 not	 contradict	 the	 principal	 finding	 of	 this	 chapter:	 that	 polynomial
equations	of	degree	n	≥	5	do	not	have	a	general	solution	by	radicals.

†	B.	Solvable	Groups
Let	G	be	a	group.	The	symbol	H	 	G	is	commonly	used	as	an	abbreviation	of	“H	is	a	normal	subgroup
of	G.”	A	normal	series	of	G	is	a	finite	sequence	H0,	H1,	…,Hn	of	subgroups	of	G	such	that

{e}	=	H0	 	H1	 	⋯	 	Hn	=	G

Such	a	series	is	called	a	solvable	series	if	each	quotient	group	Hi	+	1/Hi	is	abelian.	G	is	called	a	solvable
group	if	it	has	a	solvable	series.
1	Explain	why	every	abelian	group	is,	trivially,	a	solvable	group.
2	Let	G	be	a	solvable	group,	with	a	solvable	series	H0,	…,	Hn.	Let	K	be	a	subgroup	of	G.	Show	that	J0	=
K	∩	H0,	…,	Jn	=	K	∩	Hn	is	a	normal	series	of	K.
#	3	Use	the	remark	immediately	preceding	Theorem	2	to	prove	that	J0,	…,	Jn	is	a	solvable	series	of	K.
4	Use	parts	2	and	3	to	prove:	Every	subgroup	of	a	solvable	group	is	solvable.
5	Verify	that	{ε}	⊆	{ε,	β,	δ}	⊆	S3	is	a	solvable	series	for	S3.	Conclude	that	S3,	and	all	of	its	subgroups,
are	solvable.
6	In	S4,	let	A4	be	the	group	of	all	the	even	permutations,	and	let

B	=	{ε,	(12)(34),	(13)(24),	(14)(23)}

Show	that	{ε}	⊆	B	⊆	A4	⊆	S4	 is	a	solvable	series	 for	S4.	Conclude	 that	S4	 and	all	 its	 subgroups	are
solvable.

The	next	three	sets	of	exercises	are	devoted	to	proving	the	converse	of	Theorem	3:	 If	 the	Galois
group	of	a(x)	is	solvable,	then	a(x)	is	solvable	by	radicals.

†	C.	pth	Roots	of	Elements	in	a	Field
Let	p	be	a	prime	number,	and	ω	a	primitive	pth	root	of	unity	in	the	field	F.
1	If	d	 is	any	root	of	xp	−	a	∈	F[x],	show	that	F(ω,	d)	 is	a	root	field	of	xp	−	a.	Suppose	xp	−	a	 is	not
irreducible	in	F[x].
2	Explain	why	xp	−	a	factors	in	F[x]	as	xp	−	a	=	p(x)f(x),	where	both	factors	have	degree	≤2.



#	3	If	deg	p(x)	=	m,	explain	why	the	constant	term	of	p(x)	(let	us	call	it	b)	is	equal	to	the	product	of	m
pth	roots	of	a.	Conclude	that	b	=	ωkdm	for	some	k.

4	Use	part	3	to	prove	that	bp	=	am.
5	Explain	why	m	and	p	are	relatively	prime.	Explain	why	it	follows	that	there	are	integers	s	and	t	such
that	sm	+	tp	=	1.
6	Explain	why	bsp	=	asm.	Use	this	to	show	that	(bsat)p	=	a.
7	Conclude:	If	xp	−	a	is	not	irreducible	in	F[x],	it	has	a	root	(namely,	bsat)	in	F.

We	have	proved:	xp	−	a	either	has	a	root	in.	F	or	is	irreducible	over	F.

†	D.	Another	Way	of	Defining	Solvable	Groups
Let	G	be	a	group.	The	symbol	H	 	G	should	be	read,	“H	is	a	normal	subgroup	of	G.”	A	maximal	normal
subgroup	of	G	is	an	H	 	G	such	that,	if	H	 	J	 	G,	then	necessarily	J	=	H	or	J	=	G.	Prove	the	following:

1	If	G	is	a	finite	group,	every	normal	subgroup	of	G	is	contained	in	a	maximal	normal	subgroup.
2	Let	f:	G	→	H	be	a	homomorphism.	If	J	 	H,	then	f−1(J)	<	G.
#	3	Let	K	 	G.	If	 	is	a	subgroup	of	G/K,	let	 	denote	the	union	of	all	the	cosets	which	are	members	of	

.	If	 	 	G/K,	then	 	 	G.	(Use	part	2.)
4	If	K	is	a	maximal	normal	subgroup	of	G,	then	G/K	has	no	nontrivial	normal	subgroups.	(Use	part	3.)
5	 If	 an	 abelian	 group	 G	 has	 no	 nontrivial	 subgroups,	 G	 must	 be	 a	 cyclic	 group	 of	 prime	 order.
(Otherwise,	choose	some	a	∈	G	such	that	〈a〉	is	a	proper	subgroup	of	G.)
6	If	H	 	K	 	G,	then	G/K	is	a	homomorphic	image	of	G/H.
#	7	Let	H	 	G,	where	G/H	is	abelian.	Then	G	has	subgroups	H0,	…,	Hq	such	that	H	=	H0	 	H1	 	⋯	 	Hq
=	G,	where	each	quotient	group	Hi	+	1/Hi	is	cyclic	of	prime	order.

It	follows	from	part	7	that	if	G	is	a	solvable	group,	then,	by	“filling	in	gaps,	”	G	has	a	normal	series
in	which	 all	 the	 quotient	 groups	 are	 cyclic	 of	 prime	 order.	 Solvable	 groups	 are	 often	 defined	 in	 this
fashion.

E.	If	Gal(K:	F)	Is	Solvable,	K	Is	a	Radical	Extension	of	F
Let	K	be	a	finite	extension	of	F,	where	K	is	a	root	field	over	F,	with	G	=	Gal(K:	F)	a	solvable	group.	As
remarked	in	the	text,	we	will	assume	that	F	contains	the	required	roots	of	unity.	By	Exercise	D,	let	H0,
…,	Hn	be	a	solvable	series	for	G	in	which	every	quotient	Hi	+	1/Hi	is	cyclic	of	prime	order.	For	any	i	=	1,
…,	n,	let	Fi.	and	Fi	+	1	be	the	fixfields	of	Hi	and	Hi	+	1.

1	Prove:	Fi	is	a	normal	extension	of	Fi	+	1,	and	[Fi:	Fi	+	1]	is	a	prime	p.
2	Let	π	be	a	generator	of	Gal(Fi:	Fi	+	1),	ω	a	pth	root	of	unity	in	Fi	+	1,	and	b	∈	Fi.	Set

c	=	b	+	ωπ−1(b)	+	ω2π−2(b)	+	⋯	+	ωp	−	1π−(p	−	1)(b)

Show	that	π(c)	=	ωc.
3	Use	part	2	to	prove	that	πk(cp)	=	cp	for	every	k,	and	deduce	from	this	that	cp	∈	Fi	+	1



4	Prove	that	Fi	is	the	root	field	of	xp	−	cp	over	Fi	+	1.
5	Conclude	that	K	is	a	radical	extension	of	F.
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