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ON COINCIDENCE OF CLASSES OF FUNCTIONS DEFINED BY
A GENERALISED MODULUS OF SMOOTHNESS AND THE
APPROPRIATE INVERSE THEOREM

FATON M. BERISHA

ABSTRACT. We give the theorem of coincidence of a class of functions defined
by a generalised modulus of smoothness with a class of functions defined by
the order of the best approximation by algebraic polynomials. We also prove
the appropriate inverse theorem in approximation theory.

0. In [4], an asymmetric operator of generalised translation was introduced, by
means of it the generalised modulus of continuity was defined, and the theorem of
coincidence of a class of functions defined by that modulus with a class of functions
with given order of the best approximation by algebraic polynomials was proved.

In our paper the analogous results are obtained for a generalised modulus of
smoothness of order r. In addition, in the present paper we prove a theorem inverse
to the Jackson’s theorem related to that modulus of smoothness.

1. By L, we denote the set of functions f measurable on the segment [—1, 1] such
that for 1 <p <

1/p

i1, = (f 11 flalrds) <o,

[ flloo = ess sup [f(z)| < oco.
—1<z<1

and for p = oo

Denote by Ly, o the set of functions f such that f(z)(1 —2%)* € L,, and put
1£llp0 = [[f(2)(X = 22)2]] .

By E.(f)p,o we denote the best approximation of the function f € L,, by
algebraic polynomials of degree not greater than n — 1, in L, , metrics, i.e.

Eapa = 0k 1f = Pallpa

where P, is the set of algebraic polynomials of degree not greater than n — 1.
By E(p, o, A) we denote the class of functions f € L, , satisfying the condition

En(f)p,a < CTL_)‘,

where A > 0 and C' is a constant not depending on n.
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2 FATON M. BERISHA

For a function f we define the operator of generalised translation Tt (f,x) by

Tt(f,x) = 771)/; (1 — (mcostf v —xQSintcoscp)Q

(1—22
— 2sin®tsin? o + 4 (1 — 1:2) sin? t sin’ (p)

X f(xcost —/1—x2sintcosp)dep.

By means of that operator of generalised translation we define the generalised
difference of order r by

Ab(f.0) = A (f,2) =T, (f,0)  f (@),
Ay (fa) =0, (A7, (fa).e) (r=23,..),
and the generalised modulus of smoothness of order r by

Or(f,0)p,a = sup ||A:1 . (f,x)”pa (r=1,2,...).
|tj]<6 ’
G=1,2,..r

.....

Denote by H(p, a,,A) the class of functions f € L, , satisfying the condition
Or(f56)p.a < C8*,

where A > 0 and C' is a constant not depending on 6.

2. Put y = cost, z = cos ¢ in the operator T} (f, ), we denote it by T, (f,z) and
rewrite it in the form

1
Ty(f,x):ﬁ/ (1-R*—2(1-9%) (1-2°)

—1
dz

+a(1—2%) (1-9?) (1- 22)2)f(R)ﬁ7
where R = zy — 2v/1 — 22,/1 — ¢2.

We define the operator of generalised translation of order r by
1
T, (f,z) =T,(f ),
I _ r—1 _
_____ p (f2) =T, (Tyh, L (fa).2) (r=23,...).

By pLep) () (v =0,1,...) we denote the Jacobi’s polynomials, i.e. algebraic
polynomials of degree v orthogonal with the weight function (1 — z)%(1 + x)” on
the segment [—1, 1] and normed by the condition Plgo"ﬂ)(l) =1w=0,1,...).

Denote by a,,(f) the Fourier—Jacobi coefficients of a function f, integrable with
the weight function (1 - m2)2 on the segment [—1, 1], with respect to the system of

. . (2,2) .
Jacobi polynomials {Pn (:1:)} ;le.,

n=0

an(f)Z/_lf(x)P,§2’2>(x) (1—2?)ds (n=0,1,...).

We define the following operators, having an auxiliary role later on

Ti (1) = oy [, (1= B =200-) (=) 70 25,

1
Ty (Fa) = = [ (1= r .

™
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where R = zy — me, and the corresponding operators of order r
Ty (fo2) = Tpy (f,2)
Ty (1) =T, (Tigh, (fo0)s2)  (r=23,0)
for k=1,2.
3.

Lemma 3.1. Let P,(z) be an algebraic polynomial of degree not greater than n—1,
1<p< oo, a> —% and p > 0. Then the following inequalities hold true

1P (@) ] 0q 1 < Crr[|Pall
[|-Pnl < C2n2pHPnH

pa =
where the constants C1 and Cy do not depend on n.

p,a?

p,a+p?

Lemma is proved in [2].
Lemma 3.2. The operators 11, and Ts,, have the following properties
1, (P1£2’2)733> = P£2’2)($)P£9§g) (v),
Ty, (PP,2) = P2 (@) P22 (y)
forv=0,1,....
Lemma 3.2 is proved in [4].

Lemma 3.3. Let g(z)T},., (f,x) € L12 for everyy. Then for k = 1,2 the following
equality holds true
1

/_1 f<x)Tk;y (ga z) (1 - .7;‘2)2 dr = / g(x)Tk;y (f’ ‘T) <1 o x2)2 dz.

-1

Proof. Let k=1 and

1
I = /71 f(@)T,, (9, 7) (1 —z2)2 dx

_ L . P2 2 (1 — 2 _ g2y 2zaT
—= [ [ r@em - R 20— (1-) (1 -0

where R = zy — 2v/1 — 22y/1 — y2. Performing change of variables in the double
integral by the formulas

@ =Ry+V/1-RW1- 2

(3.1) R\1—y2—VyJ/1— R2

Z\/l— (Ry—i—V\/l—RQ\/l—yQ)Q’

we get
L= % /_11 /—11 <1 - R2) / (Ry * V\/ﬁm) 9(F)
x (1 (R VIRV ) —2(1-4?) (1 VQ)) avin

— [ s, (0 (- R aR

-1
which proves the equality of the lemma for k£ = 1.
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Let £k =2 and

1
IZ = [1 f(x)TQ,y (g,ﬂ?) (1 7‘%2)2 dx

_ 8 Lot - 22 (] 522 dzdx
ﬂ/_l/_lf( o) (1 —a)" (1-22) =2

Performing change of variables in that double integral by the formulas (3.1) we get

o N N N PNk

dV dR !
x (1-v?)? L = R)Ty. (f,R) (1 — R’ dR
(-v) s = | o, (R (- R)
Lemma 3.3 is proved. O

Corollary 3.1. If f € Ly o, then for every natural number r we have Ty, (f,z) €
Lis (k=1,2).

Proof. Put g(z) = 1 on [—1,1], considering that by Lemma 3.2 (see [1, vol. II,
p. 180])

3, 1

59 — 5

2,2 2,2 0,0
Ty, (12) = Ty, (PO, 2) = PP @) P ) = S = 5

1, (l,z) =1,

we have f(z)T}., (1,2) € L12 (k= 1,2). Hence, applying Lemma 3.3 we derive

[lTk;y (f,2) (1 —a?)* do = [lf(x)Tk;y (Lz) (1—2%)°dz (k=1,2).

Therefrom it follows that T}, (f,z) € L1 2. Now the corollary is proved by induc-
tion. O

Lemma 3.4. Let f € L 2. For every natural number n the following equality holds
true

1
[ iy () PO S,

m=0

where v, () is an algebraic polynomial of degree not greater than n—2, and ~,,(x) =
0 forn=0o0orn=1.

Lemma 3.4 is proved in [4].

Lemma 3.5. Let ¢ and m given natural numbers and let f € Ly 5. For every
natural numbers | and r (I < r) the function

sin mf 2q+4
(l) / / Tl ;costy,..., cost; (fa ) H ( ) Sin3 ts dtl e dtr

=1 SlIl -5

is an algebraic polynomial of degree not greater than (¢ + 2)(m —1).

Proof. Since

sin mts \ 2014 (aF2m=1) (+2)(m—1)
A, = ( - fi ) = Z ay coskty = Z b (costy)k,
S11 5 =0 —
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it follows that

(g+2)(m—1) (g+2)(m—1)+2
Agsin’ty = Z bi(costs)® (1 — cos®ty) = Z cr(costy)®
k=0 k=0

(g+2)(m—1)+2

= Z akP,gl’l)(costs) (s=1,2,...,7).

k=0
Hence we have

(g+2)(m—1)+2

P@= > a /7r /WH sin e )
1 b 0 0 1 SintfS

k=0 2
s#l

s

xsin®tydty . ..dti_y dtis ... dt, / T! (f,x) P,il’l)(cos t;) sint; dt;.
0

l;costy,...,cost;

Let .
@l,k(x) = / Tll;costl,“.,costl (f, .17) PIELU (COS tl) sin tl dtl.
0

Substituting y = cost; we obtain

1
o) = [ iy (Tobotscontis (o)) BV () dy

Using Lemma 3.4 we get

2
w1, k Z ’Ym / Tll C;§t17 ,costy_q (f7 )P’r(n2 2)(R) (1 - RQ) dR.

Considering Corollary 3.1 we have that 7'} cost_, (fyR) € L12. Applying

1;costy,.
[ — 1 times Lemma 3.3 and Lemma 3.2 we obtaln

l
w1, k Z ’ym / 1; Cgstl, .,co8ti_o (fa R) Tl;costl,l <P7(n2’2), R)

x (1—-R?)? dR = Z’ym PO (costy 1)

m=0

1
2
x / Tll cc2>st1 .,cost;_o (fv R) PT(nQ’Q)(R) (1 - R2) dR

= Z Ym (T P,(Y?Jr2 (costy).. Pﬁ?fz) (costi—1)

k—2
/ f (22) )(1—R2)2 dR — Z’Vm(‘r HPyS?fZ cost
m=0

where a,,(f) is the Fourier—Jacobi coefficient of the function f Wlth respect to the

system {P,(TLQ’Q) (m)} . Substituting ¢; ; () in the expression for le)(m) we get

m=0
(@+2)(m-1)+2 k-2
V= > ) Buymla)

k=0 m=0
Since ¥y, () is an algebraic polynomial of degree not greater than k — 2 for k > 2
and v, (z) =0 for k = 0 and k = 1, then the last equality yields that le)(x) is an

algebraic polynomial of degree not greater than (¢ + 2)(m — 1).

Lemma 3.5 is proved. (]
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Lemma 3.6. Let ¢ and m given natural numbers. Let f € Ly 5. For every natural
numbers I and r (I <) the function

mit, N\ 29+4
l .
( ) / / T2 ;cost,..., cost; (f’ ) H ( sin 2§ ) Sln5 ts dtl e dtr

s=1 2

is an algebraic polynomial of degree not greater than (¢ + 2)(m — 1).

Proof. As shown in Lemma 3.5

gip mts \ 204 (g+2)(m—1)
AS( - t2 > = Z by (cost,)®

s5in L&
S 5 k=0

(g+2)(m—1)

= > BPPV(costy) (s=1,2,....r).

k=0

(q+2)(m 1)

W(z) = 5k/ / ( bmt >2q+4
s;él

T
: 2,2 .
X sin®tgdty ...dt_1dtjy ... dtr/ Té;costh._,mstl (f,x) P,E ’ )(cos t;) sin® t; dt;.
0

Let
T/Jl,k(f”) = / T2l;cos t1,...,cost; (fv ) ( 2 (COS tl) Sin5 tl dtl
0

™
-1 2,2 15
= /0 T2;cos t (TQ jcosty,...,costy_1 (f7 I) ,.CE) P/i )(COS tl) sin” ¢ di;

.....

Substituting y = cost; we obtain

1
2
¢l,k('r) = /1 T2;y (T2l céstl, .,costp_q (fv ],‘) ,l‘) P]£2)2) (y) (1 - Z/2) dy

Since operator Ty, (f, ) is symmetrical on x and y, i.e. for every function g holds
T2;y (gv 37) = TQ;.’L‘ (gv y)a we have

1
2
wl,k(x) = / T2;ac <T2l c;stl cost;_1 (fa y) 3 y) Plgz’z) (y) (1 - y2) dy
-1

Since Corollary 3.1 yields T&. Ccl)stl cost,_, (f+y) € L12, applying Lemma 3.3 we
obtain

2
'l/)l,k(x) = / T2l ccl)s t1,.ey cost;_1 (.f7 y) TQ;x (P]gQ,Q)ﬂ y) (1 - y2) dy

Considering the property of the operator T5,, from Lemma 3.2 we get

2
dulw) = PO (@) / Trcostr.ecostis (1) PO () (1= 9°) dy:

Applying [ — 1 times Lemma 3.3 and Lemma 3.2 we obtain

Y p(z) = P,£2’2)(m)P,52’2) (costy)... P,E2’2) (costi—1)
-1

1
x /_ 1 FPE () (14" dy = PO (@)an(f) [ B (costs).

s=1
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where ay(f) is the Fourier—Jacobi coefficient of the function f with respect to the
o0

system {PIEZ’Q) (x)} . Substituting i; x(z) in the expression for él)(a:) we get
k=0

(g+2)(m—1)

P@y= > &pP@.

k=0

Since P,EQ’Q) (z) is an algebraic polynomial of degree not greater than k, the last

equality implies that Qél)(m) is an algebraic polynomial of degree not greater than

(g+2)(m—1).
Lemma is proved. 0

Lemma 3.7. Operator T,, has the following properties

(1) The operator T, (f,x) is linear on f;
(2) T (f’ .T) = f(l‘),
3) T (P(2’2) x) - P(2’2)( VRa(y) (n=0,1,...),

where Ry (y) = PO (y) + 2 (1 - %) P32 (y);
(4) T, (1,2) = 1;

(5) ax (T, (f,7)) = Re(y)ar(f) (k=0,1,...).
Lemma 3.7 is proved in [4].

Corollary 3.2. If P, (z) is an algebraic polynomial of degree not greater thann—1,
then for every natural number r, for fived y1,y2,...,yr, functions Ty . (P, x)

and Ay, (P, x) are algebraic polynomials on x of degree not greater than n—1.

Lemma 3.8. If -1 <2 <1, -1<2<1,0<t<mand R=2ay+ 2vV1— 122X

V1—19y2, then —-1< R <1 and
(m\/l— +yzv1— 22

(\/1—x2y+xz 1— 2

Yy
(1-a?) (1- ) <
(1) (1-2) <

Lemma 3.8 is proved in [4] and [3].

2
<(1-R?,

- R?),
- R?).

Vi-a)
)2<(1—R2
(1
(1

Lemma 3.9. Let given numbers p and « be such that 1 < p < oo;

1
§<O[§1 fOTP:L
1 3 1
l-—<a<z—— l<p<
5 a<g 5 for p < o0,
3
1§a<§ for p = 0.

Let f € Ly, o. The following inequality holds true
1T, (f o), 0 S C Il
where the constant C' does not depend on f and y.

Lemma 3.9 is also proved in [4].
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Corollary 3.3. Let given numbers p and « be such that 1 < p < oo;

1
;g <a<l forp=1,
1 3 1
l—-—<a<=-—-— 1<p< oo,
" 5 3 for p < 00
3
1§a<§ for p = oc.

Let f € Ly, o. The following inequality holds true
H Yis--3Yr f’ ||p7a S C ||f||p70¢7
where the constant C' does not depend on f andy; (j =1,2,...,7).

The corollary is proved by applying r times Lemma 3.9 taking into consideration
Corollary 3.1 (see [4]).

4.
Theorem 4.1. Let ¢, m and r given natural numbers and let f € Lio. The
function
o [ [ @ () = 1))
(Ym)"
2q+4
sin = 3
H ( ) sin® ty dty . .. dt,,
it sin &
where

™ 2q+4
_ sin 7 3 Lt
m = sin & s d,
0 2

is an algebraic polynomial of degree not greater than (g + 2)(m — 1).

Proof. To prove the theorem it is sufficient to show that for every [ = 1,2,...,r
the function

sin s\ 244
l | I 2 i3
Q( ) ’ym / / costy,..., cost (fa ) 11 < sin 5 ) sin” g dtl . df;r

is an algebraic polynomial of degree not greater than (¢ + 2)(m — 1).
It is obvious that the function Q(l)(m) can be written in the form

Q") = 5 (@) + S ).

(7m

where le)(x) and Qél)(x) are the functions from Lemmas 3.5 and 3.6 respectively.
But, then Lemmas 3.5 and 3.6 yield that Q(l)(ac) is an algebraic polynomial of
degree not greater than (¢ + 2)(m — 1).

Theorem is proved. i

Theorem 4.2. Let given numbers p, a, v and A be such that 1 < p < oo, A > 0,
reN;

a<?2 forp=1,
1

a<3——- forl<p<oo.
p

Let f € L, o and
Or(f,0)p. < M5,
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Then
En(f)p,a < OMni)\a

where the constant C' does not depend on f, M and n.

Proof. It can easily be proved that under the conditions of the theorem, if f € Ly o,
then f € Li .

We choose a natural number ¢ such that 2¢ > A, and for each natural number n
we choose the natural number m satisfying the condition

n—1< <n—1
m
q+2 T q+2

(4.1) +1

For those ¢ and m polynomial Q(z) defined in Theorem 4.1 is an algebraic polyno-
mial of degree not greater than n — 1. Hence

o f55aro

sin mt 2q+4
H ( ) sin®ts dty ... dt,

Sln o>

En(fpa < || fx) - )’““Q( )||

p,x

Applying the generalised inequality of Minkowski we obtain

En(f)pa < / / AL (o],

t

2q+4
H < ) sin® t, dty ... dt,
e sin &
T [sin mLe 20
Or f,Zt 11 ( Smi > sin®ty dty ... dt,.
2

s=1

P,

Hence, considering the conditions of the theorem we have (see [?, p. 31])

E(fpa,% / / Zt

2q+4
< ) sin®ts dty ... dt,
it sin &

1 & sin 2q+4
<M 7/ / ) ( ) sin®ty dty ... dt,.
j; (ym)" Jo 0 H sin 5

Applying the standard evaluation of the Jackson’s kernel, considering inequal-
ity (4.1), we obtain

’:1

E.(f)pa < CoMm™ < CsMn=?

Theorem 4.2 is proved. (]
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Theorem 4.3. Let given numbers p, o, r and A be such that 1 < p < oo, r € N,
0< A< 2r;

1
§<a§1 forp=1,
1 3
l-—<a< = — for 1 < p< o0,
2p 2
3
1<a<§ for p = 0.
If f € Ly and
M
En(f)p,aénja

then
(:)'r’(fﬂ 6)17,01 < CM(s/\

where the constant C' does not depend on f, M and 6.
Proof. Let P,(z) be the polynomial of degree not greater than n — 1 such that
If = Pallyo = En(flpa (n=12,...).
We construct the polynomials Qg (z) by
Qr(x) = Pox(x) — Por—1(z) (k=1,2,...)
and Qo(z) = Pi(x). Since for k > 1 we have
1Qully = 12X = Poscs o < IPos = fllyo + 11 = Porsll,

= EQk (f)p7o¢ + E2k71 (f)p7a 9

then under the conditions of the theorem it follows that
1kl o < CrM27H,

It is obvious that without lost in generality we may assume that t; # 0 (s = 1,2,
..,r). For 0 < |ts] < d (s=1,2,...,r) we estimate

1= A . Gl

For every natural number N, considering that linearity of the operator Ttl (f,x)

implies the linearity of the operator Tt’"lt (f,x), i.e. the linearity of the difference
AY e (s x), we have

<A}, o, (F = Poxs2)||  + (AL, (Pox,2)|

Since Pyn(z) = Zg:o Qr(z), we get

P’

N
L8 (= Pa ), + D010, (@)
k=1

Applying Corollary 3.3 we have
N

1 S C2E2N (f)p,(x + Zlk'
k=1
Let N be chosen so that
T T

We prove that the following inequality holds true
(4.3) I, < Cs M2 2k@r=2),
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Let

,,,,,

It can be proved that

@4 0o = 5 / / / (A@)(R;)2£%Ah, o (@R

— (AR, — 240 AL (@)

WA, (QuR >) di dv du,

where R, = x cosv — mcosapsinv,
A(v) =1— R —2sin’vsin® p + 4 (1 — 2?) sin® vsin’ .

Applying estimates from Lemma 3.8 and performing change of variables z = cos ¢
we obtain

[t (x dv du,
where
d
2 r—1
B(R,) = (1- R’ \dRA QR
+(1_R12)) dR tl Ry A 1(Qk7 )

+ ‘A:;.l..,t,,',l (QkaRv)

Therefore using the generalised Minkowski’s inequality we get

45) Iy = |[vn(@)ll, o < Ca /tr /_u/ -

o V1 =22
Let p=1. Con51der1ng that o <1 we obtain

br a—1 a—1 dxdz

Let 1 < p < oo0. Applylng the Holder’s inequality in the inside integral in

equation (4.5), considering that o < % — ﬁ we obtain

= Bl(Rv) + B2(Rv) + BS(RU>

dv du.

17332

1

<o | . /] 1 { /. CIB(RP (1 22)P ) (1 - 2 dx}p

1—2) E(1 z) atspts dz dv du

o[ [AL L mnrasor

a— dr dz v
x (1 =22 p(a=1) } dv du.
(1-27) —

Thus, under the conditions of the theorem, for 1 < p < oo we have

Ik<06/0tr /_1;{/_11 /_11|B(Rv)|p (1—a2)"e

1
X (1 — 22)p(a_1) dycdz}p dv du.
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Performing the change of variables in double integral by the formulas

R=xcosv—zv/1—a2sinw,

v rsinv + zvV1 — 22 cosv
- b

\/1 — (sccosv—zx/l —x2sinv)2

we obtain

wea U [{ [, [ o a-mye

x (1- VQ)”(“‘”‘% deV} dv du.

S =

Since, under the conditions of theorem o > 1 — ==, it follows that

1k<07/ / {/ R)lP (1 - R2)P7Y dR} dv du

< Cst} || B(R)

”p,a—l '
Let now p = co. Considering the estimates from Lemma 3.8 and that a > 1,
inequality (4.5) yields

tr a1 dz
I <C/ / / ess sup |B(R 1 — 22 17dvdu
F 4 Y Y —1<¢<Ii| )|( ) V1—22

tr
< 04 ||IB(x Ooal/// (1-22) """ dzdvdu.
—u

Hence, considering that a < 5 we get

I, < Cot? | B(2)||

co,a—1 "
Thus for all 1 < p < oo we proved that
I < Choty | B(x)

”p,a—l :

Applying Lemma 3.1 and Corollaries 3.2 and 3.3 under the conditions of the
theorem we obtain

L= A7 @),

< Ciot? (IB1(@) pams + 1B2@) s + 1Bs(@) 01 )

< Ciot | B(z)|

p,a—1

d2
= Ciot2] |55 A0
10 r{‘ dx2 t1,eestr1 (Qk,aﬁ) -
d r—1
+HdmAt17 b 1(Qk7 pa+HAt1, R Za. 1(Qk’x))p7a_1}
< C11t§22]C HAal tr s (QkyT) ,

Applying r times this inequality it follows that
Iy < Cigt] . 6722 |Qxl, 0 -

Therefore we have
Ip < 013M(52T2k(2r_>\).

Inequality (4.3) is proved.



ON COINCIDENCE OF CLASSES OF FUNCTIONS... 13

Inequalities (4.3) and (4.2) yield

N

I<OuM (M + 8% zk@M)) < C1sM (5A + 52T2N<2T**>) < C16 M8,
k=1

Theorem 4.3 is completed. (]

Now we formulate the theorem of coincidence of the class H(p, o, r, A) with the
class E(p,a, \), and the inverse theorem.

Theorem 4.4. Let given numbers p, o, 7 and X be such that 1 <p < oo, 0 <A<
2r, r € N;

1
§<a§1 forp=1,
1 3 1
l-—<a<=-—— 1<p< oo,
o a<y 5 for p < 00
3
1§a<§ for p = 0.

The class H(p, o, r, \) coincides with the class E(p, o, A).
Theorem 4.4 is implied by Theorems 4.2 and 4.3 proved above.

Theorem 4.5. Let given numbers p, «, r and X be such that 1 <p < oo, 0 <A<
2r, r € N;

1
§<a§1 forp=1,
1 3 1
1—27<O(<§—% f07”1<p<oo,
3
1<a<§ for p = oc0.

If f € Ly o, then the following inequality holds

P v=1
where the constant C' does not depend on f and n.
Proof. Let P, (z) be the polynomial of degree not greater than n — 1 such that
1f = Pall, o = Ea(flpa (n=1,2,...),
and
Qu(2) = Py(x) = Pua(z) (k=1,2,...),
Qo(x) = Pi(z).

For given n we chose the natural number NV such that

g<2N§n+1.
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By the proof of Theorem 4.3 it follows that

R 1
Wy (fa n)p
1 N

<20, <E2N (Fpat = P (EQu (f)p.a + Eou (f),,,a) )

pu=1

N-1
1
< 4C, <E2N (P + =5 D 2200 By ( f)p,a>

N
1
< CQ (E2N (f)p,oz + n2r Z 22”7. ||Qk||p,a)

p=1

)

2r
n
=0

C N

3 r

< W Z 22(M+1) EQ“ (f)p,a .
pn=0

Considering that for u > 1 we have

2K —1
> VTTE ()0 = Ban (f), o 20720 DE D > 0y 22 0r By, (f)
VZQ;L—l

follows that

1 Cs N 2¢-1
o, (fn> <W(227”E1 Dpat > S v#71E, <f>p,a)
p,Ot

p=1py=2n—-1

p,a?

Co <= o
= n2r Zyz 1E” (f)zna'
v=1

Theorem 4.5 is proved. g
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