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DIRECT AND INVERSE THEOREMS OF APPROXIMATION
THEORY FOR A GENERALISED MODULUS OF SMOOTHNESS

M. K. POTAPOV AND F. M. BERISHA

ABSTRACT. An asymmetric operator of generalised translation is introduced in
this paper. Using this operator, we define a generalised modulus of smoothness
and prove direct and inverse theorems of approximation theory for it.

Introduction

In a number of papers (see, e.g., [1, 3, 6, 8]) direct and inverse theorems of
approximation theory are proved for generalised moduli of smoothness defined by
means of symmetric operators of generalised translation. It is of interest to ob-
tain the same results for a moduli of smoothness defined by means of asymmetric
operators of generalised translation.

In the present paper such an operator is introduced, the generalised modulus of
smoothness is defined by its means, and direct and inverse theorems of approxima-
tion theory are proved for that modulus.

1. By L, we denote the set of functions f such that in the case 1 < p < oo, f is
measurable on the segment [—1, 1] and

1 1/p
1l = (/ f(x)lpdx> < o0

and in the case p = 0o, the function f is continuous on the segment [—1,1], and

[flloo = max [f(x)].

—1<z<1

Denote by L, » the set of functions f such that f(z)(1 —2?)* € L,, and put

£l = I1f (@)1 = )],

By E.(f)p,« we denote the best approximation of the function f € L, by
algebraic polynomials of degree not greater than n — 1, in L, , metrics, i.e.,

En(f)p,a = Pu’ég’ Hf - Pn”p,a’

where P, is the set of algebraic polynomials of degree not greater than n — 1.
By Dy ., we denote the operator

d? d
_ 2
Dyvyp=0-2x )@ +(M—V—(V+H+2)$)%-
It is obvoious that

d
— )V 1+ )T,

—y )
Dypp=0—2)"1+ax)™* Ir

a
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We say that g(z) € AD(p,a) if g(x) € L, o, the derivative ¢’(x) is absolutely
continuous on every segment [a,b] C (—1,1), and Dy 2 29(z) € Ly o-
Let

— : _ 2
K(f0)pa= il (I =l + 0 [De20(@)l,)

denote the K-functional of Peetre interpolating between spaces Ly, o, and AD(p, «).
We define the operator of generalised translation 7 (f,z) by

R 1
7 (f,z) = (1 — x2) costt/2

x/ (2(\/1—xgcost—l—xsintcosgo—&—\/1—352(1—cost)sin2<p)
0

2
—1—|—(mcost—\/l—:ﬁsintcosap) >f(accost—\/1—x2sintcoscp> de.

By means of the operator of generalised translation, for a function f € L, o, we
define the generalised modulus of smoothness as follows

@(f,0)p.a = sup ||7¢ (f,2) = f(2)],.q-

t|<é

2

Put y = cost, z = cosp in the operator 7 (f,x), we denote it by 7, (f,z) and
rewrite it in the form

4 ! dz
" 09) = S [, B R

where

R:xyfzm\/ﬁ,

By(2,2,R) =2 ( 1— 22y + zay/T— g2 + /1 — 22(1 — y)(1 — 22))2 —(1-R?).

By Pﬁa’ﬁ)(x) (v=0,1,...) we denote the Jacobi polynomials, i.e., the algebraic
polynomials of degree v, orthogonal with the weight function (1 — 2)®(1 + x)” on
the segment [—1, 1], and normed by the condition

PRy =1 (v=0,1,...).

Denote by a,,(f) the Fourier-Jacobi coefficients of a function f, integrable with
the weight function (1 — 22)? on the segment [—1, 1], with respect to the system of

Jacobi polynomials {P,(L“) (x)} v ie., let

an(f):[lf(x)P£2’2)(x)(1—x2)2dx (n=0,1,...).

The following symmetric operator of generalised translation will play an auxiliary
role in the sequel:

1
To(fo) =5 [ (0= 2RHm

where

R=xzy—2vV1—22/1—9y2
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2.

Lemma 2.1. The operator 7, (f,x) has the following properties:
1) it is linear,
2) n(f,z) = f(x),
3) 7, (P#?,2) = PP @) P ) w=0,1,...),
4) 7, (1,z) =1,
5) an(ry (f,2) = an(P (W) (n=0,1,...),

Proof. Properties 1) and 2) follow immediately from the definition of the opera-

tor 7, (f, ).
In order to prove 3), we consider the functions
Pp(2)
+ (I —m)!(l 4+ m)! _
pleB) v g—m;m—n 1 — 2\ (m=n)/2(q (m+n)/2
V) et (I —n)!(l+n)! (1-2) (1+2) ’
where
l_y+oz+ﬁ m_a+6 n_oz—ﬁ
B 2’ o2 2

Putting n = 0, m = k = 2 in the formula of multiplication for functions P!, (see [9,
p. 138], we obtain the required equalities.

Property 4) is proved by means of PO(2’2) (x) in 3).
We prove the equality in 5). To this effect, consider

I=an(r, (0 >>=/_ o (F.) PEA()(1 - ) do =
xz (272)1' —.1'27
s [ [ B RAREEI @ -t

Ry o1 VI o

2
By(z,z,R) =2 <\/1 — 22y + za/T— 2 + V1 - 22(1 —y)(1 — 22)) — (1 - R?).
Performing the change of variables

(2.1) z=Ry+VV1-R/1-2

R\1—y2—-VyJ/1 - R?
2
\/1 ~ (Ry+VVI-RVI-¢?)

in the double integral, we obtain

where

zZ = —

dV dR
y(R,V,2)(1 — R f(R)P{*? (2) ————es.
1+y// D)1= ) (7)) )

Therefore,

dv
XﬁdR_ L




4 M. K. POTAPOV AND F. M. BERISHA
Hence property 3) yields

I=P(y) / 1 F(R)PF(R)(1— R*)?dR = an(f) P (y).
-1

Lema 2.1 is proved. O
Lemma 2.2. Let the numbers p and o be such that 1 < p < oo;
1/2<a<1 forp=1,
1 3 1
l-—<a< - —— 1<p<
" a<y 5 for p < 00,
1<a<3/2 for p = oo.

R=2xcost—zv1—22sint.

Then for every function f € Ly o, we have

|2 /_1(1 ~ BB

1— 22

S CSfllp,a

P,

| dz

V1—22

where the constant C does not depend on f and x.
Lemma 2.2 is proved in a more generalised form in [7].

Lemma 2.3. Let the numbers p and o be such that 1 < p < oo;

1/2<a<1 forp=1,
1 3 1
1- — R 1
2p<oz<2 R for 1 < p < oo,
1<a<3/2 for p = .
If f € Ly, then
C

17 (fs o) )0 < ot 1/2 11,0 5
where constant C' does not depend on f and t.
Proof. Let

dz
iz

1
1= 10 () = = [ Bustle.z RIF(R)

)
b,

1 1
meostt/2||1—

where
R =xcost — zy/1— x2sint,
2
By(z,z,R) = 2( 1+ 22y + 221 — 2+ V1 —22(1 —y)(1 —22)> — (1 - R?%).

Since

R? + (my + zxﬂ)g =1—(1—9?)(1—2%),

we have
(2.2) ’ 1—x2y+zx\/1—y2‘§\/1—R2

and

(1-yH(1-2%)<1-R2%
Since R is symmetric in  and y, the last inequality yields

(1-2*)(1-2%<1-R2%
Applying this inequality and inequality (2.2), we get

|By(z,2,R)| <19(1 — R?).
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Applying Lemma 2.2, we obtain

Cl 1 ! 2 dz 02
< — 1-R R)|—— < )
~ cos?t/2 H1_$2 /4< I )‘m o costt/2 ”prvO‘
Lemma 2.3 is proved. 0

Lemma 2.4. If g(x)7, (f,x) € L1 for each y € (—1,1), then
1

/_ @), (g.0) (1= ) da = / o)y (frz) (1 - 22)% de.

-1

Proof. We have

= 1 )T, T — 222 dx
I—/_lf()y(g,)(l )2d

4 Lot 9y dzdx
= m/_l /_1 f(@)g(R)By(z,2z, R)(1 -z )ﬁ7

R =xcost —zv1— x2sint,
2
By(z,z,R) =2 <\/1 — 22y + zz/1— 2 + V1 —22(1 —y)(1 722)) — (1 - R?).

Performing the change of variables in this double integral by formulas (2.1), we
obtain

where

dv dR
VI—V?

_ /1 9(R)r, (f,R) (1 — R?)? dR.

-1

1 1
- ﬁ / 1 | F(@)a(R)By(R.V.2)(1 - B)

Lemma 2.4 is proved. (]

Lemma 2.5. Assume that the derivative f'(x) is absolutely continuous on every
segment [a,b] C (—1,1) and Dy 22f(x) € L15. Then
1) for fized y € (—1,1), the derivative -7, (f,x) is absolutely continuous on
every segment [c,d] C (—1,1),
2) for almost every x € (—1,1) and every y € (—1,1), the following equality
holds true

7y (Dz22f,%) = Dy 227y (f, 7).
Proof. In order to prove 1), we consider the function
By,(z,z,R)
(1—2?)(1+y)*V1-22
where By (z,z,R) and R have been defined in Lemma 2.4. It is obvious that the
function ¢’ (z) is continuous on every segment [c,d] C (—1,1). Hence 1) follows by

applying Lebesgue’s dominated convergence theorem.
In order to prove 2), first we prove the equality

(2.3) Ty (Do22f,®) = Dy 221y (f, )
for infinitely differentiable functions f which are equal to zero outside of some
segment [a,b] C (=1, —y) U (-y,y) U (y,1).

From 1) it follows that D, 227, (f, x) exists.

p(r) = f(R),
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Assume that the function f is infinitely differentiable and is equal to zero outside
of some segment [a,b] C (—1,—y) U (—y,y) U (y,1). Applying Lemmas 2.4 and 2.1,
we obtain

1
I= [ 7 (Dozafa) PRI ()1 - o) do
-1

1
— PO (y) / Dy 22 f(2) P2 (2)(1 — 2%)% da.
—1

Integrating by parts twice and taking into account that f(z) =0 and f'(z) =0
outside of [a,b] C (—1,1), we have

1
I =POY () / Dy 22P2D (x) f(x)(1 — 2%)? da.
—1

It is well known [2, p. 171] that
D, 22P2 (z) = —n(n + 5) P> (z).
Therefore
1= —n(n+ 5P (y) / 11 (@) PR (@)(1 - 22)? d.

Applying Lemmas 2.1 and 2.4, integrating by parts twice, and considering that
7y (f,z) = 0 outside of some segment [y,d] C (—1,1), we obtain

1
I = / Dy 207y (f, ) P,SQ’Z) (x)(1 - a:2)2 dx.
1

Thus for fixed y, all the Fourier—Jacobi coefficients of the function
F(z) =7y (Dy22f, ) — Dy 227y (f, )

oo
with respect to the system {P,(LQ’Z)(:E)} of polynomials are equal to zero. Hence
=0

it follows that F'(z) = 0 almost everywﬁere on [—1,1].

Thus, equality (2.3) has been proved for infinitely differentiable functions which
are equal to zero outside of some segment [a,b] C (=1, —y) U (—y,y) U (y, 1).

Now, let the function f(z) satisfy the conditions of the lemma. Let a func-
tion g(x) be infinitely differentiable and equal to zero outside of some segment
[e,d] € (=1,—y) U (—y,y) U (y,1). Integrating by parts twice and taking into
account that

o)1~ a2 Sy (F) 50 and 7 (£,2) (1= 2)P - g(x) =0

for — —-14+0 and z—1-0,

we obtain
1 1
Jp = / Dy 227y (f,2) g(2)(1 — 2?)? do = / Dy 229(x)7y (f, @) (1 — 2°)* da.
-1 -1
Applying Lemma 2.1, we get
1
J = / f(@)1y (Dg,2.29, ) (1 — x?)? da.
-1
On the other hand, let

1
Ty = / 7y (Danaf,2) g(x) (1 — 2%)2 da.

-1
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Applying Lemma 2.4 and then integrating by parts twice, we have

1
Jo = / Dyoomy(g,2) f(z)(1 — )% dx.
-1

Therefore, we obtain

1
Jo—J1 = / (Dy,2,27y (9,2) — Ty (Di 2,29, 7)) f(2)(1 — 2°)* da.
-1

But for the function g(x) we have already proved equality (2.3) for almost every
x € (—1,1). Hence

1

Jr—J1 = / (ty (Dz22f,%) = Dy 2oy (f.2)) 9(2)(1 — 2%)* dz = 0

~1

for every y. Now, equality (2.3) follows from the fact that the segment [c,d] C

(-1,—y) U (—y,y) U (y,1) and the function g(x) can be arbitrarily chosen.
Lemma 2.5 is proved. O

Lemma 2.6. Assume that the derivative f'(x) is absolutely continuous on every
segment [a,b] C (—=1,1) and Dy 22f(x) € L12. Then for almost every x € (—1,1)
and every y € (—1,1)

@Y - 1w = [ o) (1) / "+ 0)r (Daafo2) dudy
and

(25) Ty (fax) — 70 (fax)
S /y(l — v)_l(l + v)_5 /_ (1+ u)47'u (Dy2a2f,x) dudv.
0 v

Proof. We prove equality (2.4). If f is an infinitely differentiable function, equal
to zero outside of some segment [a,b] C (-1, —y) U (—y,y) U (y, 1), then for almost
every « € (—1,1) and almost every u € (—1,1) the following equality holds true

Tu (Dm,2,2fv :E) = Du,0,47—u (fv :E) .
Applying this equality and Lemma 2.1, we obtain

/y(l —v) M1 40v)7 /v(l +u)*7, (Dypof,z) dudv
1 1

= /1y(1 —v) ' (1 4wv)7 /j(l + u)4Du,074Tu (f,z) dudv =1, (f, ) — f(z).

Now let the function f(x) satisfy the conditions of the lemma and let g(x)
be an infinitely differentiable function, equal to zero outside of some segment
[e,d] € (-1,—y) U (—y,y) U (y,1). Then by Lemma 2.4, analogously to the proof
of Lemma 2.5, while integrating by parts twice, it is easy to prove that

- —0)7 v) ™’ u)'r, sof,x) g(x)(1 — 22)? dudv dx
J—[l/l(l ) (1+w) /1(1+ )47 (Dagof, ) g(z)(1 )2 dudvd
_ T AR v —_ )t ) v u): oo (g.7) dudy d.
_/_1f()(1 )/1(1 )1 4+ ) /1(1+)D,, (g,2) dudvd

Making use of Lemma 2.5 and the fact that we have already proved equality (2.4)
for almost every « € (—1,1) in the case of any infinitely differentiable function g(z),
equal to zero outside of the segment [c,d] C (=1, —y) U (—y,y) U (y,1), we obtain

J = /_1(Ty (g,2) —g(z)) f(x)(1 _xg)g d.
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Applying once more Lemma 2.4, we get that
1
7= [ (o) - Fagla)1 - o o
—1
Hence equality (2.4) follows by taking into account the fact that the segment [c, d]
and the function g(x) can be arbitrarily chosen.

Equality (2.5) is proved in an analogous way.
Lemma 2.6 is proved. 0

Corollary 2.1. Assume that the derivative f'(x) is absolutely continuous on every
segment [a,b] C (—=1,1) and Dy 22f(x) € L12. Then for almost every x € (—1,1)
and every t € (—m, )

f't(f7$(})—f($)
:/ (sinv/2)_1(cosv/2)_9/ #u (D 2.2f, ) sinu/2(cosu/2)? du dv
0 0

and
7t (f, ) — 7A-7r/2 (f,z)
=— /iQ(Sin v/2) " (cosv/2)7° /7T #u (Dyoof,x)sinu/2(cosu/2)? dudv.
The first equality follows immediately from equality (2.4) by substituting cosu

and cos v for u and v, respectively. In an analogous way, the second equality follows
from equality (2.5).

Lemma 2.7. Let P, be an algebraic polynomial of degree not greater than n — 1,
I1<p<oo,p=0;

a>—=1/p forl<p< oo,

a>0 for p=oc.
Then the following inequalities hold true:

17,1 P

||Pn||p,a < C2n2pHPan,a+ﬂ7

where the constants Cy and Co do not depend on n.

p,a+1/2 < C(1n ||Pn||

Lemma is proved in [4].
Lemma 2.8. Let ¢ and m be natural numbers and let f € L1 . Then the function

4 sin Tt 2q+4
Q(.’L’) = / TQ;cost(fux) (?) Sin5tdt
0

sin £
2
is an algebraic polynomial of degree not greater than (g + 2)(m — 1).
Lemma is proved in [5].
Lemma 2.9. Let the numbers p and o be such that 1 < p < oo,
—1/2<a<?2 forp=1,
1 1
—%<a<5/2—% forl < p< oo,

0<a<b/2 for p = co.
If f € AD(p,«), then

1
En(f)p,a S Cﬁ HDz,2,2f(x)||p,a y
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where the constant C' does not depend on f and n.

Proof. For a fixed natural number ¢ > 2, we chose the natural number m such that
n—1 <m< n—1

m
q+2 T qg+2

It is easy to prove that under the conditions of the lemma, f € L, . implies
f € L12. Hence by Lemma 2.8, it follows that the function

1 [ sin mt \ 2074
Q(l‘) = 7/ T2;cost(f7 l‘) ( % ) Sinstdt7
0

Ym sin 5

T i mi 2q+4
_ S 75~ 0Bt dt
Tm = sin & st ’
0 2

is an algebraic polynomial of degree not greater than n — 1. Therefore, by applying
the generalised Minkowski inequality, we have

En(f)pya é ||f - Q”p,a

S i |‘T2;Cost(f7x>_f(‘r)
Tm Jo

+ 1.

where

. mit N\ 2q+4
| Sin 5 . 5 i
n,o 7 S11 .

Sin 5

Reasoning as in the proof of inequality (2.2) of Theorem 3.1, i.e., applying the
appropriately modified versions of Lemmas 2.6 and 2.3 for the operator Th.cos¢( f, ),
we obtain

1 i sin mt 2q+4
Eufpa < CrIDsaaf @, = [ (GF) snteae

Ym sin =

2
Making use of an estimate of Jackson kernel, we get

p,a —

1 1
En(fpa < Crs [Da22f(@)ll, o < O35 [ Do22f (@), -
Lema 2.9 is proved. O

3.

Theorem 3.1. Let the numbers p and a be such that 1 < p < oo,

1/2<a<1 forp=1,
1 3 1

- —<a<:-—— 1<p<oo,
5 a<y 5 for p < 00
1<a<3/2 for p = co.

If f € L, o, then for all 6 € [0,7),

1
K 5 @ <@ 76 [e% S —= K 75 2]
CL (1. € OF- D < Oo g7 K (£.0)
where the positive constants C1 and Cs do not depend on f and §.

Proof. We prove that for every function g(x) € AD(p, ) and every t € (—m,7), we
have

(3.1) 172 (9:2) = g(@)l, 0 < Cs t*[| Dz 2,29(2)l, -

cos*t/2

where the constant Cs does not depend on g dhe t.
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Let 0 < t < /2. Then Corollary of Lemma 2.6 yields
I = |7 (g, 2) = g(2)l, o
= ‘ /t(sinv/2)1(cosv/2)9 /v u (D229, ) sinu/2(cos u/2)° du dv
0 0

Applying the generalised Minkowski inequality and Lemma 2.3, we get

p,x

I < /O (sinw/2) ™" (cosv/2) ™"

x/ 10 (D229, )|, sinu/2(cosw/2)° du o
i ,

v

t 5
< Cy ||Dz,2’gg(x)||p)a/0 (sinv/2)_1(cosv/2)_9/o (sin %) (cosg) du dv.

Since the inequality

t v u m 5
/ (sinw/2) " (cos v/2)*9/ (sin 7) (cos f) dudv < Cst?
0 0 2 2
holds for 0 < ¢ < 7/2, we obtain

2 2
I < Cot” | Da 2 29(3)]),, , < C6mt 1D ,2,29(@)|l,, ,, -

For ¢t = 0 inequality (3.1) is trivial.
Let w/2 <t < . Then by Corollary of Lemma 2.6, we get

12 = H’f-t (ga m) - 7A-7'r/2 (g’x)Hp,a

t ™
/ (sinv/2)_l(cosv/2)_9/ #u (Dy 2,29, ) sinu/2(cos u/2)? du dv
/2 v
P

Applying the generalised Minkowski inequality and then Lemma 2.3, we have

I < C7 | Dy 229(@)ll, o

></: (sinv/?)_l(cosv/Z)_g/ﬁ (sin%) (cosg)5 du dv.

/2 v

Considering that for 7/2 <t < 7 we have

¢ T 5 1
[ g [ i) () o i

it follows that

1 1
3.2 I, < Cy———— || D, < Coy———2||D, .
(3.2) N Py 1Dz,2,29(@)l,,,0 < Cog 72 [ Dz,2,29()|,, .,

Since
17 (g, 2) = g(@)ll, 0 < |7 (9, 2) = Fnpa (9, 2)]], o + [ Fry2 (g, 2) = 9(@)]], -
applying inequality (3.2) and the fact that inequality (3.1) has been proved for
0 <t <7/2, we obtain
. L
17 (9. 2) — g(@)]], o < Cwmt 1 Dz,2,29(2)]l,, o

for m/2 <t <.
Thus, inequality (3.1) is proved for 0 < ¢ < 7. Since

Teost (ga 33) = Tcos (—t) (97 LL‘) )
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we conclude that inequality (3.1) holds for every t € (—m, 7).
Let f € L, o and 0 < [¢t] < 6 < m. Then for every function g(z) € AD(p,a),
applying Lemma 2.3 gives

17 (fs2) = F@)l o < 172 (f = g:0) o + 172 (9:2) = 9(@) |, 0o + 9 = fl, 6

< _ — T — .
> CllCOS4 t/2 Hf g“p,a + ”Tt (g,Jf) g(‘r)prz

Making use of inequality (3.1), we get

. 1
17(7:2) = @)l = Cro gy (1 = 6llpa + 21D 0)

where the constant C'2 does not depend on f, g and ¢. This proves the right-hand
side inequality of the theorem.
In order to prove the left-hand side inequality, we consider the function

I e [ .
gé(x):%/o (sinv/2)” " (cosv/2) 9/0 7o (f, ) sinu/2(cosu/2)? du dv,

where s )
k(0) = / (sinw/2) " (cos v/2)*9/ sinu/2(cosu/2)° du dv.
Let0<5<7r/27?uhen '
(3.3) C130% < K(0) < C146°.
Applying the generalised Minkowski inequality and Lemma 2.3, we obtain

195 ()], o

1 4 . L o [ ; ‘ .
Sm/o (sinv/2)" " (cosv/2) /0 |7 (f, )|, o sinu/2(cos u/2)” du dv

1
< e
<Cis 3 5/ 1 1lpa
that is, gs(z) € Lp.a-

Put
T 1
g(x) = _/0 (1- y2)3/y (1— 2%)? <f(z) - 2) dz dy,
where
1 1
L= [1(1 —2%f(2)dz, ¢ = [1(1 —2%)%dz.
Since .
Dy p29(v) = f(x) — é’
we have
- L e “cosv/2)7?
o5(2) = o | (sin0/2) coso/2

X / Tu (D 2,29, ) sinu/2(cos u/2)° dudv + a
0 co

Applying Corollary of Lemma 2.6 gives
1 . C1
95(x) = m(ﬁs (9,2) —g(x)) + o
Applying the operator D, 22 and then Lemma 2.5, it follows that

D, 205(x) = %(ﬁs (Dy2.2,7) — Dy 2.29(x)) = %(ﬁs (f.2) — f()).
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Therefore, by Lemmas 2.3 and 2.5, we conclude that gs(z) € AD(p, a).
By the last equality and inequality (3.3), we obtain

1.
1D2,2,295(2)l,,,0 < Cro55 1175 (f,2) = f(@)] 05
that is,

1.
< Clﬁéjw(fv O)p.a-

|De22gs(@)ll,., <

On the other hand, by applying the Minkowsky inequality, we get

1 e . L
17) = 950 < 1755 /0 (sinv/2) " (cos v/2)

X / Il f(x) — 7o (f, x)Hpﬂ sinu/2(cosu/2)° dudv < &O(f, 0)p.a-
0
Thus, for 0 < § < 7/2 we have proved that
1(8) = [|f(z) = g5(2)|l 0 + 6° | Da2,295 (@), o, < Cr7(f56)p,ar-

Since for 7/2 < § < 7 we have 62 < 7% -1 and 1 < 7/2, it follows that

K(1.8)pe <7 (1) = 1@l + 12 (D20 @)1, )
= 71-2[(1) S 7-‘-26(17@ (fa l)p)a S 018@(.]07 5)13,(1-

Thus, we have proved the left-hand side inequality of the theorem for 0 < § < .
For § = 0 this inequality is trivial.
Theorem 3.1 is proved. O

Theorem 3.2. Let the numbers p and o be such that 1 < p < oco;

1/2<a<1 forp=1,
1 3 1

- —<a<=—— 1<p<oo,
o a<y o for p < 00
1<a<3/2 for p = oc.

If f € Ly o, then for every natural number n

n

ClEn(f)p,a S w (fv ]_/Tl)p@ g 02% Z VEI/ (f)p@ )

v=1

where the positive constants C1 and Cy do not depend on f and n.
Proof. For every function g(z) € AD(p, ), we have
En(f)pa < En(f— g)p’a +Ey, (g)p,a :

Applying Lemma 2.9 gives
1
En(flpa <|If - g”p,a + C3E ||Dz,2,29(1')||p7a )

where the constant C3 does not depend on f, g and n. Therefore, we get

En(f)P,a S C4K (f7 ]‘/n)p,a *
Hence Theorem 3.1 yields

En(f)p’a S 05(:) (fa 1/n)p7a )
which proves the left-hand side inequality of the theorem.
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We prove the right-hand side inequality. Let P, (x) be the algebraic polynomial of
best approximation for f in the metrics L,, , whose degree is not greater than n—1.
Let k be chosen such that

(3.4) n/2 <28 <n+1.
Since Pyi(x) € AD(p, o), Theorem 3.1 yields

K (f.1/n),.,

w(f,1/n), , < Cs
P (cos %)

1
< Cq (IIf = Porllp o+ 5 [[Da,2,2 P ||p,a> :
Since
k—1
Dy22Po(x) =Y Do (Pt (z) — Por(2)),
v=0

Lemma 2.7 yields

1Da 22 P (), < |1 —2*) P (@), , + 6P (),
< Csn|| P (@)lp,at1/2 < Con® | Pallyq »
whence we obtain
k—1
D222 Pae ()], o, < Cro Y 22 || Py (2) — Pov ()],
v=0
k—1
< Cio Y 22 (| Py (2) = f(@), 0 + £ (2) = P (@)]],, )
v=0
k—1 k—1
< Co Y 22V (Byr (f),0 + Bav (f),0) < 2C10 > 22V Ey (f), -
v=0 v=0

Therefore, inequality (3.4) implies

k—1

~ 1 1%

S0y < O (B Dyt g S 2w (1), )
v=0

k
1 2(v+1)
< Cuﬁ Z 2 By (f)pa-

v=0
We note that
2v—1
Y 1B (fpa 222 VEx (f),4
M:2u—1
holds for v =1,2,..., k. Hence we have

k 2Y -1
S0 = Crams (1B (Dot 3 S 0B (1), )

v=1 /“':21171
1 2k -1 1 &
< Cl?’ﬁ ; vE, (f)p.a < Cl?’ﬁ V; VEy (f)p.a-

Theorem 3.2 is proved. (|
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