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ON MONOTONE FOURIER COEFFICIENTS OF A FUNCTION
BELONGING TO NIKOL’SKII-BESOV CLASSES

M. Q. BERISHA AND F. M. BERISHA

ABSTRACT. In this paper, necessary and sufficient conditions on terms of
monotone Fourier coefficients for a function to belong to a Nikol’skii-Besov
type class are given.

1. Let f € L,[0,27], 1 < p < 00, be a 2m-periodic function having a cosine Fourier
series with monotone coefficients, i.e.

f(z) ~ Zan cosnx, ay 0.
n=0

and wg(f,t), the modulus of smoothness of order k in L,[0, 27| metrics of the
function f, i.e.

wi(fot)p = sup [|A] flp,
I <t

where is

k
_(k
Abfa) = 0 () b v
v=0
We say that a 27—periodic function f belongs to the Nikol’skii-Besov class

N(p,0,r, X\ ¢), 1 <p < oo, if the following conditions are satisfied

(1) f € Lp[0,27];

(2) Numbers 6, r, A belong to the interval (0, 00), and k is an integer satisfying

kE>r+
(3) The following inequality holds true

1/6

5 1
(/ o (f, 1) dt+5w/ N (£ 18 dt) < Cyp(9),
0 1

while the function ¢ satisfies the conditions

(4) ¢ is a non-negative continuous function on (0, 1) and ¢ # 0;
(5) For every d1, d2 such that 0 < §; < §3 < 1 holds (1) < Crp(d2);
(6) For every & such that 0 < ¢ < 3 holds ¢(28) < Cap(6),

where constants! C, C; and C5 do not depend on 81, 2 and 6.

A more detailed approach to the classes N(p, 0,7, A, ¢) is given in [8] (see also [5,
p. 298]). In our paper we give the necessary and sufficient condition in terms of
monotone Fourier coefficients for a function f € L,[0,27] to belong to the class
N(p,0,r, )\ ).
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LWithout mentioning it explicitly, we will consider all the constants positive.

1



2 M. Q. BERISHA AND F. M. BERISHA

2. Now we formulate our results.
Theorem 2.1. A function f belongs to the class N(p,0,7,\, ) if and only if*

0o 1 0 n 1 0 1/6
< Z W (f, 1/) A S Z W <f, V> V(Nn\)@l)
v=1 p

v=n-+1 p

where constant C does not depend on n.

Theorem 2.2. For a function f € L,[0,27], 1 < p < oo, such that
f(z) ~ Z a, cosvx, a, |0, (2.2)
v=1

to belong to the class N(p, 0,7, A\, @) it is necessary and sufficient that its Fourier
coefficients satisfy the condition

oo n 1/6 1
( Z agy7'9+9_9/[)—1 OV Zagy7'9+)\9+9—9/p—1> < Cyp (n> ’

v=n-+1 v=1

where constant C' does not depend on n.

Remark 1. Put ¢(§) = §%, 0 < o < A, in the definition of the class N(p,0,r, A, ),
we obtain [8] the Nikol’skif class H}**. Thus Theorems 2.1 and 2.2 give the single
coeflicient condition o

ay > 1
Vr+oc+175

for f € HJ**, given in [7] (see also [3]), where the function f is given by (2.2).

Remark 2. If p(6) > C, then we obtain [8] the Besov class Bg”. Thus Theorems 2.1
and 2.2 give the necessary and sufficient condition

oo
E agVTGJrG*@/;D*l < 00
v=1

for f € BY", given in [9] (see also [4]), where the function f is given by (2.2).
3. In order to establish our results, we use the following lemmas.
Lemma 3.1. Let 0 < a < 8 < 00 and a, > 0. The following inequality holds true

S (5

v=1 v=1
Proof of the lemma is due to Jensen [6, p. 43].

Lemma 3.2. Let {a,}52, be a sequence of non-negative numbers, o > 0, X a real
number, m and n positive integers such that m < n. Then

(1) for 1 <p < oo the following equalities hold

n n P n
3w (a) <0 3wy
p=m v=p p=m

n w

P n
Z ual( al/y)\> < C2 Z Mfafl(aﬂu)wkl)p;
pn=m m

p=m
2Here and below we assume that the parameters 0, r, A and k satisfy the condition 2, and the
function ¢ satisfies the conditions 4-6 of the definition of the class N(p, 0,7, X, ¢).

v=
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(2) for 0 < p <1 the following equalities hold
n n P n
Z Ma—l(Z auV’\) > O Z 1 (@MY,
p=m v=p p=m

©w

i M—a—l(z CLVV/\> >0y Z L —a—1 auﬂ)\+1)p7
n=m

rv=m
where constants Cy, Ca, C3 and Cy depend only on numbers o, A\ and p, and do
not depend on m, n as well as on the sequence {a,}32 ;.

Proof of the lemma is given in [6, p. 308].
We write a, | if {a,}52; is a monotone-decreasing sequence of non-negative
numbers, i.e. if a, > a,11 >0 (v=1,2,...).

Lemma 3.3. Leta, |, a > 0, A a real number, m and n positive integers. Then

(1) for 1 <p < oo, n>16m the following equalities hold
Z ne 1(2“ g ) >0 Y
v=pu pn=8m

n

Z —a— 1<ZG’VV)\> >C2 Z m —a—1 auuk—i-l)p;

v=m pn=4m

(2) for 0 < p <1, n>4m the following equalities hold

n n p n
Z ‘uafl <Z ayl/)\) < 03 Z 'ulozfl a“’u)\Jrl)
p=4m v=p pn=m

n N
S we (L ant) <a zﬂ P,

p=4m v=4m

where constants C1, Cs, C3 and C4 depend only on numbers o, A and p, and do
not depend on m, n as well as on the sequence {a,}2 ;.

Proof of the lemma is given in [2].

Lemma 3.4. Let a, |, a > 0, A a real number, m and n positive integers. For
0 < p < oo the following inequalities hold

n

Clzn:/ﬂ_l(a“ ,\+1 Z a— 1(271: al,y’\>p - C2zn:ﬂa_1(afyﬂ)\+l)pv
pu=1 v=p =1

n w n
ngu—a—l a )\-‘rl Z —a—1 (Z al,y/\>p < C4Zﬂ_a_1(auu>\+l)p7
p=1 v=1 p=1

where constants Cy, Ca, Cj and Cy depend only on numbers a, A and p, and do
not depend on m, n as well as on the sequence {a,}2 ;.

The lemma is also proved in [2].

Lemma 3.5. Let f € Ly[0,27] for a fizred p from the interval 1 < p < oo and let

oo
x) ~ Za,, cosvx, a, 0.
v=1
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The following inequalities hold

1 n 1/p 00 1/p 1
(St ) e (8 @) s (1)
v=1 p

v=n-+1
1 n 1/p 0 1/p
SCzk(Za,’iV(kH)I’_Q) —i—( Z al’iup_Q) ,
n v=1 v=n+1

where constants C1 and Cs do not depend on n and f.

The lemma is proved in [9)].

4. Now we prove our results.

Proof of Theorem 2.1. Put

_1 1
n+1 . _

L :/ 0wy (f, )0 dt, 12:/1 TNy (£, 1) dt.
0 n+1

We have [6, p. 55]

1 0o
nt1
Il = / t_r0_1Wk<f7 t)g dt = E /
0

v=n-+1"Y v¥1

o) 0 1 o'} 6
1 v 1
< E Wi <f7 1/> /1 T ar < oy E Wk (fa y) pro—t
P P

v=n-+1 v+1 v=n+1

1
v
1

0w (f )5 dt

and, taking into account properties of modulus of smoothness [10, p. 116],

0

e} 1 % % e} 1
112 Z Wi (f; V—’_:l) /1 tfrafldtZCQ Z WEk (f’ ]/) Vrefl.

v=n+1 2Ry | v=n-+1 p
In an analogous way we estimate
n 1 6 % n 1 0
neSa(nd) [ e S (r L) e
v 1 14
v=1 2R VES | v=1 P
and
n 1 6 % n 1 0
> (N1 g bl (r+A)0-1
2y (fae) [ sy (12) v
v=1 PYuEa v=1 p
Let f € N(p,0,r,\,¢). For a positive integer n we put § = #—1 Then we have
I° =1 + 61,
o) 1 (% n 1 0
> C - rf—1 -6 - (r+X)0—1 )
S(V_;-lwk (f’l/)py +n ;wk f7l/ pl/

Hence we obtain

0o 1 0 n 1 0 1/6
J= ( Z W <f, V) pr0=1 4 =20 Zw’“ (f, V) V(7-+>\)9—1>
p v=1

p
1 1
< Csl < Cre(6) = Cryp <n+1) < Cgp (n) ;

which proves inequality (2.1).
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Now we suppose that inequality (2.1) holds. For § € (0,1) we choose the positive

integer n satisfying n%u <4< % Then, taking into consideration the estimates
from above for I; and I we have

1 &
n+1
ﬁ:i/ f””wﬂﬂﬂ&h+/l 0w (f, )9 dt
0

RS
+5)\9/ t (r+X)6 (f’ ) dtSIl+(sA6[2
8
[e%S) 6
1
< Cg( Z W (f; V) VTO 1 —\0 Zwk <f7 ) (T+/\ )0— 1)
v=n+1 P

Whence
1 1
I < Cod <Cnyp () < Crap () < Ci3¢(9),
n 2n

implying f € N(p, 0,7, A, ¢).
Proof of Theorem 2.1 is completed. O

Proof of Theorem 2.2. Theorem 2.1 implies that the condition f € N(p, 0,7, \, )
is equivalent to the condition

[eS) 1 0 1 0
Z Wi <f7 > Vr@ 1 7)\0 Zwk ( > (7‘+>\)0 1 < 0190 < ) ’
v=n+1 v p

where constant C; does not depend on n. Lemma 3.5 yields that the last estimate
is equivalent to the estimate [1, p. 31]

e’} v 0/p o 00 0/p
Z V(rfk)efl (Z aﬁﬂ(kJrl)pZ) + Z Vr071 <Z azlup2)
v=n+1 =1 v=n+1 pu=v
-0 Z (r+X—k)6—1 Z (k+1)p—2 or
p(r+ ( ap,u +1)p— )
p=1

0/p 1 0
MZ s (Za ) o (1)
n

where constant C5 does not depend on n. Hence, if we denote the terms on the
left—hand side of the inequality by Jy, Jo, J3 and Js respectively, then condition
f €N(p,0,r, )\ p) is equivalent to the condition

4
1
Ji+Ja+J3+ Iy < Cop (n> . (4.1)

Now we estimate the terms Jy, Jo, J3 and Jy from below and above by means
of expression taking part in the condition of the theorem.
First we estimate J; and Js from below. We have

S v 0/p
Jy = Z l/(T-_k)G—l(ZaﬁM(k—i-l)p—Q)
v=n-+1 p=1
(k— - (k+1)p—2 o
> >0 e (3 aguten?)

v=n-+1 p=n-+1
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For k — r > 0, making use of Lemmas 3.2 and 3.3 we obtain

J1 > Cs Z p=(F=m0=1gpy (kt1)p=2v0/p
v=4(n+1)
=Cs ), apt (42)
v=4(n+1)
In an analogous way, for r6 > 0 we get
> /P e’}
J2 = Z (Z ap P 2) > Cy Z agyw*e*G/P*l. (4.3)
v=n+1 v=8(nt 1)

We estimate the term J, from above:

Jo<Cs > VTN a0 = YT alyr 000 (4.4)

o~ [

For J; we have

0/p
JlSC'ﬁ(Z y— (k=)o (Z ab (k+1)p— 2)

v=n-+1 p=n-+1
i (h—r)0—1 z”: wrpz)
S (Y )
v=n+1 pn=1
and applying once more Lemmas 3.2 and 3.3 we obtain
n 0/p
J < C Z a9 r+60—0/p—1 +n—(k—r)9 (Z azu(k+1)p—2> ) (45>
=[] H=t
Put
n
I, = n—(k—r)e Z a;zlu(k—‘rl)p—Z

p=1

Then for

IQ = Iln(k_r)e,

taking into account that (k+ 1)p —2 > 0 and a, | 0 we get

[n] n
Zap (k+1)p=2 < Zap (k+1)p=2 | a Z plFp=2

pu=1 p=1 [¢] p=[%]+1

w3

p, (k+1)p—2 (k+1)p—1 ;D (k+1)p
<Y au +Cgn (441 S Oo Z ab ¢
1

©w
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Since kK —r — A > 0, we have

0/p
1P < Cyon= ") (Z ap 2)

v 0/p
< Oy Z L~ (k—r=2)0-1 (Z afbu(k-&-l)p—Q)

=0 =l

0/p
< Cyn AHZV—(k r—\)0 (Zap (k+1)p— 2)

v=1
Applying Lemma 3.4 we obtain

If/p < Cunﬂ\e Z Vf(kfrf)\)Ofl(alzjy(k+1)p72y)9/p

v=1
= Cyon~ /\OZGG (r+X)0+6—0/p— 1
From (4.5) it follows that

Jl < 013< Z aa r0+60—0/p—1 + n—,\e Zagy(7-+)\)0+9—0/p—1). (46)

V_[nJrl] v=1

This way, inequalities (4.2), (4.3), (4.4) and (4.6) yield

Cia Z GSVT9+970/1771 <Ji+J2
v=8(n+1)
< Cl5( Z aG r6+6—60/p—1 Jrnf)\e Zazu(r+)\)0+90/pl>. (47)
v= [n+1} v=1

Now we estimate J3 and Jy. Put

v

0/p
_ n)x@JS Zy(r+)\ k)o—1 (Z ap (k+1)p )
and

0/
A, :n’\"J4 Z (r+))80 (Za = 2) P’

applying Lemma 3.4 for r + \ — k < 0 we get

A1 S 016 Z agu(r+’\)9+9_9/1’_1. (48)
v=1

We estimate Ao in an analogous way:

n n 0/p
Ay < Oy7 (Z V(T+>\)9—1 (Z af“up—2>

v=1 p=v

n S 0/p
(3 ) )

p=n-+1
0 0/p
aﬁup2> ) . (4.9)
1

< Cys (Z ol (r+N0+0-0/p—1 _|_n(r+)\)0< Z

H=n+
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We estimate the series

oo 0/p
B: ( Z aﬁ/},p_2> .

p=n-+1

First let % > 1. Applying Holder inequality we have

0o 0o 4
S aurt < ( S (@ #p—1+rp—p/9)0/p>p/
pn=n+1 p=n+1
- (0-p)/0
y ( 3 (M—up—p/eu)e/(e—p)) _
p=n-+1
§+1)%:rpﬁ+l>l, we get

oo p/o
Z aﬁ;ﬁ’—Q < Cion~"P ( Z aa 0—0/p+ro— 1) .

p=n-+1 pn=n+1

Since (rp —

So, for % > 1 we have proved that

oo
B S 0207177"9 E az‘ur0+079/p71'
pu=n+1

Let % < 1. For given n we choose the positive integer N such that 2V <n+41 <
2N+1 Then we have

oo ovtl_q 0/p
<(Sur) 2SS )

n=2N p=2v
o0 6/p
< Cy (Z a§y2”(p_1)> .

v=N

Making use of Lemma 3.1 we obtain
2v—1

EEIHD SR ELCULICHS Sl ORI

v=N v=N p=2v-1

= Oy Z a9 0—0/p—1 < Oy Z aa 0—0/p—1

y=2N-1 V_[n1-1]

n+1]17" S r0+0—0/p—1
SCQQ 4 Z a,v .

=)

Since for n > 3 holds [i] > I 15, we get

B < Cosn™ r6 Z a@ r0+6—0/p— 1
A

This way, for 0 < g < oo we proved that

oo

—r6 0. ro+6—0/p—1
B < Caoun E a, v .



ON MONOTONE FOURIER COEFFICIENTS OF A FUNCTION... 9

Hence (4.9) yields

A2 <025(Za Vr+)\)0+0 0/p— 1+n)\9 Z (10 r6+6—0/p— 1>

v=1 V_[n+1]
Now, from (4.8) it follows that
Js+Jy =0 (A + Ay)

§C26< /\Gza I/TJF)\ )0+6—6/p— 1+ Z a0 r0+6—6/p— 1). (410)

=[]

Further, we estimate the series

E a@ r6+6—0/p—1 A4+ § a@ r6+60—0/p— 1

y—["j{l] v=n+1
where is
n
A4 _ Z agyr0+970/p71 < 027afﬂ]nr9+079/p
n+1 4
v=["3]
(=]
<028n A0 Z a? Vr+)\)9+0 0/p—1 <028n )\Oza VT+)\)0+0 0/p— 1
v=1 v=1
Whence
AS SC29( )\OZCLO (r+X)0+6—0/p— 1_|_ Z ao r6+6—0/p— 1> (411)
v=n-+1

Making use of (4.11) and (4.10) we have

J3+J4§030< Aezae (r+2)0+6—-0/p—1 Z ae r0+0—0/p— 1)
v=n-+1

Hence, applying (4.11) in (4.7) we obtain
Ji+ o+ s+ Jy

3031< )\Gza Vr+)\)6'+0 0/p— 1+ Z a0 r0+6—6/p— 1). (412)

v=n-+1
Now we estimate A; and Ay from below. Making use of Lemma 3.4 we get

Ay > 0322(19 (r+X)0+6—0/p— 1
v=1
and in an analogous way

0/p n
Ay > Z P (rHN)0— (Z a up 2> > (s Zagy(rﬂ)eww/pq.

v=1
Hence "
Ay + Ay > Cyy Z CLZV(T+/\)6+670/1071.

v=1
This way the following inequality holds

Js + Jy > Cssn~ Z agy(r+x)9+e—9/p_1_

v=1
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From (4.7) it follows that

Ji+Jo+ I3+ Jy

0 n
= 036( Z agVTGJerG/pfl + nf)\ﬁ Z agy(TJr)\)GJrG(‘)/pl)' (413)
v=8(n+1) v=1
Since
v=8(n+1)—1
Z agyr0+070/p71 < 037a701n7’0+070/p
v=n+1

n
< Caan Z agy(r+)\)6+979/p71

v=1
holds, we have
s3] n
Z agyr9+9—9/p—1 + n— Zagy(r+>\)9+0—9/p—1
v=n-+1 v=1
oo n
< 039( § : agl/re-i-@—@/p—l + n—>\9 E agy(r+/\)9+9—0/p—1>.
v=8(n+1) v=1

Now, estimates (4.13) and (4.12) imply

oo n
C4O< E agyr9+070/p71 + nf)\O E agy(r+/\)0+90/p1)

v=n-+1 v=1
<+ Jo+Jd3+Jy

o n
= C41< Z alyrO+0=6/p=1 4 ;=20 Zagy(r+)\)9+9—9/p—1).

v=n+1 v=1

This way we proved that condition (2.1) is equivalent to the condition of the
theorem. Since condition (2.1) is equivalent to the condition f € N(p, 0,7, A, v),
proof of Theorem 2.2 is completed. O
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