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SOME REVERSE [,-TYPE INEQUALITIES INVOLVING
CERTAIN QUASI MONOTONE SEQUENCES

MIKHAIL K. POTAPOV, FATON M. BERISHA, NIMETE SH. BERISHA,
AND RESHAD KADRIU

ABsTRACT. In this paper, we give some [p-type inequalities about sequences
satisfying certain quasi monotone type properties. As special cases, reverse
lp-type inequalities for non-negative decreasing sequences are obtained. The
inequalities are closely related to Copson’s and Leindler’s inequalities, but the
sign of the inequalities is reversed.

1. INTRODUCTION

For non-negative number sequences the following, classical inequalities of Hardy
and Littlewood, are well known [3, p. 255, Th 346].

Let {b,}52; be a sequence of non-negative numbers, o > 0, m and n positive
integers such that n < m. The following inequalities hold true:

m m » m
> M‘H( by> <CY o uby)?, (1.1)
p=n v=p p=n
m w P m

St (Xn) <oy u oy (12
p=n v=n n=n

for p > 1; and

i pet (i bu)p >C i P (b )P, (1.3)
iu“"l <§: bu)p >C iu‘“—l(ﬂbﬂ)P (1.4)

for 0 < p < 1, where positive constant C' depends only on numbers « and p, and
does not depend on integers m, n, and the sequence {b, }° ;.

Closely related to these inequalities are classical Copson inequalities [1], Leindler’s
inequalities [5, 6, 7], and those proved or used in [8, 9, 10, 2].

In the paper we prove some related inequalities which involve non-negative se-
quences satisfying certain monotone-type properties. As special cases, inequalities
converse to (1.1), (1.2), (1.3) and (1.4) for the case of non-negative monotone de-
creasing number sequences are deduced.

In order to prove the inequalities we need the following

Theorem 1.1. Let {b,}>2; be a sequence of non-negative numbers, 0 < oo < 3, m
and n positive integers such that n < m. Then the following inequality holds

m 1/8 m 1/a
() <(2n)
p=n H=n
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The proof of the theorem is due to Jensen [3, p. 28, Th. 19].

We call a number sequence {a,}52; non-negative monotone decreasing (or in-
creasing), and denote it by a, | (or a, 1), if for each positive integer v the following
conditions are satisfied

(1) a, >0,
(2) ay+1 <a, (or a,41 > a,, respectively).

We call a number sequence {A,}52; quasi lacunary monotone if it is a non-
negative monotone sequence (i.e., A, | or A, 1) and there are positive constants K
and K5 such that for each positive integer v the following condition is satisfied

Kidar < Agois < Kodow.

Finally, we call a non-negative number sequence {)\H}ff:l quasi geometrically
increasing if there is a positive constant K such that for each positive integer m
the following condition is satisfied

i Ay < K.
p=1

2. INEQUALITIES FOR QUASI MONOTONE SEQUENCES

In this section we give several reverse inequalities of [,-type involving non-
negative decreasing sequences, quasi lacunary monotone sequences or quasi geo-
metrically increasing sequences.

Theorem 2.1. Let a sequence {a,};2, be such that a, |, {\. )2y and {7, }72,
be lacunary monotone sequences, m and n positive integers such that m > 16n. If
p > 1, then the following inequality holds

i% <Vz:“v%)p = i A ()P (2.1)

p=4n

If, in addition, {2*Aau }ff:l is a quast geometrically increasing sequence, then the
following inequality holds

m m P m
Z A <Z a,,’y,,) >C Z )‘u(ﬂau%t)p- (2.2)
p=n v=p

pn=8n

Here and later on C' and C; will denote positive constants depending only on p and
the sequences {\,}521 and {7, }72;, and not depending on m, n and the sequence

{au 152y

Theorem 2.2. Let a sequence {a,};2, be such that a, |, {A\,}521 and {7, }72,
be lacunary monotone sequences, m and n positive integers such that m > 4n. If
0 < p <1, then the following inequality holds

> 3 W) <O Ml (23)

pn=4n v=4n pn=n

If, in addition, {2“)\2u}ff’:1 is a quasi geometrically increasing sequence, then the
following inequality holds

m

Z A (li: a,ﬁu>p <C Em: Au(payyu)?. (2.4)

p=4n H=n



SOME REVERSE [,-TYPE INEQUALITIES. .. 3

3. PROOF OF THEOREM 2.1

We prove inequality (2.2). For given n and m we choose positive integers N
and M such that 2V=1 < n < 2V and 2¥ < m < 2M*1. Then the following
inequality holds

m m P oM oM D
= (L an) = 2 n(Eaw)
p=n v=p p=2N v=p
By splitting the first sum into blocks of length 2¢, we obtain
M 21 21VI p
=38 w(Se)-
i=N+1 p=2i—141 v=p

By bounding the third sum from below, taking into account that {)\u};’f’:l is a quasi
lacunary monotone sequence, we have

M oM p 2¢ M oM p
12y (Sen) X onza S e (Tan).
i=N+1 Spy=2i p=2i-141 i=N+1 y=2i

where C7 depends only on the sequence {)\u}zo:y Now, we split the second sum
into blocks of length 2¢~!, remove the terms with index i = M, and taking into
consideration that a, | and {\,}72,, {7, };2; are lacunary monotone sequences,
we get

M-1 M-1 20 +1 P M-1 M-1 p
I > CQ Z 21)\25 < Z agj+1 Z ’}/V) > 03 Z 22)\272 (Z agj+1 2]’}/23') .
i=N+1 j=i v=27+1 i=N+1 Jj=i

By applying Theorem 1.1 to this inequality taking into account that 1 < p, then
changing the order of summation, we have

M-1 M-1 M-1 j
) P ip AP P ip AP )
1>C3 E 2" Noi g a1 27775 > C3 E a1 2Py, E 2" Noi
i=N+1 j=i J=N+1 i=N+1

M-1
> (O Z a12’j+12J(;D+l)fy§j Aoi .
j=N+1
Since a, |, taking into consideration that {7, }72; and {)\,}72, are quasi lacunary
monotone and quasi geometrically increasing sequences, respectively, we obtain

M—1 27+2

I1>Cy Z Z aﬁ’yﬂ/f’)\u.

J=N+1p=2i+141
We rewrite the above inequality in the form

2M+1

I1>Cy Z )\u(,uau'yu)pa
pu=2N+241

and since 2V12 < 8n, we obtain

1>0; Z A yp)”

n=38n
Thus, we have proved inequality (2.2) assuming that N +1 < M — 1. In fact, for
m > 16m we get oN=1 < % < oM=3 yielding that the condition N+1 < M —1
is satisfied.
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In order to prove inequality (2.1), put
m M P
=YY w),
n=n v=n

in a similar manner, but by making use of the fact that {)\,};2 is solely a quasi
lacunary monotone sequence (i.e. without a quasi geometrically increasing sequence
assumption), we obtain

oM _1

J > Cs Z Au(pay,)P.

p=2N+1

Thus
oM _1

Z Au(payy,)? < Ced. (3.1)

U:2N+1

Since a, | and {A,}72 1, {7 }p2; are lacunary monotone sequences, we have

2M+1 2M+1 2M_1
J1 = Z Aupayy)? < azsz Z Aulpay)? < Cr Z Ap(payu)?.
MZQ}M HZQZM lu:z]\l—l

Hence, for N +1 < M — 1 we obtain

2M 1
J1 <0y Z A/t(/ll’a,lt’y,lt)p'
p=2N+1
Thus, inequality (3.1) yields
Ji < CsJ;
or
oM+1
> Au(pauy)P. < Csl. (3.2)
N:21\4

Adding inequalities (3.1) and (3.2) together, we obtain

oM+1 m u »
Z AH(MG’M,YN);D < C'9 )\u <Z a’l/’yl/) .
p=2N+1 n=n v=n

Since 2V*! < 4n, 2M+1 > m the above inequality implies the inequality (2.1).
This completes the proof of Theorem 2.1.

4. PROOF OF THEOREM 2.2

We prove the inequality (2.4). Let positive integers N and M be defined by the
inequalities 2V~ < n < 2V and 2M < m < 2M+1 This yields

2AI+1 2M+1

I= Z )‘“(Z aV7”> < Z )‘H(Z au%)
pn=4n V= p=2N+141 v=p

27‘,+1 2M+1

- f: > ,\H<Z awu)p.

i=N+1 p=2i41 V=
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By bounding the third sum from above, taking into account that {\,}72 is a quasi
lacunary monotone sequence, we get

M oM+1 p 20t1 M oM+1 p
<Y (Toon) ¥ ovzal on( X oan).
i=N+1 ‘p=2i41 n=2i+1 i=N-+1 v=2%+1

where positive constant C; depends only on the sequence {)\#}fj’:l. Now, we split
the second sum into blocks of length 27 and taking into consideration the fact that
a, |, and {7,}52; is a lacunary monotone sequences, we have
M M 27 +1 p M M p
I1<Cy Z 2/ Xgi (Z agj Z ’Yu) <Gy Z 20 My (Z a9i 2j72.7‘> .
i=N+1 j=i v=2i+1 i=N+1 j=i

By applying Theorem 1.1 and then changing the order of summation, we obtain

M M M J
I<Cy > 2N Y ab 2Pyl <Cy Y ab 2Pyl N 20N,
i=N+1 Jj=t j=N+1 i=N+1

Further, the fact that {)\H}Zozl is a quasi geometrically increasing sequence yields

M
I<Cs > ab 2Py 2Ny,
j=N+1
Since a, |, taking into consideration that {7, }72; and {\,};2; are quasi lacunary
monotone sequences, we get

2J
ab, 2 PTE Ny < Cu D Al Ay
pn=23-141
Therefore,

2 M

M 29
1<Cs Z Z Au(ﬂau'}%)p =Cs Z )\H(,Lta“’yu)p.

J=N+1p=2-1+4+1 pn=2N41

where positive constant Cs does not depend on N and M. Since 2™ < m and
2N + 1 > m, we obtain

m
I<Cs Z Aulpauyy)?,
pn=n
which proves inequality (2.4).
Inequality (2.3) can be proved in an analogous way, but without a quasi geomet-
rically increasing assumption for the sequence {2a.}5% ;.

5. INEQUALITIES FOR NON-NEGATIVE DECREASING SEQUENCES
For a, A € R put

Ay =pt (n=1,2,...),

o= (r=1,2,...).

o0

o, and {v*}22 ) are both quasi lacunary

Obviously, the obtained sequences {u“~1}
monotone sequences.

If, in addition, o > 0, then {2“2“(0‘_1)}2":1 is a quasi geometrically increasing
sequence.

By applying Theorems 2.1 and 2.2 for such sequences {\,}72; and {7,}7%,
we deduce the following [,-type inequalities for non-negative decreasing sequences,

which are converse to inequalities (1.1), (1.2), (1.3) and (1.4).
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Theorem 5.1. Let a sequence {a,}32; be such that a, |, and a > 0, A € R, m

and n positive integers such that m > 16n. If p > 1, then the following inequalities
hold

m m p m
S (Y ar) 20 Y w ey,
u=n v=p

pn=8n
m Iz m
Z ufafl (Z QUV)‘>p >C Z ufafl(al“u)wFl)P.
pn=n v=n p=4n

Hereafter C' denotes positive constant depending only on «, A and p, and not de-
pending on m, n and the sequence {a, }>2 .

Theorem 5.2. Let a sequence {a,}32, be such that a, |, and a > 0, A € R,
m and n positive integers such that m > 4n. If 0 < p < 1, then the following
inequalities hold

m m P m
2 n <Z “V”A) <O My,
V= p=n

p=4n

m 123 P m

Z e ( Z ayyx> < CZ pmo N .
p=4n v=4n p=n

Note that Theorems 5.1 and 5.2 given above imply several inequalities proved
earlier [3, 4, 11].

Namely the following Corollaries are simple consequences of these theorems and
the inequalities (1.1), (1.2), (1.3) and (1.4).

Corollary 5.1. Let a sequence {a,}S2; be such that a, |, « >0, A€ R, and n a
positive integer. If p > 0, then the following inequalities hold

n n p n
> pe! (Z auvA> >0 p Hap M,
p=1 v=p

pn=1
n 14 p n
Z“_a_l (Z auyx) > Czu—a—l(aﬂuk-&-l)p_
p=1 v=1 p=1

Corollary 5.2. Let a sequence {a,}>2; be such that a, |, « >0, A € R, andn a
positive integer. If p > 1, then the following asymptotic equivalences hold

n n P n
S (La) =

pn=1 v=p p=1
n 1% D n
—a—1 A - —a—1 A+1
S (Sat) = 30
p=1 v=1 p=1
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