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Learning Objectives

After mastering the material in this chapter, you will be able to:

LO12-1 Explain the basic terminology and
concepts of experimental design.

LO12-2 Compare several different population
means by using a one-way analysis of
variance.

LO12-3 Compare treatment effects and block
effects by using a randomized block
design.

Chapter Outline
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12.2 One-Way Analysis of Variance

LO12-4 Assess the effects of two factors on a
response variable by using a two-way
analysis of variance.

LO12-5 Describe what happens when two factors
interact.

12.3 The Randomized Block Design
12.4 Two-Way Analysis of Variance



n Chapter 10 we learned that business
improvement often involves making
comparisons. In that chapter we presented
several confidence intervals and several hypothesis
testing procedures for comparing two population
means. However, business improvement often
requires that we compare more than two
population means. For instance, we might compare
the mean sales obtained by using three different
advertising campaigns in order to improve a
company’s marketing process. Or, we might compare
the mean production output obtained by using four

The Oil Company Case: An oil company wishes to
develop a reasonably priced gasoline that will
deliver improved mileages. The company uses
one-way analysis of variance to compare the
effects of three types of gasoline on mileage in
order to find the gasoline type that delivers the
highest mean mileage.

The Cardboard Box Case: A paper company per-
forms an experiment to investigate the effects of
four production methods on the number of
defective cardboard boxes produced in an hour.
The company uses a randomized block ANOVA to

different manufacturing process designs to improve
productivity.

In this chapter we extend the methods presented
in Chapter 10 by considering statistical procedures for
comparing two or more population means. Each
of the methods we discuss is called an analysis of
variance (ANOVA) procedure. We also present some
basic concepts of experimental design, which involves
deciding how to collect data in a way that allows us
to most effectively compare population means.

We explain the methods of this chapter in the
context of three cases:

determine which production method yields the
smallest mean number of defective boxes.

The Supermarket Case: A commercial bakery
supplies many supermarkets. In order to improve
the effectiveness of its supermarket shelf dis-
plays the company wishes to compare the effects
of shelf display height (bottom, middle, or top)
and width (regular or wide) on monthly
demand. The bakery employs two-way analysis
of variance to find the display height and width
combination that produces the highest monthly
demand.

Explain

the basic
terminology and
concepts of
experimental
design.

12.1 Basic Concepts of Experimental Design @ @ ®

In many statistical studies a variable of interest, called the response variable (or dependent
variable), is identified. Then data are collected that tell us about how one or more factors (or
independent variables) influence the variable of interest. If we cannot control the factor(s) being
studied, we say that the data obtained are observational. For example, suppose that in order to
study how the size of a home relates to the sales price of the home, a real estate agent randomly
selects 50 recently sold homes and records the square footages and sales prices of these homes.
Because the real estate agent cannot control the sizes of the randomly selected homes, we say that
the data are observational.

If we can control the factors being studied, we say that the data are experimental. Furthermore,
in this case the values, or levels, of the factor (or combination of factors) are called treatments.
The purpose of most experiments is to compare and estimate the effects of the different treat-
ments on the response variable. For example, suppose that an oil company wishes to study how
three different gasoline types (A, B, and C) affect the mileage obtained by a popular compact
automobile model. Here the response variable is gasoline mileage, and the company will study a
single factor—gasoline type. Because the oil company can control which gasoline type is used in
the compact automobile, the data that the oil company will collect are experimental. Furthermore,
the treatments—the levels of the factor gasoline type—are gasoline types A, B, and C.

In order to collect data in an experiment, the different treatments are assigned to objects
(people, cars, animals, or the like) that are called experimental units. For example, in the gaso-
line mileage situation, gasoline types A, B, and C will be compared by conducting mileage tests
using a compact automobile. The automobiles used in the tests are the experimental units.

In general, when a treatment is applied to more than one experimental unit, it is said to be
replicated. Furthermore, when the analyst controls the treatments employed and how they are
applied to the experimental units, a designed experiment is being carried out. A commonly used,
simple experimental design is called the completely randomized experimental design.
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In a completely randomized experimental design, independent random samples of experimen-
tal units are assigned to the treatments.

As illustrated in the following examples, we can sometimes assign independent random samples
of experimental units to the treatments by assigning different random samples of experimental
units to different treatments.

The Oil Company Case: Comparing Gasoline Types G

North American Oil Company is attempting to develop a reasonably priced gasoline that will
deliver improved gasoline mileages. As part of its development process, the company would like
to compare the effects of three types of gasoline (A, B, and C) on gasoline mileage. For testing
purposes, North American Oil will compare the effects of gasoline types A, B, and C on the gaso-
line mileage obtained by a popular compact model called the Lance. Suppose the company has ac-
cess to 1,000 Lances that are representative of the population of all Lances, and suppose the com-
pany will utilize a completely randomized experimental design that employs samples of size five.
In order to accomplish this, five Lances will be randomly selected from the 1,000 available
Lances. These autos will be assigned to gasoline type A. Next, five different Lances will be ran-
domly selected from the remaining 995 available Lances. These autos will be assigned to gasoline
type B. Finally, five different Lances will be randomly selected from the remaining 990 available
Lances. These autos will be assigned to gasoline type C.

Each randomly selected Lance is test driven using the appropriate gasoline type (treatment)
under normal conditions for a specified distance, and the gasoline mileage for each test drive is
measured. We let x; denote the j " mileage obtained when using gasoline type i. The mileage data
obtained are given in Table 12.1. Here we assume that the set of gasoline mileage observations
obtained by using a particular gasoline type is a sample randomly selected from the infinite pop-
ulation of all Lance mileages that could be obtained using that gasoline type. Examining the box
plots shown next to the mileage data, we see some evidence that gasoline type B yields the high-
est gasoline mileages.

TaeLe 12.1 The Gasoline Mileage Data @ GasMile2
Gasoline Type A Gasoline Type B Gasoline Type C 38
Xa1 = 34.0 Xg; = 35.3 Xc = 33.3 37 4
X4 = 35.0 Xg = 36.5 Xe = 34.0 2 36
Xu3 = 343 Xg3 = 36.4 X = 34.7 s
Xaq = 35.5 Xgq = 37.0 Xes = 33.0 S 351 -
X5 = 35.8 Xgs = 37.6 Xcs = 34.9 34 + .
33 L T T T
A B C
Gas Type

The Supermarket Case: Studying the Effect of Display Height G

The Tastee Bakery Company supplies a bakery product to many supermarkets in a metropolitan
area. The company wishes to study the effect of the shelf display height employed by the super-
markets on monthly sales (measured in cases of 10 units each) for this product. Shelf display
height, the factor to be studied, has three levels—bottom (B), middle (M), and top (7)—which
are the treatments. To compare these treatments, the bakery uses a completely randomized
experimental design. For each shelf height, six supermarkets (the experimental units) of equal
sales potential are randomly selected, and each supermarket displays the product using its as-
signed shelf height for a month. At the end of the month, sales of the bakery product (the response
variable) at the 18 participating stores are recorded, giving the data in Table 12.2. Here we
assume that the set of sales amounts for each display height is a sample randomly selected from the
population of all sales amounts that could be obtained (at supermarkets of the given sales
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potential) at that display height. Examining the box plots that are shown next to the sales data, we
seem to have evidence that a middle display height gives the highest bakery product sales.

TasLe 12.2 The Bakery Product Sales Data (B BakeSale

Shelf Display Height 80 -
Bottom (B) Middle (M) Top (T) R *
58.2 73.0 52.4 =
53.7 78.1 49.7 2
(Y]
55.8 75.4 50.9 % 60
55.7 76.2 54.0 @ -
52.5 78.4 52.1 50 4 ==
58.9 82.1 49.9 Bottom  Middle Top
Display Height
12.2 One-Way Analysis of Variance ® @ ® 122 ompare
several dif-
Suppose we wish to study the effects of p treatments (treatments 1, 2, ..., p) on a response  ¢. ant population

variable. For any particular treatment, say treatment i, we define w; and o to be the mean and  means by using a
standard deviation of the population of all possible values of the response variable that could  one-way analysis of
potentially be observed when using treatment i. Here we refer to u, as treatment mean i. The variance.
goal of one-way analysis of variance (often called one-way ANOVA) is to estimate and com-
pare the effects of the different treatments on the response variable. We do this by estimating
and comparing the treatment means w,, 4, . . . , u,. Here we assume that a sample has been
randomly selected for each of the p treatments by employing a completely randomized experi-
mental design. We let n; denote the size of the sample that has been randomly selected for treat-
ment i, and we let x; denote the j value of the response variable that is observed when using
treatment i. It then follows that the point estimate of w, is X;, the average of the sample of n; val-
ues of the response variable observed when using treatment i. It further follows that the point
estimate of o, is s, the standard deviation of the sample of n, values of the response variable
observed when using treatment i.
For example, consider the gasoline mileage situation. We let w,, wp, and u - denote the means
and o, 0, and o denote the standard deviations of the populations of all possible gasoline
mileages using gasoline types A, B, and C. To estimate these means and standard deviations,
North American Oil has employed a completely randomized experimental design and has
obtained the samples of mileages in Table 12.1. The means of these samples—x, = 34.92,
xp = 36.56, and X = 33.98—are the point estimates of w,, wg, and .. The standard deviations
of these samples—s, = .7662, s, = .8503, and s, = .8349—are the point estimates of o,, o7,
and o . Using these point estimates, we will (later in this section) test to see whether there are
any statistically significant differences between the treatment means u,, wg, and w. If such dif-
ferences exist, we will estimate the magnitudes of these differences. This will allow North
American Oil to judge whether these differences have practical importance.
The one-way ANOVA formulas allow us to test for significant differences between treatment
means and allow us to estimate differences between treatment means. The validity of these for-
mulas requires that the following assumptions hold:

Assumptions for One-Way Analysis of Variance

1 Constant variance—the p populations of values 3 Independence—the samples of experimental units
of the response variable associated with the associated with the treatments are randomly
treatments have equal variances. selected, independent samples.

2 Normality—the p populations of values of the
response variable associated with the treatments
all have normal distributions.
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The one-way ANOVA results are not very sensitive to violations of the equal variances as-
sumption. Studies have shown that this is particularly true when the sample sizes employed are
equal (or nearly equal). Therefore, a good way to make sure that unequal variances will not be a
problem is to take samples that are the same size. In addition, it is useful to compare the sample
standard deviations s, §,, . . . , 5, to see if they are reasonably equal. As a general rule, the one-
way ANOVA results will be approximately correct if the largest sample standard deviation is no
more than twice the smallest sample standard deviation. The variations of the samples can also
be compared by constructing a box plot for each sample (as we have done for the gasoline
mileage data in Table 12.1). Several statistical tests also employ the sample variances to test the
equality of the population variances [see Bowerman and O’Connell (1990) for two of these tests].
However, these tests have some drawbacks—in particular, their results are very sensitive to vio-
lations of the normality assumption. Because of this, there is controversy as to whether these tests
should be performed.

The normality assumption says that each of the p populations is normally distributed. This
assumption is not crucial. It has been shown that the one-way ANOVA results are approximately
valid for mound-shaped distributions. It is useful to construct a box plot and/or a stem-and-leaf
display for each sample. If the distributions are reasonably symmetric, and if there are no outliers,
the ANOVA results can be trusted for sample sizes as small as 4 or 5. As an example, consider the
gasoline mileage study of Example 12.1. The box plots of Table 12.1 suggest that the variability
of the mileages in each of the three samples is roughly the same. Furthermore, the sample stan-
dard deviations s, =.7662, s; = .8503, and 5. = .8349 are reasonably equal (the largest is not
even close to twice the smallest). Therefore, it is reasonable to believe that the constant variance
assumption is satisfied. Moreover, because the sample sizes are the same, unequal variances
would probably not be a serious problem anyway. Many small, independent factors influence
gasoline mileage, so the distributions of mileages for gasoline types A, B, and C are probably
mound-shaped. In addition, the box plots of Table 12.1 indicate that each distribution is roughly
symmetric with no outliers. Thus, the normality assumption probably approximately holds.
Finally, because North American Oil has employed a completely randomized design, the
independence assumption probably holds. This is because the gasoline mileages in the different
samples were obtained for different Lances.

Testing for significant differences between treatment means As a preliminary step
in one-way ANOVA, we wish to determine whether there are any statistically significant differ-
ences between the treatment means g, iy, . . . , Moy To do this, we test the null hypothesis

Hypy =y =" =u,
This hypothesis says that all the treatments have the same effect on the mean response. We test
H, versus the alternative hypothesis

H,: Atleast two of w;, t,, ..., M, differ

This alternative says that at least two treatments have different effects on the mean response.

To carry out such a test, we compare what we call the between-treatment variability
to the within-treatment variability. For instance, suppose we wish to study the effects of three
gasoline types (X, Y, and Z) on mean gasoline mileage, and consider Figure 12.1(a). This figure
depicts three independent random samples of gasoline mileages obtained using gasoline types X,
Y, and Z. Observations obtained using gasoline type X are plotted as blue dots (e), observations
obtained using gasoline type Y are plotted as red dots (e), and observations obtained using gaso-
line type Z are plotted as green dots (e). Furthermore, the sample treatment means are labeled as
“type X mean,” “type Y mean,” and “type Z mean.” We see that the variability of the sample
treatment means—that is, the between-treatment variability—is not large compared to the
variability within each sample (the within-treatment variability). In this case, the differences
between the sample treatment means could quite easily be the result of sampling variation. Thus
we would not have sufficient evidence to reject

Hy: py = py = piy
Next look at Figure 12.1(b), which depicts a different set of three independent random samples

of gasoline mileages. Here the variability of the sample treatment means (the between-treatment
variability) is large compared to the variability within each sample. This would probably provide
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_________________________________________________________________________________________________________________|
Ficure 12.1 Comparing Between-Treatment Variability and Within-Treatment Variability

® Type X observations
® Type Y observations

23 25 25 2\6 27 s e Type Z observations

/
Type Type Type
Y X z
mean mean mean

(a) Between-treatment variability is not large compared to within-treatment
variability. Do not reject Hy: ux= py = puz

e Type X observations
e Type Y observations

2 o 25 2e 2 A e Type Z observations
Type Type Type
Y X V4
mean mean mean

(b) Between-treatment variability is large compared to within-treatment
variability. Reject Hy: uy= py = pz

enough evidence to tell us to reject H,: uy = wy = u, in favor of H : At least two of uy, uy, and
u, differ. We would conclude that at least two of gasoline types X, Y, and Z have different effects
on mean mileage.

In order to numerically compare the between-treatment and within-treatment variability, we
can define several sums of squares and mean squares. To begin, we define n to be the total num-
ber of experimental units employed in the one-way ANOVA, and we define x to be the overall
mean of all observed values of the response variable. Then we define the following:

The treatment sum of squares is

p
SST = 2 n,-(fi - })2
i=1

In order to compute SS7, we calculate the difference between each sample treatment mean x; and
the overall mean x, we square each of these differences, we multiply each squared difference
by the number of observations for that treatment, and we sum over all treatments. The SST
measures the variability of the sample treatment means. For instance, if all the sample treatment
means (¥; values) were equal, then the treatment sum of squares would be equal to 0. The more
the X; values vary, the larger will be SST. In other words, the treatment sum of squares measures
the amount of between-treatment variability.

As an example, consider the gasoline mileage data in Table 12.1. In this experiment we
employ a total of

n=n,+tn,+n.=5+5+5=15
experimental units. Furthermore, the overall mean of the 15 observed gasoline mileages is

340 + 350 + - -+ + 349 5273
15 15

= 35.153

x =
Then
SST =D ni(x; — x)°

i=AB.C
= my(xXy — X+ ng(xg — x)° + ne(Xe — X’
5(34.92 — 35.153)* + 5(36.56 — 35.153)* + 5(33.98 — 35.153)°
= 17.0493

In order to measure the within-treatment variability, we define the following quantity:
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The error sum of squares is

SSE = E(x”- — )71)2 + E(xzj — 22)2 + .-+ E(xpj — )7,,)2
= = j=1

Here x; is the j™ observed value of the response in the first sample, X,; 1s the j™ observed value
of the response in the second sample, and so forth. The formula above says that we compute SSE
by calculating the squared difference between each observed value of the response and its corre-
sponding sample treatment mean and by summing these squared differences over all the obser-
vations in the experiment.

The SSE measures the variability of the observed values of the response variable around their
respective sample treatment means. For example, if there were no variability within each sample,
the error sum of squares would be equal to 0. The more the values within the samples vary, the
larger will be SSE.

As an example, in the gasoline mileage study, the sample treatment means are x, = 34.92,
Xg = 36.56, and x. = 33.98. It follows that

SSE = 2 (xAj - }A)z + 2 (xBj - 7CB)2 + 2 (xc]' - fc)z
Jj=1 Jj=1 j=1

= [(34.0 — 34.92)* + (35.0 — 34.92)* + (34.3 — 34.92)* + (35.5 — 34.92)* + (35.8 — 34.92)7]
+ [(35.3 — 36.56)* + (36.5 — 36.56)* + (36.4 — 36.56)> + (37.0 — 36.56)* + (37.6 — 36.56)*]
+ [(33.3 — 33.98)% + (34.0 — 33.98)* + (34.7 — 33.98)> + (33.0 — 33.98)* + (34.9 — 33.98)%]
= 8.028

Finally, we define a sum of squares that measures the total amount of variability in the
observed values of the response:

The total sum of squares is
SSTO = SST + SSE

The variability in the observed values of the response must come from one of two sources—the
between-treatment variability or the within-treatment variability. It follows that the total sum of
squares equals the sum of the treatment sum of squares and the error sum of squares. Therefore,
the SST and SSE are said to partition the total sum of squares. For the gasoline mileage study

SSTO = SST + SSE = 17.0493 + 8.028 = 25.0773

In order to decide whether there are any statistically significant differences between the
treatment means, it makes sense to compare the amount of between-treatment variability to
the amount of within-treatment variability. This comparison suggests the following F-test:

An F-Test for Differences between Treatment Means

S uppose that we wish to compare p treatment means w,, u, - . ., p, and consider testing
Ho: py=py=---=p, versus H,: At least two of wq, uy, . . ., p, differ
(all treatment means are equal) (at least two treatment means differ)

To perform the hypothesis test, define the treatment mean square to be MST = SST/(p — 1) and define the
error mean square to be MSE = SSE/(n — p). Also, define the F statistic
_ MST _ SST/(p — 1)
MSE  SSE/(n — p)

and its p-value to be the area under the F curve with p — 1 and n — p degrees of freedom to the right of F.
We can reject H, in favor of H, at level of significance « if either of the following equivalent conditions holds:

1 F>F, 2 pvalue<a

Here the F, point is based on p — 1 numerator and n — p denominator degrees of freedom.
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A large value of F results when SST, which measures the between-treatment variability, is
large compared to SSE, which measures the within-treatment variability. If F is large enough, this
implies that H,, should be rejected. The rejection point F, tells us when F is large enough to allow
us to reject H,, at level of significance &. When F is large, the associated p-value is small. If this
p-value is less than «, we can reject H, at level of significance «.

The Oil Company Case: Comparing Gasoline Types

Consider the North American Oil Company data in Table 12.1. The company wishes to determine
whether any of gasoline types A, B, and C have different effects on mean Lance gasoline mileage.
That is, we wish to see whether there are any statistically significant differences between u,, tg,
and w.. To do this, we test the null hypothesis H: w, = ugz = p, which says that gasoline types
A, B, and C have the same effects on mean gasoline mileage. We test H,, versus the alternative H :
At least two of u,, g, and u differ, which says that at least two of gasoline types A, B, and C
have different effects on mean gasoline mileage.

Because we have previously computed SST to be 17.0493 and SSE to be 8.028, and because
we are comparing p = 3 treatment means, we have

SST  17.0493

MST = = = 8.525
p—1 3—-1
and
SSE 8.028
MSE = = = 0.669
n—p 15-3
It follows that
MST  8.525
=——=——=1274
MSE  0.669

In order to test H,, at the .05 level of significance, we use F; with p — 1 =3 — 1 =2 numerator
andn —p =15 — 3 =12 denominator degrees of freedom. Table A.7 (page 796) tells us that this
F point equals 3.89, so we have

F=1274>F, = 3.89

Therefore, we reject H,, at the .05 level of significance. This says we have strong evidence that at
least two of the treatment means w4, ug, and w. differ. In other words, we conclude that at least
two of gasoline types A, B, and C have different effects on mean gasoline mileage.

The results of an analysis of variance are often summarized in what is called an analysis of
variance table. This table gives the sums of squares (SS7, SSE, SSTO), the mean squares (MST
and MSE), and the F statistic and its related p-value for the ANOVA. The table also gives the
degrees of freedom associated with each source of variation—treatments, error, and total.
Table 12.3 gives the ANOVA table for the gasoline mileage problem. Notice that in the column
labeled “Sums of Squares,” the values of SST and SSE sum to SSTO.

Figure 12.2 gives the MINITAB and Excel output of an analysis of variance of the gasoline
mileage data. Note that the upper portion of the MINITAB output and the lower portion of
the Excel output give the ANOVA table of Table 12.3. Also, note that each output gives the value
F =12.74 and the related p-value, which equals .001(rounded). Because this p-value is less than
.05, we reject H at the .05 level of significance.

Pairwise comparisons If the one-way ANOVA F test says that at least two treatment means
differ, then we investigate which treatment means differ and we estimate how large the differ-
ences are. We do this by making what we call pairwise comparisons (that is, we compare treat-
ment means two at a time). One way to make these comparisons is to compute point estimates of
and confidence intervals for pairwise differences. For example, in the oil company case we
might estimate the pairwise differences u, — wg, t, — e, and py — we. Here, for instance, the
pairwise difference u, — uyz can be interpreted as the change in mean mileage achieved by
changing from using gasoline type B to using gasoline type A.
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________________________________________________________________________________________________________________________________________|
TaeLe 12.3 Analysis of Variance (ANOVA) Table for Testing H,: s, = pg = pic in the Oil Company Case
(p = 3 Gasoline Types, n = 15 Observations)

Degrees
Source of Freedom Sums of Squares Mean Squares F Statistic p-Value
Treatments p—1 i g -1 SST=17.0493 MST = ps% = % 0.001
17.0493 ~ 8.525
T 3-1 ~ 0.669
= 8.525 = 12.74
Error n—-p=15-3 SSE =8.028 MSE = SSE
=12 m =
_ 8.028
T 15-3
= 0.669
Total n—1=15-1 SSTO = 25.0773
=14
Ficure 12.2 MINITAB and Excel Output of an Analysis of Variance of the Oil Company
Gasoline Mileage Data in Table 12.1
(a) The MINITAB output
One-way ANOVA: Type A, Type B, Type C Tukey 95% Simultaneous
Source DF SS MS F P Confidence Intervals
Gas Type 2[1]| 17.049[4] 8.525[7] 12.74[9] o0.001 [10
Error 12@ 8.028@ 0.669 Type A subtracted from:
Total 14 25.077 @ Lower Center Upper
Individual 95% Type B 0.2610 1.6400 3.0190
CIs For Mean Based on Pooled StDev Type C -2.3190 -0.9400 0.439
Level N Mean Sthev ---4--------- S ) S Poso=s=
Type A 5 34.920 0.766 (=====-= Fm—————— ) Type B subtracted from:
Type B 5 36.560 0.850 (-==--- *————- ) Lower Center Upper
Type C 5 33.980 0.835 (----- —m——-- ) Type C -3.9590 -2.5800 -1.2010
e SR PooCoooooo PoCCoooooo Pocoooo
Pooled StDev = 0.818 33.6 34.8 36.0 37.2
(b) The Excel output
SUMMARY
Groups Count Sum Average Variance
Type A 5 174.6 34.92 0.587
Type B 5 182.8 36.56 0.723
Type C 5 169.9 33.98 0.697
ANOVA
Source of Variation SS df MS F P-value F crit
Between Groups 17.0493 [4] 2 8.5247 12.7424 (9| 0.0011 3.8853
Within Groups 8.0280 [ 5| 12 [2] 0.6690
Total 25.0773 [6] 14

|p—l [2]n—p B]n—1 [4]ssr [Blsse [6]ssto [Tlusr [Bluse []Fstatisic  ROpvalue relaed o 7 BY%  [E20%,  [E3)x. [14]p,

There are two approaches to calculating confidence intervals for pairwise differences. The
first involves computing the usual, or individual, confidence interval for each pairwise differ-
ence. Here, if we are computing 100(1 — &) percent confidence intervals, we are 100(1 — «) per-
cent confident that each individual pairwise difference is contained in its respective interval. That
is, the confidence level associated with each (individual) comparison is 100(1 — &) percent, and
we refer to « as the comparisonwise error rate. However, we are less than 100(1 — ) percent
confident that all of the pairwise differences are simultaneously contained in their respective
intervals. A more conservative approach is to compute simultaneous confidence intervals. Such
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intervals make us 100(1 — «) percent confident that all of the pairwise differences are simulta-
neously contained in their respective intervals. That is, when we compute simultaneous intervals,
the overall confidence level associated with all the comparisons being made in the experiment is
100(1 — &) percent, and we refer to « as the experimentwise error rate.

Several kinds of simultaneous confidence intervals can be computed. In this book we present
what is called the Tukey formula for simultaneous intervals. We do this because, if we are in-
terested in studying all pairwise differences between treatment means, the Tukey formula yields
the most precise (shortest) simultaneous confidence intervals.

Estimation in One-Way ANOVA

points of the studentized range. In this table g, is
listed corresponding to values of p and n — p. Fur-
thermore, we assume that the sample sizes n; and
n, are equal to the same value, which we denote
as m. If n; and n, are not equal, we replace

q.VMSE/m by (q./V2)VMSE[(1/n) + (1/n,)].

A point estimate of the treatment mean ; is X;

1 Consider the pairwise difference u;— m,, Which
can be interpreted to be the change in the mean
value of the response variable associated with
changing from using treatment h to using treat-
ment i. Then, a point estimate of the difference
M — My, IS X; — X, Where x; and x;, are the sample
treatment means associated with treatments i 3

and h.

A Tukey simultaneous 100(1 — «) percent confi-
dence interval for u; — p,, is

and an individual 100(1 — «) percent confidence
interval for u;is

_ MSE
X; * ta/z e
1

Here, the t, , point is based on n — p degrees of
freedom.

[(x,-—xh) . qa\/"/,’ﬂ

Here, the value g, is obtained from Table A.10
(pages 799-800), which is a table of percentage

The Oil Company Case: Comparing Gasoline Types

Part 1: Using confidence intervals 1In the gasoline mileage study, we are comparing p = 3
treatment means (u,, g, and uo). Furthermore, each sample is of size m =5, there are a total of
n =15 observed gas mileages, and the MSE found in Table 12.3 is .669. Because g ,; = 3.77 is
the entry found in Table A.10 (page 799) corresponding to p = 3 and n — p = 12, a Tukey simul-
taneous 95 percent confidence interval for u; — u, is

[(xg — %) * s /A{jEJ = [(36.56 — 34.92) + 3.77, /'6569]

= [1.64 £ 1.379]
= [.261, 3.019]

Similarly, Tukey simultaneous 95 percent confidence intervals for u, — u- and w, — . are,
respectively,

(X, — Xo) * 1.379] and
= [(34.92 — 33.98) = 1.379]

= [—0.439,2.319]

[(X — %) * 1.379]
= [(36.56 — 33.98) + 1.379]
= [1.201, 3.959]

These intervals make us simultaneously 95 percent confident that (1) changing from gasoline
type A to gasoline type B increases mean mileage by between .261 and 3.019 mpg, (2) changing
from gasoline type C to gasoline type A might decrease mean mileage by as much as .439 mpg
or might increase mean mileage by as much as 2.319 mpg, and (3) changing from gasoline type C
to gasoline type B increases mean mileage by between 1.201 and 3.959 mpg. The first and third
of these intervals make us 95 percent confident that u is at least .261 mpg greater than u, and at
least 1.201 mpg greater than .. Therefore, we have strong evidence that gasoline type B yields
the highest mean mileage of the gasoline types tested. Furthermore, noting that ¢ ,5 based on
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n—p =12 degrees of freedom is 2.179, it follows that an individual 95 percent confidence

interval for u is
| MSE [.669
|:x3 * s :| - [36.56 * 2.179 5]
ng

= [35.763, 37.357]

This interval says we can be 95 percent confident that the mean mileage obtained by using gaso-
line type B is between 35.763 and 37.357 mpg. Notice that this confidence interval is graphed on
the MINITAB output of Figure 12.2. This output also shows the 95 percent confidence intervals
for w, and u. and gives Tukey simultaneous 95 percent intervals for u, — w4, pe — w,, and
e — mp. Note that the last two Tukey intervals on the output are the “negatives” of the Tukey
intervals that we hand calculated for w, — woand pg — .

Part 2: Using hypothesis testing (optional) We next consider testing Hy: u; — p;, = 0
versus H,:u; — p, # 0. The test statistic ¢ for performing this test is calculated by dividing
X; — X, by VMSE [(1/n;) + (1/n,)]. For example, consider testing Hy: p — s = O versus
H,:up — my # 0.Since Xz — X, = 36.56 — 34.92 = 1.64 and VMSE [(1/np) + (1/n,)] =
V.669[(1/5) + (1/5)] = .5173, the test statistic ¢ equals 1.64/.5173 = 3.17. This test statistic
value is given in the leftmost portion of the following Excel add-in (MegaStat) output, as is the
test statistic value for testing Hy: uz — e = 0 (2 = 4.99) and the test statistic value for testing
Hy:py — e = 0@ = 1.82):

Tukey simultaneous comparison t-values (d.f. = 12)

Type C Type A Type B
33.98 34.92 36.56 critical values for experimentwise error rate:
Type C 33.98 0.05 2.67
Type A 34.92 1.82 0.01 3.56
Type B 36.56 4.99 3.17

If we wish to use the Tukey simultaneous comparison procedure having an experimentwise
error rate of a, we reject Hy: w; — w;, = Oin favor of H,: u; — w, # 0 if the absolute value of ¢
is greater than the critical value g,/ /2. Table A.10 (page 799) tells us that g s is 3.77 and g, is
5.04. Therefore, the critical values for experimentwise error rates of .05 and .01 are, respectively,
3.77/V2 = 2.67 and 5.04/V/2 = 3.56 (see the right portion of the MegaStat output). Suppose
we set a equal to .05. Then, since the test statistic value for testing Hy: pupy — g = 0 (2 = 3.17)
and the test statistic value for testing Hy: gy — e = 0 (t = 4.99) are greater than the critical
value 2.67, we reject both null hypotheses. This, along with the fact that x; = 36.56 is greater
than x, = 34.92 and X = 33.98, leads us to conclude that gasoline type B yields the highest
mean mileage.

In general, when we use a completely randomized experimental design, it is important to
compare the treatments by using experimental units that are essentially the same with respect to
the characteristic under study. For example, in the oil company case we have used cars of the
same type (Lances) to compare the different gasoline types, and in the supermarket case we have
used grocery stores of the same sales potential for the bakery product to compare the shelf dis-
play heights (the reader will analyze the data for this case in the exercises). Sometimes, however,
it is not possible to use experimental units that are essentially the same with respect to the char-
acteristic under study. One approach to dealing with this situation is to employ a randomized
block design. This experimental design is discussed in Section 12.3.

To conclude this section, we note that if we fear that the normality and/or equal variances as-
sumptions for one-way analysis of variance do not hold, we can use a nonparametric approach to
compare several populations. See Section 18.4 of Chapter 18.

CONCEPTS
12.1 Define the meaning of the terms response variable, factor, treatments, and experimental units.

12.2 Explain the assumptions that must be satisfied in order to validly use the one-way ANOVA formulas.
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One-Way Analysis of Variance

Ficure 12.3 MINITAB Output of a One-Way ANOVA of the Bakery Sales Data in Table 12.2

One-way ANOVA: Bakery Sales versus Display Height

Source DF
Display Height 2
Error S
Total 17
Level N Mean
Bottom 6 55.800
Middle 6 77.200
Top 6 51.500

Pooled StDev = 2.482

Ss
88

.40

28

MS F P
1136.94 184.57 0.000
6.16

Individual 95%
CIs For Mean Based on Pooled StDev

Tukey 95% Simultaneous
Confidence Intervals

Bottom subtracted from:

Lower Center Upper
Middle 17.681 21.400 25.119
Top -8.019 -4.300 -0.581

Middle subtracted from:
Lower Center Upper
Top -29.419 -25.700 -21.981

FicGure 12.4 MINITAB Output of a One-Way ANOVA of the Display Panel Study Data in Table 12.4

One-way ANOVA: Time versus Display

Source DF

Display 2 500.
Error 9 74.
Total 11 574.
Level N Mean
A 4 24.500
B 4 20.500
© 4 35.750

Pooled StDev = 2

ss

17 25
75

92
StDev
2.646
2.646
3.304

.882

MS
0.08
8ra3i!

F P
30.11 0.000

Individual 95%
CIs For Mean Based on Pooled StDev

Tukey 95% Simultaneous
Confidence Intervals

A subtracted from:

Lower Center Upper
B -9.692 -4.000 1.692
© 5.558 11.250 16.942

B subtracted from:
Lower Center Upper
© 9.558 15.250 20.942

12.3 Explain the difference between the between-treatment variability and the within-treatment
variability when performing a one-way ANOVA.

12.4 Explain why we conduct pairwise comparisons of treatment means.

METHODS AND APPLICATIONS
12.5 THE SUPERMARKET CASE @B BakeSale

Consider Example 12.2, and let ug, u,,, and w; represent the mean monthly sales when using
the bottom, middle, and top shelf display heights, respectively. Figure 12.3 gives the
MINITAB output of a one-way ANOVA of the bakery sales study data in Table 12.2

(page 429).

a Test the null hypothesis that ug, w,, and w, are equal by setting & = .05. On the basis of this
test, can we conclude that the bottom, middle, and top shelf display heights have different
effects on mean monthly sales?

b Consider the pairwise differences w,, — g, ity — tp, and py — u,,. Find a point estimate of
and a Tukey simultaneous 95 percent confidence interval for each pairwise difference. Interpret
the meaning of each interval in practical terms. Which display height maximizes mean sales?

¢ Find 95 percent confidence intervals for w, w,, and u,. Interpret each interval.

——
12.6 A study compared three different display panels for use by air traffic controllers. Each display TABLE 12.4
panel was tested in a simulated emergency condition; 12 highly trained air traffic controllers took . )
. ; . L Display Panel
part in the study. Four controllers were randomly assigned to each display panel. The time (in
seconds) needed to stabilize the emergency condition was recorded. The results of the study are Study.Data
given in Table 12.4. Let w,, g, and u. represent the mean times to stabilize the emergency condi- @D Display
tion when using display panels A, B, and C, respectively. Figure 12.4 gives the MINITAB output Display Panel
of a one-way ANOVA of the display panel data @B Display A B C
a Test the null hypothesis that u,, g, and u . are equal by setting « = .05. On the basis of this
. . . 21 24 40
test, can we conclude that display panels A, B, and C have different effects on the mean time to 27 21 36
stabilize the emergency condition? 24 18 35
b Consider the pairwise differences wy — w4, e — sy, and s — pp. Find a point estimate of and % 19 32

a Tukey simultaneous 95 percent confidence interval for each pairwise difference. Interpret the
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I _________________________________________________________________________________________________________________|
TABLE 12.5 Ficure 12.5 Excel Output of a One-Way ANOVA of the Bottle Design Study Data
Bottle Design

SUMMARY

Study Data Groups Count Sum Average Variance
@B BottleDes DESIGN A 5 83 16.6 5.3

Bottle Design DESIGN B 5 164 32.8 9.2
A B C DESIGN C 5 124 24.8 8.2
16 33 23 ANOVA
18 31 27 Source of Variation SS df Ms F P-Value F crit
19 37 21 Between Groups 656.1333 2 328.0667 43.35683 3.23E-06 3.88529
17 29 28 Within Groups 90.8 12 7.566667
13 34 25 Total 746.9333 14

______________________________________________________________________________________________________________________________________________|]
FiIGure 12.6 Excel Output of a One-Way ANOVA of the Golf Ball Durability Data

SUMMARY Tukey simultaneous comparison t-values (d.f. = 16)
Groups Count Sum  Average \Variance Century Alpha Best Divot
Alpha 5 1268 253.6 609.3 C i 241.8 253.6 306.4 336.6

entury g
Best 5 1532 306.4 740.3 Alpha 2536 076
Century 5 1209 241.8 469.7 Best 306.4 4.15 3.39
Divot 5 1683 336.6 605.3 Divot 336.6 6.09 5.33 1.94

Critical values for

ANOVA experimentwise error rate:
Source of Variation SS df MS F P-Value F crit g'g? ;'23
Between Groups 29860.4 3 9953.4667 16.420798  3.853E-05  3.2388715
Within Groups 9698.4 16 606.15
Total 39558.8 19

results by describing the effects of changing from using each display panel to using each of
the other panels. Which display panel minimizes the time required to stabilize the emergency
condition?

12.7 A consumer preference study compares the effects of three different bottle designs (A, B, and C) on
sales of a popular fabric softener. A completely randomized design is employed. Specifically, 15
supermarkets of equal sales potential are selected, and 5 of these supermarkets are randomly assigned
to each bottle design. The number of bottles sold in 24 hours at each supermarket is recorded. The
data obtained are displayed in Table 12.5. Let u,, w5, and - represent mean daily sales using bottle
designs A, B, and C, respectively. Figure 12.5 gives the Excel output of a one-way ANOVA of the
bottle design study data. @ BottleDes
a Test the null hypothesis that u,, wg, and uc are equal by setting « = .05. That is, test for

statistically significant differences between these treatment means at the .05 level of
significance. Based on this test, can we conclude that bottle designs A, B, and C have different
effects on mean daily sales?

|
TABLE 12.6
Golf Ball Durability
Test Results

@ GolfBall b Consider the pairwise differences uy — . e — M4, and pe — . Find a point estimate of and
Brand a Tukey simultaneous 95 percent confidence interval for each pairwise difference. Interpret the
Alpha Best results in practical terms. Which bottle design maximizes mean daily sales?
281 270 ¢ Find and interpret a 95 percent confidence interval for each of the treatment means w4, tz, and ..
220 334 12.8 In order to compare the durability of four different brands of golf balls (ALPHA, BEST,
274 307 CENTURY, and DIVOT), the National Golf Association randomly selects five balls of each brand
242 290 and places each ball into a machine that exerts the force produced by a 250-yard drive. The
251 331 number of simulated drives needed to crack or chip each ball is recorded. The results are given in
Table 12.6. The Excel output of a one-way ANOVA of these data is shown in Figure 12.6. Test for
Century Divot statistically significant differences between the treatment means fay pya» Mppsts ACENTURY> 20D
218 364 Mpvor- Set a =.05. B GolfBall
;;: ;gi 12.9 Perform pairwise comparisons of the treatment means in Exercise 12.8 by (1) Using Tukey
— = simultaneous 95 percent confidence intervals (2) Optionally using ¢ statistics and critical values
249 355 (see the right side of Figure 12.6 and page 436). Which brands are most durable? Find and inter-

pret a 95 percent confidence interval for each of the treatment means.
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12.3 The Randomized Block Design ® @ ® LO12-3 Compare

treatment
Not all experiments employ a completely randomized design. For instance, suppose that when we  effects and block

employ a completely randomized design, we fail to reject the null hypothesis of equality of treatment ~ effects by using a
means because the within-treatment variability (which is measured by the SSE) is large. This could randomized block
happen because differences between the experimental units are concealing true differences between — design.

the treatments. We can often remedy this by using what is called a randomized block design.

The Cardboard Box Case: Comparing Production Methods G

The Universal Paper Company manufactures cardboard boxes. The company wishes to investigate
the effects of four production methods (methods 1, 2, 3, and 4) on the number of defective boxes pro-
duced in an hour. To compare the methods, the company could utilize a completely randomized
design. For each of the four production methods, the company would select several (say, as an exam-
ple, three) machine operators, train each operator to use the production method to which he or she
has been assigned, have each operator produce boxes for one hour, and record the number of defec-
tive boxes produced. The three operators using any one production method would be different from
those using any other production method. That is, the completely randomized design would utilize
a total of 12 machine operators. However, the abilities of the machine operators could differ sub-
stantially. These differences might tend to conceal any real differences between the production meth-
ods. To overcome this disadvantage, the company will employ a randomized block experimental
design. This involves randomly selecting three machine operators and training each operator thor-
oughly to use all four production methods. Then each operator will produce boxes for one hour using
each of the four production methods. The order in which each operator uses the four methods should
be random. We record the number of defective boxes produced by each operator using each method.
The advantage of the randomized block design is that the defective rates obtained by using the four
methods result from employing the same three operators. Thus any true differences in the effective-
ness of the methods would not be concealed by differences in the operators’ abilities.

When Universal Paper employs the randomized block design, it obtains the 12 defective
box counts in Table 12.7. We let x;; denote the number of defective boxes produced by machine
operator j using production method i. For example, x5, = 5 says that 5 defective boxes were pro-
duced by machine operator 2 using production method 3 (see Table 12.7). In addition to the 12 de-
fective box counts, Table 12.7 gives the sample mean of these 12 observations, which is
x = 7.5833, and also gives sample treatment means and sample block means. The sample treat-
ment means are the average defective box counts obtained when using production methods 1, 2, 3,
and 4. Denoting these sample treatment means as X., X,., X3., and x4., we see from Table 12.7 that
x. = 10.3333, x,. = 10.3333, x3. = 5.0, and x4. = 4.6667. Because X;. and x,. are less than
X,. and X,., we estimate that the mean number of defective boxes produced per hour by production
method 3 or 4 is less than the mean number of defective boxes produced per hour by production
method 1 or 2. The sample block means are the average defective box counts obtained by machine
operators 1, 2, and 3. Denoting these sample block means as ., X.,, and X.;, we see from Table 12.7
that x., = 6.0, x., = 7.75, and x.; = 9.0. Because x.,, X.,, and x.; differ, we have evidence that
the abilities of the machine operators differ and thus that using the machine operators as blocks is
reasonable.

______________________________________________________________________________________________________________________________________________|]
TasLe 12.7 Numbers of Defective Cardboard Boxes Obtained by Production Methods 1, 2, 3, and 4 and Machine
Operators 1,2, and 3 @B CardBox

Treatment Block (Machine Operator) Sample Treatment
(Production Method) 1 2 3 Mean

1 9 10 12 10.3333

2 8 1 12 10.3333

3 3 5 7 5.0

4 4 5 5 4.6667

Sample Block Mean 6.0 7.75 9.0 X = 7.5833
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In general, a randomized block design compares p treatments (for example, production
methods) by using b blocks (for example, machine operators). Each block is used exactly once to
measure the effect of each and every treatment. The advantage of the randomized block design
over the completely randomized design is that we are comparing the treatments by using the
same experimental units. Thus any true differences in the treatments will not be concealed by dif-
ferences in the experimental units.

In order to analyze the data obtained in a randomized block design, we define

x; = the value of the response variable observed when block j uses treatment i
X;» = the mean of the b values of the response variable observed when using treatment i
X.; = the mean of the p values of the response variable observed when using block j

X = the mean of the total of the bp values of the response variable that we have observed
in the experiment

The ANOVA procedure for a randomized block design partitions the total sum of squares
(SSTO) into three components: the treatment sum of squares (SS7'), the block sum of squares
(SSB), and the error sum of squares (SSE). The formula for this partitioning is

SSTO = SST + SSB + SSE

We define each of these sums of squares and show how they are calculated for the defective card-
board box data as follows (note that p = 4 and b = 3):

Step 1: Calculate SST, which measures the amount of between-treatment variability:
P
SST = b > (x.— X)°
i=1

=3[(x.— X+ K. — X+ G — X0+ (X — X7
3[(10.3333 — 7.5833)> + (10.3333 — 7.5833)"

+(5.0 — 7.5833) + (4.6667 — 7.5833)%]
90.9167

Step 2: Calculate SSB, which measures the amount of variability due to the blocks:
b
SSB=p> & — x)
j=1

=4[(x, — X+ Ky — X+ Xy — )7
= 4[(6.0 — 7.5833)> + (7.75 — 7.5833)* + (9.0 — 7.5833)%]
= 18.1667

Step 3: Calculate SSTO, which measures the total amount of variability:

p b

> >y — X

i=1j=1
(9 — 7.5833)> + (10 — 7.5833)% + (12 — 7.5833)2
+ (8 —7.5833)? + (11 — 7.5833)? + (12 — 7.5833)?
+ (3 —7.5833)2 + (5 — 7.5833)> + (7 — 7.5833)*
+ (4 —7.5833) + (5 — 7.5833)* + (5 — 7.5833)2
=112.9167

SSTO

Step 4: Calculate SSE, which measures the amount of variability due to the error:
SSE = SSTO — SST — SSB
=112.9167 — 90.9167 — 18.1667
=3.8333

These sums of squares are shown in Table 12.8, which is the ANOVA table for a randomized
block design. This table also gives the degrees of freedom, mean squares, and F statistics used to
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|
TaeLe 12.8 Randomized Block ANOVA Table for the Defective Box Data

Source of Degrees of Sum of Mean
Variation Freedom Squares Square F
SST MST

Treatments p—1=3 SST = 90.9167 MST = pj = 30.3056 F(treatments) = WSE — 47.4348
Blocks b-1=2 S5B = 18.1667 MSB = bSS% = 9.0833 F(blocks) = % = 14.2174
Error (p—Nb-1)=6 SSE = 3.8333 MSE = _SE =.6389

(p—NDb-1)
Total pb—1=11 SSTO = 112.9167

test the hypotheses of interest in a randomized block experiment, as well as the values of these
quantities for the defective cardboard box data.

Of main interest is the test of the null hypothesis H,, that no differences exist between the
treatment effects on the mean value of the response variable versus the alternative hypoth-
esis H, that at least two treatment effects differ. We can reject H, in favor of H, at level of
significance « if F(treatments) is greater than the F, point based on p — 1 numerator and
(p — 1)(b — 1) denominator degrees of freedom. In the defective cardboard box case, F 5 based
on p — 1 =3 numerator and (p — 1)(b — 1) = 6 denominator degrees of freedom is 4.76 (see
Table A.7, page 796). Because F(treatments) = 47.4348 (see Table 12.8) is greater than F,; = 4.76,
we reject Hy at the .05 level of significance. Therefore, we have strong evidence that at least
two production methods have different effects on the mean number of defective boxes pro-
duced per hour.

It is also of interest to test the null hypothesis H,, that no differences exist between the block
effects on the mean value of the response variable versus the alternative hypothesis H, that at
least two block effects differ. We can reject H,, in favor of H, at level of significance « if
F(blocks) is greater than the F,, point based on b — 1 numerator and (p — 1)(b — 1) denominator
degrees of freedom. In the defective cardboard box case, Fs based on b — 1 = 2 numerator and
(p — 1)(b — 1) = 6 denominator degrees of freedom is 5.14 (see Table A.7, page 796). Because
F(blocks) = 14.2174 (see Table 12.8) is greater than F s = 5.14, we reject H,, at the .05 level of
significance. Therefore, we have strong evidence that at least two machine operators have different
effects on the mean number of defective boxes produced per hour.

Figure 12.7 gives the MINITAB and Excel outputs of a randomized block ANOVA of the
defective cardboard box data. The p-value of .000 (<.001) related to F(treatments) provides
extremely strong evidence of differences in production method effects. The p-value of .0053
related to F(blocks) provides very strong evidence of differences in machine operator effects.

If, in a randomized block design, we conclude that at least two treatment effects differ, we can
perform pairwise comparisons to determine how they differ.

Point Estimates and Confidence Intervals in a Randomized Block ANOVA

C onsider the difference between the effects of treatments i and h on the mean value of
the response variable. Then:

1 A point estimate of this difference is X. — X, Here the value g, is obtained from Table A.10
(pages 799-800), which is a table of percentage
points of the studentized range. In this table g,
is listed corresponding to values of p and
(p—Nb-1).

2 A Tukey simultaneous 100(1 — a) percent confi-
dence interval for this difference is

[(x,-. ~ %) * q, JE}
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MINITAB and Excel Outputs of a Randomized Block ANOVA of the Defective Box Data

(a) The MINITAB Output

Method

1
.000
.000
.000
.000
All 6.000

Rows:

B W N R
> W o v

Two-way ANOVA:

Source DF
Method 3
Operator 2
Error 6
Total 11

Columns: Operator
2

10.000 12.

11.000 12.
5.000
5.000
7.750

7.
5.
9.

Rejects versus Method, Operator

(b) The Excel output

Ss

90.917 [1]
18.167 [2]

3.833[3]

112.917 [4]

ANOVA: Two-Factor Without Replication

Summary
Method1
Method2
Method3
Method4

Operator1

Operator2
Operator3

ANOVA

Count

3

3
3
3

N

Source of Variation

Method
Operator
Error
Total

Sum
31
31

5
14

24
31
36

SS

90.9167
18.1667 [2]

3.8333
112.9167 [4]

11

3 aAll
000 10.333
000 10.333
000 5.000
000 4.667
000 7.583
MS
30.3056 [5]
9.0833 [6]
0.6389
Average
10.3333
10.3333
5
4.6667
6
7.75
9 [1g]
df MS
3 30.3056 [5]
2 9.0833 [6]
6 0.6389

Method Mean Operator Mean
1 10.3333 1 6.00
2 10.3333 2 7.75
3 5.0000 3 9.00
4 4.6667
F P
47.43 0.000[9]
14.22 0.005
Variance
2.3333
4.3333
4
0.3333
8.6667
10.25
12.6667
F P-value F crit
47.4348 0.0001 [2] 4.7571
14.2174 0.0053 5.1433

F (blocks) p-value for F(blocks)

[1]SST [2]SSB [3]|SSE [4]SSTO [5|MST [6|MSB [7|MSE [8]F(treatments) [9 |p-value for F(treatments)
[12)x. (3. 4% [15%. [Lex, [17x, [1gx,

The Cardboard Box Case: Comparing Production Methods

We have previously concluded that we have extremely strong evidence that at least two produc-
tion methods have different effects on the mean number of defective boxes produced per hour.
We have also seen that the sample treatment means are x;. = 10.3333, x,. = 10.3333, x;. = 5.0,
and x,. = 4.6667. Because X,. is the smallest sample treatment mean, we will use Tukey simulta-
neous 95 percent confidence intervals to compare the effect of production method 4 with the ef-
fects of production methods 1, 2, and 3. To compute these intervals, we first note that ¢ os = 4.90
is the entry in Table A.10 (page 799) corresponding to p = 4 and (p — 1)(b — 1) = 6. Also, note
that the MSE found in the randomized block ANOVA table is .6389 (see Figure 12.7), which im-
plies that s = V.6389 = .7993. It follows that a Tukey simultaneous 95 percent confidence in-
terval for the difference between the effects of production methods 4 and 1 on the mean number
of defective boxes produced per hour is

[(xm — X)) = qos \;[;J

|:(4.6667 — 10.3333) = 4.90<

[—5.6666 * 2.2615]
[—7.9281, —3.4051]

7993

V3

)
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Furthermore, it can be verified that a Tukey simultaneous 95 percent confidence interval for the
difference between the effects of production methods 4 and 2 on the mean number of defective
boxes produced per hour is also [—7.9281, —3.4051]. Therefore, we can be 95 percent confident
that changing from production method 1 or 2 to production method 4 decreases the mean number
of defective boxes produced per hour by a machine operator by between 3.4051 and 7.9281 boxes.
A Tukey simultaneous 95 percent confidence interval for the difference between the effects of
production methods 4 and 3 on the mean number of defective boxes produced per hour is

[(x4e — Xx3.) £ 2.2615] = [(4.6667 — 5) £ 2.2615]
= [—2.5948, 1.9282]

This interval tells us (with 95 percent confidence) that changing from production method 3 to
production method 4 might decrease the mean number of defective boxes produced per hour by
asmany as 2.5948 boxes or might increase this mean by as many as 1.9282 boxes. In other words,
because this interval contains 0, we cannot conclude that the effects of production methods 4 and
3 differ.

CONCEPTS

12.10 In your own words, explain why we sometimes employ the randomized block design.
12.11 Describe what SSTO, SST, SSB, and SSE measure.

12.12 How can we test to determine if the blocks we have chosen are reasonable?

METHODS AND APPLICATIONS

12.13 A marketing organization wishes to study the effects of four sales methods on weekly sales of a
product. The organization employs a randomized block design in which three salesman use each
sales method. The results obtained are given in Figure 12.8, along with the Excel output of a ran-
domized block ANOVA of these data. B SaleMeth
a Test the null hypothesis H|, that no differences exist between the effects of the sales methods

(treatments) on mean weekly sales. Set & = .05. Can we conclude that the different sales
methods have different effects on mean weekly sales?

b Test the null hypothesis H, that no differences exist between the effects of the salesmen
(blocks) on mean weekly sales. Set & = .05. Can we conclude that the different salesmen
have different effects on mean weekly sales?

¢ Use Tukey simultaneous 95 percent confidence intervals to make pairwise comparisons of the
sales method effects on mean weekly sales. Which sales method(s) maximize mean weekly
sales?

Ficure 12.8 The Sales Method Data and the Excel Output of a Randomized Block ANOVA (B SaleMeth

ANOVA: Two-Factor without Replication

Salesman, j
Sales Method, i A B C SUMMARY Count Sum Average Variance
1 32 29 30 Method 1 3 91 30.3333 2.3333
2 32 30 28 Method 2 3 90 30 4
3 28 25 23 Method 3 3 76 25.3333 6.3333
4 25 24 23 Method 4 3 72 24 1
Salesman A 4 117 29.25 11.5833
Salesman B 4 108 27 8.6667
Salesman C 4 104 26 12.6667
ANOVA
Source of Variation SS df MS F P-value F crit
Rows 93.5833 3 31.1944 36.2258 0.0003 4.7571
Columns 22.1667 2 11.0833 12.8710 0.0068 5.1433
Error 5.1667 6 0.8611

Total 120.9167 1
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| |
TAasLE 12.9 Results of a Bottle Design Experiment TasLE 12.10 Results of a Keyboard Experiment
@D BottleDes2 @ Keyboard
Supermarket, j Keyboard Brand

Bottle Design, i 1 2 3 4 Data Entry

A 16 14 1 6 Specialist A B C

B 33 30 19 23 1 77 67 63

C 23 21 8 12 2 71 62 59
3 74 63 59
4 67 57 54

12.14 A consumer preference study involving three different bottle designs (A, B, and C) for the jumbo
size of a new liquid laundry detergent was carried out using a randomized block experimental
design, with supermarkets as blocks. Specifically, four supermarkets were supplied with all three
bottle designs, which were priced the same. Table 12.9 gives the number of bottles of each
design sold in a 24-hour period at each supermarket. If we use these data, SST, SSB, and SSE can
be calculated to be 586.1667, 421.6667, and 1.8333, respectively. @ BottleDes2
a Test the null hypothesis H|, that no differences exist between the effects of the bottle designs

on mean daily sales. Set & = .05. Can we conclude that the different bottle designs have
different effects on mean sales?

b Test the null hypothesis H, that no differences exist between the effects of the supermarkets
on mean daily sales. Set & = .05. Can we conclude that the different supermarkets have
different effects on mean sales?

¢ Use Tukey simultaneous 95 percent confidence intervals to make pairwise comparisons of the
bottle design effects on mean daily sales. Which bottle design(s) maximize mean sales?

12.15 To compare three brands of computer keyboards, four data entry specialists were randomly

selected. Each specialist used all three keyboards to enter the same kind of text material for

10 minutes, and the number of words entered per minute was recorded. The data obtained are

given in Table 12.10. If we use these data, SST, SSB, and SSE can be calculated to be 392.6667,

143.5833, and 2.6667, respectively. @ Keyboard

a Test the null hypothesis H|, that no differences exist between the effects of the keyboard
brands on the mean number of words entered per minute. Set a = .05.

b Test the null hypothesis H, that no differences exist between the effects of the data entry
specialists on the mean number of words entered per minute. Set a = .05.

¢ Use Tukey simultaneous 95 percent confidence intervals to make pairwise comparisons of the
keyboard brand effects on the mean number of words entered per minute. Which keyboard
brand maximizes the mean number of words entered per minute?

12.16 The Coca-Cola Company introduced New Coke in 1985. Within three months of this introduc-
tion, negative consumer reaction forced Coca-Cola to reintroduce the original formula of Coke as
Coca-Cola Classic. Suppose that two years later, in 1987, a marketing research firm in Chicago
compared the sales of Coca-Cola Classic, New Coke, and Pepsi in public building vending
machines. To do this, the marketing research firm randomly selected 10 public buildings in
Chicago having both a Coke machine (selling Coke Classic and New Coke) and a Pepsi machine.

FiIcure 12.9 The Coca-Cola Data and a MINITAB Output of a Randomized Block ANOVA of the Data

Building

1 2 3 4 5 6 7 8 9 10
Coke Classic 45 136 134 41 146 33 71 224 11 87
New Coke 6 114 56 14 39 20 42 156 61 140
Pepsi 24 90 100 43 51 42 68 131 74 107
Two-way ANOVA: Cans versus Drink, Building Descriptive Statistics: Cans
Source DF Ss MS F P Variable Drink Mean
Drink 2 7997.6 3998.80 5.78 0.011 Cans Coke Classic 102.8
Building 9 55573.5 6174.83 8.93 0.000 New Coke 64.8
Error 18 12443.7 691.32 Pepsi 73.0

Total 29 76014.8
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The data—in number of cans sold over a given period of time—and a MINITAB randomized

block ANOVA of the data are given in Figure 12.9. @ Coke

a Test the null hypothesis H|, that no differences exist between the mean sales of Coca-Cola
Classic, New Coke, and Pepsi in Chicago public building vending machines. Set o = .05.

b Make pairwise comparisons of the mean sales of Coca-Cola Classic, New Coke, and Pepsi in
Chicago public building vending machines by using Tukey simultaneous 95 percent confi-
dence intervals.

¢ By the mid-1990s the Coca-Cola Company had discontinued making New Coke and had re-
turned to making only its original product. Is there evidence in the 1987 study that this might
happen? Explain your answer.

12.4 Two-Way Analysis of Variance ® @ ® |24 Assess the

effects of
Many response variables are affected by more than one factor. Because of this we must often con-  two factors on a

duct experiments in which we study the effects of several factors on the response. In this section  response variable
we consider studying the effects of two factors on a response variable. To begin, recall that in by using a two-way
Example 12.2 we discussed an experiment in which the Tastee Bakery Company investigated the ~ analysis of variance.
effect of shelf display height on monthly demand for one of its bakery products. This one-factor

experiment is actually a simplification of a two-factor experiment carried out by the Tastee

Bakery Company. We discuss this two-factor experiment in the following example.

The Supermarket Case: Comparing Display Heights and Widths G

The Tastee Bakery Company supplies a bakery product to many metropolitan supermarkets. The
company wishes to study the effects of two factors—shelf display height and shelf display
width—on monthly demand (measured in cases of 10 units each) for this product. The factor
“display height” is defined to have three levels: B (bottom), M (middle), and 7 (top). The factor
“display width” is defined to have two levels: R (regular) and W (wide). The treatments in this
experiment are display height and display width combinations. These treatments are

BR BW MR MW TR TW

Here, for example, the notation BR denotes the treatment “bottom display height and regular dis-
play width.” For each display height and width combination the company randomly selects a sam-
ple of m = 3 metropolitan area supermarkets (all supermarkets used in the study will be of equal
sales potential). Each supermarket sells the product for one month using its assigned display height
and width combination, and the month’s demand for the product is recorded. The six samples ob-
tained in this experiment are given in Table 12.11 on the next page. We let x;;, denote the monthly
demand obtained at the kth supermarket that used display height i and display width j. For ex-
ample, x,.,, = 78.4 is the monthly demand obtained at the second supermarket that used a mid-
dle display height and a wide display.

In addition to giving the six samples, Table 12.11 gives the sample treatment mean for each
display height and display width combination. For example, xzr = 55.9 is the mean of the sam-
ple of three demands observed at supermarkets using a bottom display height and a regular dis-
play width. The table also gives the sample mean demand for each level of display height (B, M,
and T') and for each level of display width (R and W). Specifically,

Xg. = 55.8 = the mean of the six demands observed when using a bottom display height

- = 717.2 = the mean of the six demands observed when using a middle display height

=1

7. = 51.5 = the mean of the six demands observed when using a top display height
X.z = 60.8 = the mean of the nine demands observed when using a regular display width

Xy = 62.2 = the mean of the nine demands observed when using a wide display

Finally, Table 12.11 gives x = 61.5, which is the overall mean of the total of 18 demands observed
in the experiment. Because X,. = 77.2 is considerably larger than Xz. = 55.8 and x. =51.5,
we estimate that mean monthly demand is highest when using a middle display height. Because
X.g = 60.8 and x.y = 62.2 do not differ by very much, we estimate there is little difference between
the effects of a regular display width and a wide display on mean monthly demand.
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Six Samples of Monthly Demands for Ficure 12.10 Graphical Analysis of the Bakery

TaBLE 12.11
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a Bakery Product @B BakeSale2 Demand Data
Display Width
Display Height R w
B 58.2 55.7
53.7 52.5
55.8 58.9 & 85
Xgr = 55.9 Xew=55.7 X =55.8 g 804
S 754
M 73.0 76.2 S 70 -
78.1 78.4 £ 65
75.4 82.1 T 60
Xr =755  Kyw=789  Xp.=77.2 z gg ]
T 52.4 54.0 g— 45 ~
49.7 52.1 a8 <
50.9 49.9
Xz =51.0 Xrw = 52.0 Xr.=51.5
Xz =60.8 Xy = 62.2 X=61.5

LO12-5 Describe
what

happens when two

factors interact.

Figure 12.10 presents a graphical analysis of the bakery demand data. In this figure we plot,
for each display width (R and W), the change in the sample treatment mean demand associated
with changing the display height from bottom (B) to middle (M) to top (7). Note that, for either
a regular display width (R) or a wide display (W), the middle display height (M) gives the high-
est mean monthly demand. Also, note that, for either a bottom, middle, or top display height,
there is little difference between the effects of a regular display width and a wide display on mean
monthly demand. This sort of graphical analysis is useful for determining whether a condition
called interaction exists. In general, for two factors that might affect a response variable, we say
that interaction exists if the relationship between the mean response and one factor depends
on the other factor. This is clearly true in the leftmost figure below:

Mean Mean
response response
Level 1 Level 1
of factor 2 of factor 2
Level 2 Level 2
of factor 2 of factor 2
1 1 1 1 1 1
1 2 3 1 2 3
Levels of factor 1 Levels of factor 1

Specifically, this figure shows that at levels 1 and 3 of factor 1, level 1 of factor 2 gives the high-
est mean response, while at level 2 of factor 1, level 2 of factor 2 gives the highest mean
response. On the other hand, the parallel line plots in the rightmost figure indicate a lack of
interaction between factors 1 and 2. Because the sample mean plots in Figure 12.10 look nearly
parallel, we might intuitively conclude that there is little or no interaction between display height
and display width.

Suppose we wish to study the effects of two factors on a response variable. We assume that the
first factor, which we refer to as factor 1, has a levels (levels 1, 2, . . . , a). Further, we assume that
the second factor, which we will refer to as factor 2, has b levels (levels 1, 2, . . ., b). Here a treat-
ment is considered to be a combination of a level of factor 1 and a level of factor 2. It follows
that there are a total of ab treatments, and we assume that we will employ a completely random-
ized experimental design in which we will assign m randomly selected experimental units to each
treatment. This procedure results in our observing m values of the response variable for each of the
ab treatments, and in this case we say that we are performing a two-factor factorial experiment.
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In addition to graphical analysis, two-way analysis of variance (two-way ANOVA) is a
useful tool for analyzing the data from a two-factor factorial experiment. To explain the ANOVA
approach for analyzing such an experiment, we define

X;; = the kth value of the response variable observed when using level i of factor 1 and
level j of factor 2
X; = the mean of the m values observed when using the ith level of factor 1 and the jth
level of factor 2
X, = the mean of the bm values observed when using the ith level of factor 1
X.; = the mean of the am values observed when using the jth level of factor 2

X = the mean of the abm values that we have observed in the experiment

The ANOVA procedure for a two-factor factorial experiment partitions the total sum of squares
(SSTO) into four components: the factor 1 sum of squares—SS(1), the factor 2 sum of
squares—SS(2), the interaction sum of squares—SS(int), and the error sum of squares—SSE.
The formula for this partitioning is as follows:

SSTO = §S(1) + SS(2) + SS(int) + SSE

We define each of these sums of squares and show how they are calculated for the bakery demand
data as follows (note thata = 3,b = 2,and m = 3):

a b

Step 1: Calculate SSTO, which measures the total amount of variability:

m

-2

E(xzj,k - X)
i=1j=1k=1

= (582 — 61.5)> + (53.7 — 61.5)* + --- + (49.9 — 61.5)" = 2,366.28

SSTO

Step 2: Calculate SS(1), which measures the amount of variability due to the different levels of
factor 1:

SS(1) = bm >, (% — X
i=1
= 23[@ — 0> + @ — 0° + Gp — 07
6[(55.8 — 61.5)> + (77.2 — 61.5)> + (51.5 — 61.5)*] = 2,273.88

Step 3: Calculate SS(2), which measures the amount of variability due to the different levels of
factor 2:

S$S(2)

b
am E (x; — i)z
j=1
=3-3[(Xp — 0> + Gy — X7
= 9[(60.8 — 61.5)* + (62.2 — 61.5)’] = 8.82

Step 4: Calculate SS(int), which measures the amount of variability due to the interaction
between factors 1 and 2:

a b
m Y, > 0 —

i=1j=1

- 2
. Xy T X)

SS(int)

Il
|

= 3[(Xggr — Xp — Xog + X)* + gy — Xgo — Xy + X)°

+ Fygg = Xppe — Xog + 02+ @y — X — oy + 0)°

+ (Xpp — Xpo — Xog + 0+ Gpy — Xpo — Xy + 07

3[(55.9 — 55.8 — 60.8 + 61.5)* + (55.7 — 55.8 — 62.2 + 61.5)

+ (755 — 77.2 — 60.8 + 61.5)* + (789 — 77.2 — 62.2 + 61.5)

+ (51.0 — 51.5 — 60.8 + 61.5)> + (52.0 — 51.5 — 62.2 + 61.5)°] = 10.08
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Two-Way ANOVA Table for the Bakery Demand Data

TABLE 12.12

Source of
Variation

Factor 1

Factor 2

Interaction

Error

Total

Degrees of Sum of
Freedom Squares Mean Square F

_ B _S85(1) _ msq)
a—-1=2 SS(1) = 2,273.88 MS(1) = o1 1136.94 F(1) = “MSE 185.6229

B B 852 _ Ms(2)
b—1=1 SS(2) = 8.82 MS(2) = bo1_ 8.82 F(2) = MSE 1.44

_ o o ssiint) . MS(int)

@-1Nb-1)=2 SS(int) = 10.08 MS(int) = 7(6 b1 5.04 F(int) = MSE .8229
b(m—1) =12 SSE = 73.50 MSE—L—GQS
anim= 1= - T abm-1)
abm—1=17 SSTO = 2,366.28

Step 5: Calculate SSE, which measures the amount of variability due to the error:

SSE = SSTO — SS(1) — §S(2) — SS(int)
=2,366.28 —2,273.88 — 8.82 — 10.08 = 73.50

These sums of squares are shown in Table 12.12, which is called a two-way analysis of variance
(ANOVA) table. This table also gives the degrees of freedom, mean squares, and F' statistics
used to test the hypotheses of interest in a two-factor factorial experiment, as well as the values
of these quantities for the shelf display data.

We first test the null hypothesis H, that no interaction exists between factors 1 and 2 versus
the alternative hypothesis H, that interaction does exist. We can reject H, in favor of H, at
level of significance « if F(int) is greater than the F, point based on (a — 1)(b — 1) numerator
and ab(m — 1) denominator degrees of freedom. In the supermarket case, F;; based on
(a — 1)(b — 1) = 2 numerator and ab(m — 1) = 12 denominator degrees of freedom is 3.89 (see
Table A.7, page 796). Because F(int) = .8229 (see Table 12.12) is less than F ;= 3.89, we
cannot reject H|, at the .05 level of significance. We conclude that little or no interaction exists
between shelf display height and shelf display width. That is, we conclude that the relationship
between mean demand for the bakery product and shelf display height depends little (or not at
all) on the shelf display width. Further, we conclude that the relationship between mean demand
and shelf display width depends little (or not at all) on the shelf display height. Therefore, we
can test the significance of each factor separately.

To test the significance of factor 1, we test the null hypothesis H,, that no differences exist
between the effects of the different levels of factor 1 on the mean response versus the alterna-
tive hypothesis H, that at least two levels of factor 1 have different effects. We can reject H,
in favor of H, at level of significance « if F(1) is greater than the F,, point based on a — 1 numer-
ator and ab(m — 1) denominator degrees of freedom. In the supermarket case, F; based on
a — 1 =72 numerator and ab(m — 1) =12 denominator degrees of freedom is 3.89. Because
F(1) = 185.6229 (see Table 12.12) is greater than F,; = 3.89, we can reject H, at the .05 level of
significance. Therefore, we have strong evidence that at least two of the bottom, middle, and top
display heights have different effects on mean monthly demand.

To test the significance of factor 2, we test the null hypothesis H,, that no differences exist
between the effects of the different levels of factor 2 on the mean response versus the alterna-
tive hypothesis H, that at least two levels of factor 2 have different effects. We can reject H,
in favor of H, at level of significance « if F(2) is greater than the F, point based on b — 1
numerator and ab(m — 1) denominator degrees of freedom. In the supermarket case, F ;5 based
on b — 1 = 1 numerator and ab(m — 1) = 12 denominator degrees of freedom is 4.75. Because
F(2) = 1.44 (see Table 12.12) is less than F s =4.75, we cannot reject H,, at the .05 level of
significance. Therefore, we do not have strong evidence that the regular display width and the
wide display have different effects on mean monthly demand.
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FIGURE 12.11

(a) The MINITAB Output

MINITAB and Excel Outputs of a Two-Way ANOVA of the Bakery Demand Data

Rows : Height Columns : Width
Cell Contents : Demand : Mean
Regular wide All Height Mean width
Bottom 55.90 55.70 55.80 Bottom 55.8 Regular
Middle 75.50 78.90 77.20 Middle 77.2 17 Wide
Top 51.00 52.00 51.50 Top 51.5[1g
All 60.80 62.20 61.50
Two-way ANOVA: Demand versus Height, Width
Source DF SS MS F P
Height 2 2273.88[1] 1136.94 [6] 185.62 0.000 [11]
Width 1 8.82[2] 8.82[7] 1.44 [12] 0.253
Interaction 2 10.08 [3] 5.04 [8] 0.82 0.462 [15
Error 12 73.50 [4] 6.12[9]
Total 17 2366.28[5]
(b) The Excel Output
ANOVA: Two-Factor With Replication
SUMMARY Regular Wide Total
Bottom
Count 3 3 6
Sum 167.7 167.1 334.8
Average 55.9 55.7 55.8
Variance 5.07 10.24 6.136
Middle
Count 3 3 6
Sum 226.5 236.7 463.2
Average 75.5 78.9 77.2
Variance 6.51 8.89 9.628
Top
Count 3 3 6
Sum 153.0 156.0 309.0
Average 51.0 52.0 51.5
Variance 1.8 4.2 2.7
Total
Count 9 9
Sum 547.2 559.8
Average 60.8[19] 62.2
Variance 129.405 165.277
ANOVA
Source of Variation SS df MS F P-value
Height 2273.88 2 1136.94 [6] 185.6229 0.0000
Width 8.82 @ 1 8.82 1.4400 0.2533
Interaction 10.08 2 5.04 0.8229 0.4625
Within 73.5[4] 12 6.125[g]
Total 2366.28 [5] 17

Mean

60.8 19
62.2[20]

F crit
3.8853
4.7472
3.8853

[12F2) p-value for F(2)

[1]ss1) [2]sS) [3]sS(int) [4]SSE [5]SSTO [6|MS(1) [7]MS(2) [8]|MS(int) [9|MSE [10]F(1) [L11]p-value for F(1)
[14F(int) [15|p-value for F(int) [16%;. [17)%,. [18/%;. [L9%x [20/%y

Noting that Figure 12.11 gives MINITAB and Excel outputs of a two-way ANOVA for the
bakery demand data, we next discuss how to make pairwise comparisons.
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Point Estimates and Confidence Intervals in Two-Way ANOVA

1 Consider the difference between the effects of

levels i and i’ of factor 1 on the mean value of
the response variable.

a A point estimate of this difference is x;. — x;.
b A Tukey simultaneous 100(1 — ) percent con-

b A Tukey simultaneous 100(1— «) percent
confidence interval for this difference (in
the set of all possible paired differences
between the effects of the different levels
of factor 2) is

fidence interval for this difference (in the set
of all possible paired differences between the
effects of the different levels of factor 1) is

_ _ 1
. — 4) _—
[(x,. %) = | MsE( bm)}
3 Let w; denote the mean value of the response

where g, is obtained from Table A.10 variable obtained when using level i of factor 1

(pages 799-800), which is a table of percent- . . . .
i s ol e e e s e, Her @, End level j of factor 2. A point estimate of p; is

is listed corresponding to values of a and x; andianjindividual MO0 (1= a)ipercenticoniis
ab(m —1).

dence interval for y; is
2 Consider the difference between the effects of |:Xij = /MSEJ
levels j and j' of factor 2 on the mean value of (a

the response variable. where the t,, point is based on ab(m—1)
a A point estimate of this difference is x.,; — x.; degrees of freedom.

[(x.,. — X)) * q, /MSE(a:nﬂ

where g, is obtained from Table A.10 and is
listed corresponding to values of b and
ab(m —1).

The Supermarket Case: Comparing Display Heights and Widths G

We have previously concluded that at least two of the bottom, middle, and top display heights
have different effects on mean monthly demand. Because x,,. = 77.2 is greater than xz. = 55.8
and x;. = 51.5, we will use Tukey simultaneous 95 percent confidence intervals to compare the
effect of a middle display height with the effects of the bottom and top display heights. To
compute these intervals, we first note that g s = 3.77 is the entry in Table A.10 (page 799) corre-
sponding to a = 3 and ab(m — 1) = 12. Also note that the MSE found in the two-way ANOVA
table is 6.125 (see Table 12.12 on page 448). It follows that a Tukey simultaneous 95 percent con-
fidence interval for the difference between the effects of a middle and bottom display height on
mean monthly demand is

1 i
[(xM. — %) = qos MSE(MH = [(77'2 T 258) =377 6‘125<2(3)ﬂ

= [21.4 = 3.8091]
= [17.5909, 25.2091]

This interval says we are 95 percent confident that changing from a bottom display height to a mid-
dle display height will increase the mean demand for the bakery product by between 17.5909 and
25.2091 cases per month. Similarly, a Tukey simultaneous 95 percent confidence interval for the
difference between the effects of a middle and top display height on mean monthly demand is

[y — Xp) * 3.8091] = [(77.2 — 51.5) * 3.8091]
= [21.8909, 29.5091]

This interval says we are 95 percent confident that changing from a top display height to a middle
display height will increase mean demand for the bakery product by between 21.8909 and 29.5091
cases per month. Together, these intervals make us 95 percent confident that a middle shelf display
height is, on average, at least 17.5909 cases sold per month better than a bottom shelf display
height and at least 21.8909 cases sold per month better than a top shelf display height.

Next, recall that previously conducted F-tests suggest that there is little or no interaction
between display height and display width and that there is little difference between using a
regular display width and a wide display. However, noting that X, = 78.9 is slightly larger
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than X,z = 75.5, we now find an individual 95 percent confidence interval for w,,,, the mean
demand obtained when using a middle display height and a wide display:

_ MSE 6.125
Tuw  Losy| = = 789 + 2179, /=

[75.7865, 82.0135]
Here 74,5 = 2.179 is based on ab(m — 1) = 12 degrees of freedom. This interval says that,
when we use a middle display height and a wide display, we can be 95 percent confident that
mean demand for the bakery product will be between 75.7865 and 82.0135 cases per month.

If we conclude that (substantial) interaction exists between factors 1 and 2, the effects of
changing the level of one factor will depend on the level of the other factor. In this case, we can-
not analyze the levels of the two factors separately. One simple alternative procedure is to use
one-way ANOVA (see Section 12.2) to compare all of the treatment means (the ,u,lj’s) with the
possible purpose of finding the best combination of levels of factors 1 and 2.

CONCEPTS

12.17 What is a treatment in the context of a two-factor factorial experiment?

12.18 Explain what we mean when we say that interaction exists between two factors.

METHODS AND APPLICATIONS

12.19 A study compared three display panels used by air traffic controllers. Each display panel was
tested for four different simulated emergency conditions. Twenty-four highly trained air traffic
controllers were used in the study. Two controllers were randomly assigned to each display
panel-emergency condition combination. The time (in seconds) required to stabilize the
emergency condition was recorded. Figure 12.12 gives the resulting data and the MINITAB out-
put of a two-way ANOVA of the data. @ Display?2
a Interpret the interaction plot in Figure 12.12. Then test for interaction with e = .05.

b Test the significance of display panel effects with a« = .05.

¢ Test the significance of emergency condition effects with a = .05.

d Make pairwise comparisons of display panels A, B, and C by using Tukey simultaneous
95 percent confidence intervals.

e Make pairwise comparisons of emergency conditions 1, 2, 3, and 4 by using Tukey simulta-
neous 95 percent confidence intervals.

f Which display panel minimizes the time required to stabilize an emergency condition? Does
your answer depend on the emergency condition? Why?

g Calculate a 95 percent (individual) confidence interval for the mean time required to stabilize
emergency condition 4 using display panel B.

12.20 A telemarketing firm has studied the effects of two factors on the response to its television
advertisements. The first factor is the time of day at which the ad is run, while the second is the
position of the ad within the hour. The data in Figure 12.13, which were obtained by using a
completely randomized experimental design, give the number of calls placed to an 800 number
following a sample broadcast of the advertisement. If we use Excel to analyze these data, we
obtain the output in Figure 12.13. @B TelMktResp
a Perform graphical analysis to check for interaction between time of day and position of
advertisement. Explain your conclusion. Then test for interaction with o = .05.

b Test the significance of time of day effects with a = .05.

¢ Test the significance of position of advertisement effects with a = .05.

d Make pairwise comparisons of the morning, afternoon, and evening times by using Tukey
simultaneous 95 percent confidence intervals.

e Make pairwise comparisons of the four ad positions by using Tukey simultaneous 95 percent
confidence intervals.

f Which time of day and advertisement position maximizes consumer response? Compute a
95 percent (individual) confidence interval for the mean number of calls placed for this time
of day/ad position combination.
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Ficure 12.12 The Display Panel Data and the MINITAB Output of a Two-Way ANOVA GB Display?2

Emergency Condition Two-way ANOVA: Time versus Panel, Condition
Display Panel 1 2 3 4 Source DF ss Ms F P
A 17 25 31 14 Panel 2 218.58 109.292 26.49 0.000
14 24 34 13 Condition 3 1247.46  415.819 100.80 0.000
Interaction 6 16.42 2.736 0.66 0.681
B 15 22 28 9 Error 12 49.50 4.125
12 19 31 10 Total 23 1531.96
C 21 29 32 15
24 28 37 19 35 _
30 | \/
Condition
Tabulated statistics: Panel, Condition 25 - \/ _Co 1
—— 2
Rows: Panel Columns: Condition 20 S — B
1 2 3 4 All —— 4
A 15.50  24.50  32.50 13.50  21.50 15 ‘\/
B 13.50 20.50 29.50 9.50 18.25
c 22.50 28.50 34.50 17.00 25.63 10 - | |
All 17.17 24.50 32.17 13.33 21.79 Panel A Panel B Panel C
Cell Contents: Time g Mean

Ficure 12.13 The Telemarketing Data and the Excel Output of a Two-Way ANOVA GB TelMktResp

Position of Advertisement

Time of Day On the Hour On the Half-Hour  Early in Program  Late in Program
10:00 morning 42 36 62 51
37 41 68 47
41 38 64 48
4:00 afternoon 62 57 88 67
60 60 85 60
58 55 81 66
9:00 evening 100 97 127 105
96 96 120 101
103 101 126 107

ANOVA: Two-Factor With Replication
Summary Hour Half-Hour Early Late  Total 150
Morning

Count 3 3 3 3 12 100 - J\ —— Morning
Sum 120 115 194 146 575 \/\ — Afternoon
40 383 64.7 487 479

Average sop  ____—_ — Evening
Variance 7 6.3 9.3 4.3 123.7
Afternoon 0 ] ] ] ]
o B Z : B P Hour Half-Hour Early Late
sum 180 172 254 193 799
Average 60 57.3 84.7 64.3 66.6
Variance 4 6.3 123 14.3 1324

. ANOVA
Evening

Source of SS df MS F P-value F crit

Count 3 3 3 3 12 Variation
sum 299 294 373 313 1279 Sampl 21560.89 2 10780.444  1209.02 8.12E-25 3.403
Average 99.67 98 1243 1043 106.6 ample : - : eE :
Variance 12.33 7 143 93 1283 Columns 3989.42 3 1329.B06 149.14 1.19E-15 3.009

| Interaction 25.33 6 4.222 0.47 0.8212 2.508
Tota Within 214 24 8.917
Count 9 9 9 9 Total 25789.64 35
sum 599 581 821 652
Average 66.56 64.56 91.22 72.44

Variance 697.53 701.78 700.69 625.03



Chapter Summary

We began this chapter by introducing some basic concepts of
experimental design. We saw that we carry out an experiment
by setting the values of one or more factors before the values of
the response variable are observed. The different values (or
levels) of a factor are called treatments, and the purpose of most
experiments is to compare and estimate the effects of the various
treatments on the response variable. We saw that the different
treatments are assigned to experimental units, and we discussed
the completely randomized experimental design. This design
assigns independent, random samples of experimental units to the
treatments.

We began studying how to analyze experimental data by dis-
cussing one-way analysis of variance (one-way ANOVA). Here
we study how one factor (having p levels) affects the response
variable. In particular, we learned how to use this methodology to
test for differences between the treatment means and to estimate
the size of pairwise differences between the treatment means.

Glossary of Terms

analysis of variance table: A table that summarizes the sums of
squares, mean squares, F statistic(s), and p-value(s) for an analy-
sis of variance. (pages 434, 441, and 448)

completely randomized experimental design: An experimen-
tal design in which independent, random samples of experimental
units are assigned to the treatments. (page 428)

experimental units: The entities (objects, people, and so on) to
which the treatments are assigned. (page 427)

factor: A variable that might influence the response variable; an
independent variable. (page 427)

interaction: When the relationship between the mean response
and one factor depends on the level of the other factor. (page 446)
one-way ANOVA: A method used to estimate and compare the
effects of the different levels of a single factor on a response vari-
able. (page 429)

randomized block design: An experimental design that com-
pares p treatments by using b blocks (experimental units or sets of

Important Formulas and Tests

One-way ANOVA sums of squares: pages 431-432
One-way ANOVA F-test: page 432

One-way ANOVA table: page 434

Estimation in one-way ANOVA: page 435

Randomized block sums of squares: page 440

Supplementary Exercises

12.21

An experiment is conducted to study the effects of two sales approaches—high-pressure (H) and

Supplementary Exercises

Sometimes, even if we randomly select the experimental units,
differences between the experimental units conceal differences
between the treatments. In such a case, we learned that we can
employ a randomized block design. Each block (experimental
unit or set of experimental units) is used exactly once to measure
the effect of each and every treatment. Because we are comparing
the treatments by using the same experimental units, any true dif-
ferences between the treatments will not be concealed by differ-
ences between the experimental units.

The last technique we studied in this chapter was two-way
analysis of variance (two-way ANOVA). Here we study the ef-
fects of two factors by carrying out a two-factor factorial exper-
iment. If there is little or no interaction between the two factors,
then we are able to study the significance of each of the two fac-
tors separately. On the other hand, if substantial interaction exists
between the two factors, we study the nature of the differences
between the treatment means.

experimental units). Each block is used exactly once to measure
the effect of each and every treatment. (page 439)

replication: When a treatment is applied to more than one
experimental unit. (page 427)

response variable: The variable of interest in an experiment; the
dependent variable. (page 427)

treatment: A value (or level) of a factor (or combination of
factors). (page 427)

treatment mean: The mean value of the response variable
obtained by using a particular treatment. (page 429)

two-factor factorial experiment: An experiment in which we
randomly assign m experimental units to each combination of
levels of two factors. (page 446)

two-way ANOVA: A method used to study the effects of two
factors on a response variable. (page 447)

Randomized block ANOVA table: page 441
Estimation in a randomized block ANOVA: page 441
Two-way ANOVA sums of squares: pages 447-448
Two-way ANOVA table: page 448

Estimation in two-way ANOVA: page 450

connect

low-pressure (L)—and to study the effects of two sales pitches (1 and 2) on the weekly sales of a
product. The data in Table 12.13 on the next page are obtained by using a completely randomized
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.| |
TAaBLE 12.13 Results of the Sales Approach Ficure 12.14 Excel Output of a Two-Way ANOVA of the
Experiment @B SaleMeth2 Sales Approach Data
Sales Pitch ANOVA: Two-Factor With Replication
Sales Pressure 1 2 SUMMARY Pitch 1  Pitch 2 Total
H 32 32 High Pressure
29 30 Count 3 3 6
30 28 Sum 91 20 181
Average 30.3333 30 30.1667
L 28 25 Variance 2.3333 4 25667
25 24 Low Pressure
23 23 Count 3 3 6
Sum 76 72 148
Average 25.3333 24 246667
Variance 6.3333 1 3.4667
Total
| Count 6 6
TABLE 12.14 sum 167 162
Reduction of Average 27.8333 27
Variance 10.9667 12.8
Cholesterol Levels
@ CholRed ANOVA
Source of Variation SS df MS F P-value F crit
Drug Pressure 90.75 1 90.75  26.5610 0.0009 53177
X Y z Pitch 2.0833 1 2.0833 0.6098 0.4574 53177
Interaction 0.75 1 0.75 0.2195 0.6519 53177
22 40 15 Within 27.3333 8 34167
31 35 9 Total 120.917 1
19 47 14
27 41 11 |
25 39 21 FiIGurRe 12.15 An Interaction Plot
18 33 5 for the House

Profitability Data

. ________________________________________________________________________________|
TasLe 12.15 Results of the House Profitability Study

Interaction Plot (data means) for Profit

&P HouseProf 20 Foreman
House Design

Foreman A B (o
U 10.2 10.65 12.2 11.95 19.4 18.80

1.1 1.7 18.2
2 7 11. 13.

9 10.25 6 1180 36 13.15

10.8 12.0 12.7

Design

design, and Figure 12.14 gives the Excel output of a two-way ANOVA of the sales experiment
data. @ SaleMeth2

a Perform graphical analysis to check for interaction between sales pressure and sales pitch.

b Test for interaction by setting a = .05.

¢ Test for differences in the effects of the levels of sales pressure by setting a = .05.

d Test for differences in the effects of the levels of sales pitch by setting a = .05.

12.22 A drug company wishes to compare the effects of three different drugs (X, Y, and Z) that are
being developed to reduce cholesterol levels. Each drug is administered to six patients at the
recommended dosage for six months. At the end of this period the reduction in cholesterol level
is recorded for each patient. The results are given in Table 12.14. Using these data we obtain
SSTO = 2547.8, SSE = 395.7, xx = 23.67,xy = 39.17, and x;, = 12.50. Completely analyze
these data using one-way ANOVA. @ CholRed

12.23 A small builder of speculative homes builds three basic house designs and employs two foremen.
The builder has used each foreman to build two houses of each design and has obtained the
profits given in Table 12.15 (the profits are given in thousands of dollars, and the sample means
are enclosed in blue rectangles). If we use two-way ANOVA, we find that the p-value related to
F(int) is .001. Is this consistent with what you see in Figure 12.15? Explain your answer. Using
the fact that MSE = .39, find an individual 95 percent confidence interval for the true mean profit
when foreman 1 builds house design 3. @ HouseProf
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Appendix 12.1 B Experimental Design and Analysis of Variance
Using Excel

One-way ANOVA in Figure 12.2(b) on page 434 (data A — o TypeA v
. : . A B c D E F S
file: GasMile2.xlIsx): [ [Typea | TypeB Typec
® Enter the gasoline mileage data from Table 12.1 2| 30 35.3 n3
(page 428) as follows: type the label “Type A" Sh 3.0 b 340
in cell A1 with its five mileage values in cells A2 L :;: ::’o' ::
to A6; type the label “Type B” in cell B1 with its : g P 28
five mileage values in cells B2 to B6; type the - ' = '
label “Type C” in cell C1 with its five mileage Al Anova: Single Factor ﬂil
values in cells C2 to Cé6. 9 Tnput
. . il ; A$L:5CE6 | Lo |
e Select Data : Data Analysis : Anova : Single 10 ]f‘mmge i Concel_|
Factor and click OK in the Data Analysis dialog i SroupRdiBy: :E:'w“?"s —
box. // elp
13— | 7 LabelerinFirst Row
® |nthe “Anova: Single Factor” dialog boxW 14 | Rlpha: [0.05
A1:C6 into the “Input Range” window. % 21/%
Select the "Grouped by: Columns” option. 3 O:m;t::tt':
utpu nge: E
Place a checkmark in the “Labels in first row” : o T [ouput
checkbox. 6 € New Workboak
® Enter 0.05 into the Alpha box. .
e Under output options, select “New Worksheet 9 ANOVA L
Ply” to have the output placed in a new 0 Sourceof Varigtion 88 __df M3 P Fvalie  Ferit
" " 11 Between Groups  17.0493 2 85247 127424 0.0011  3.8853
worksheet and enter the name “Output” for 2 Within Groups  8.0280 12 0.6680
the new worksheet. 13
e Click OK in the “Anova: Single Factor” dialog v Toll 2o -
bOX. i s v ] output “Cactiied i) 4 " »
Randomized block ANOVA in Figure 12.8 on page 443 ; A g = | 3 = |
(data file: SaleMeth.xIsx): 1 Salesman A SalesmanB Salesman C
® Enter the sales methods data from Figure 12.8 %:zﬁzg; :: :: ::
(page 443) as shown in the screen. ¢ Method 3 - - -
® Select Data : Data Analysis : Anova: Two-Factor | 5 Method 4 25 2 2 L

Without Replication and click OK in the Data
Analysis dialog box.

6
| 71
. . . Input
" . " e
® Inthe “Anova: Two Factor Without Replication [ [ | mout Range: SATLEDI5
| 10

dialog box, enter A1:D5 into the “Input Range” |
1alog DOX I pu g9 7 | Labele Ccancel

| Anova: Two-Factor Without Replication 1'5"

window.
; " " 11| | Alpha: [0.05 Help |
Place a checkmark in the “Labels” checkbox. p
Enter 0.05 in the Alpha box. 13 -O(I:tput options
H " Qutput Range: ﬁ
e Under output options, select “New Worksheet u ————
D @ New Worksheet Ply: Output

Ply” to have the output placed in a new
worksheet and enter the name ”“Output” for
the new worksheet.

[ ' New Workbook
7
8
9

® (lick OK in the “Anova: Two-Factor Without ANOVA I
Replication" dlang bOX 10 Source of Variation S5 df MS F  P-value Ferit

’ 11 Rows 93.5833 3  31.1944 36,2258  0.0003  4.7571 ‘

12 |[Columns 22.1667 2 11.0833 12.8710 0.0068 5.1433 |

13 |Error 51667 6 08611 |

14 | Total 120.9167 11 |

1] ou Sheet | '-.r.m-; Sheets T Kl " ] il
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Two-way ANOVA in Figure 12.14 on page 454 (data [ ai - F Pressire I
file: SaleMeth2.xlsx): e . . . . aa
1 |Pressure Pitch1 Pitch2
® Enter the sales approach experiment data from > High 3 32
Table 12.13 (page 454) as shown in the screen. | 3 High 2 30
. High 30 28
® Select Data : Data Analysis : Anova : Two-Factor fl_f:" 2 =
With Replication and click OK in the Data Analysis | o 25 e i
dla|Og bOX. LLOW 23 23
° Ir! the “Anova: Two-FactF,\r With Replication” -2 | Anova: Two-Factor With Replication 1'5“
dialog box, enter A1:C7 into the “Input Range” 8 | wa
indow. 10) 1l |
:“ Vr: lue 3 into the “R sample” box |, i = =
® Enter the value 3 into the "Rows per Sample” box [,,| Cancel
(this indicates the number of replications). = Raws per sample: [3
. | Hel
e Enter 0.05 in the Alpha box. 14 Alpha: [0.05 il
® Under output options, select “New Worksheet : '; - e —
Ply” to have the output placed in a new Bl & ormrrs IW
worksheet and enter the name “Output” B o 2L
for the new worksheet. ll @ New Worksheet ply: Iouwm
e (Click OK in the “Anova: Two-Factor With % Lliet Workbook
Replication” dialog box. 1o | Ao
11 |Sowurce of Variation S§ df MS F P-value  Fcril
12 |Sample 90.75 1 9075 26.5610 0.0009 5.3177
| 13 Columns 2.0833 1 20833 06098 04574 53177
14 Interaction 075 1 075 02195 06519 53177
15 Within 273333 8 34167
16 | Total 1209167 11 k|
82 ] outpur /Sheert shesz ohests (T3 il 0 I (211

Appendix 12.2 B Experimental Design and Analysis of Variance

Using MegaStat

One-way ANOVA similar to Figure 12.2(b) on page 434
(data file: GasMile2.xlsx):

® Enter the gas mileage data in Table 12.1

(page 428) into columns A, B, and C—Type A
mileages in column A (with label “Type A"), Type
B mileages in column B (with label “Type B"), and
Type C mileages in column C (with label “Type C”).
Note that the input columns for the different
groups must be side by side. However, the number

of observations in each group can be different.

Select Add-Ins : MegaStat : Analysis of Variance :
One-Factor ANOVA.

In the One-Factor ANOVA dialog box, use the
AutoExpand feature to enter the range A1:C6 into
the Input Range window.

If desired, request “Post-hoc Analysis” to obtain
Tukey simultaneous comparisons and pairwise t
tests. Select from the options: “Never,” “Always,"”
or “When p < .05.” The option “When p < .05"
gives post-hoc analysis when the p-value for the
F statistic is less than .05.

Check the Plot Data checkbox to obtain a plot
comparing the groups.

Click OK in the One-Factor ANOVA dialog box.

v@ d9-¢- )= Book1 - Microsoft Excel - B
= Home Insert Pagelayout Formulas Data Review View  Add-ns ©@-o2x
J = &) &

| A B [} D E E G H | J =
jType A TypeB Type C :

1
2 340 353 333
3| 350 365
4 343 364
5 37.0
6

7

37.6

34.0
347
33.0
34.9

35.5
35.8

Analysis of Variance: One-Factor ANOVA

| Gashilezipagt foss

J Input range o

Post-Hoc Analysis
P’? Whenp <05

" Mever 7 Ahways ‘

|| 3600 +

3500 &
3400 : -
300
3200

Help
IV Plot Data
10 | Source SS__df NS " F pvalue
11 [Treatment 17049285247 12747 0011 Tukey simultaneous comparison t-values (df. = 12)
12 | Error 8028 12 06690 Type C Type A TypeB
13 Total 2507714 3398 3492 36.56
14 Type C ssee T T ]
15 Comparison of Groups. Type A 3492 82 |
16 | a6 Type B 650 Moo 37| |
L4
18 || 5700 critical values for experimentwise error rate
19 - 0.05 267

001 356

TypeA TypeB TypeC

aal
i ¢+ ] output ~GasMie2 Sheet2 Sheets  J
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Randomized block ANOVA similar to Figure 12.7(b) on :@ o) Bookl. - Microsoft Excel EEEES
. = Home Insert Pagelayout Formulas Data  Review  View  Add-Ins © -2 x
page 442 (data file: CardBox.xIsx): i - GE— B
) | 4y B Ie? D...|. . E E. | 6 H [l B
® Enter the cardboard box data in Table 12.7 1 Method 1 Method 2 Method 3 Method 4
. . 2 Operator 1 8 8 3 4
(page 439) in the arrangement shown in the 3 |Operator 2 10 1 5 5
4 Operator 3 12 12 i 5
screen. Here each column corresponds to a :
treatment (in this case, a production method) and | ¢

each row corresponds to a block (in this case, a
machine operator). Identify the production

Analysis of Variance: Randomized Blocks

methods using the labels Method 1, Method 2, [ ootz ] Tt ronce
Method 3, and Method 4 in cells B1, C1, D1,

. . |
and E1. Identify the blocks using the labels Post-Ho Anasls o |
Operator 1, Operator 2, and Operator 3 in cells A2, {a Whenp <05 " neyer € dways el |
A3, and A4. Help

® Select Add-Ins : MegaStat : Analysis of Variance : i
Randomized Blocks ANOVA.
. . . T T 04 Total 1 o7
® In the Randomized Blocks ANOVA dialog box, click N o
in the Input Range window and enter the range Eere nr e Tl | . compasitee
A1:E4 ]g\Error 383 60639 0
. Total 112.92 11
. . 19 100
H u - . 20 |Post hoc analysis -
e |f desired, request “Post-hoc Analysis” to obtain s P————— p
Tukey simultaneous comparisons and pairwise gg Mettods 4887 T ‘“”} i
. ) ” Method3 5000 6278 i
t-tests. Select from the options: Never., B et onn BN Vebost  Maosz  Mersss  Wateas
“Always,” or “When p < .05.” The option “When s SsE S — e
p < .05" gives post-hoc analysis when the
p-value related to the F statistic for the treatments
is less than .05.
® Check the Plot Data checkbox to obtain a plot ® (Click OK in the Randomized Blocks ANOVA dialog
comparing the treatments. box.
Two-way ANOVA similar to Figure 12.11(b) on page 449 & @9 c )= Bookt - Microsoft Excel - B x
(data flle BakeSa|e2.X|SX): = HumJe27 Insert  Page iay/c‘ut Fcrm:as Data Review View Add-Ins ©-= x
® Enter the bakery demand data in Table 12.11 e e E | F & E ! I
(page 446) in the arrangement shown in the a2 oo
screen. Here the row labels Bottom, Middle, and e | oo o8l
Top are the levels of factor 1 (in this case, shelf ; R
display height) and the column labels Regular 8 Top 524 540
and Wide are the levels of factor 2 (in this case, = e ——
shelf _diSP|a¥ Width)- The arrangement of the Analysis of Variance: Two-Factor ANOVA
data is as laid out in Table 12.11.
e Select Add-Ins : MegaStat : Analysis of Variance: || BakessloigsigCH10 I i
Two-Factor ANOVA. Clear
. ¥ = | Replicatans I (enter aval lect one call)
® In the Two-Factor ANOVA dialog box, enter the AT b R cacel |
range A1 C1 o into the Inpl‘It Range WlndOW. [V Interaction Plot by Factor L IV Interaction Plot by Fackor 2 Help
® Type 3 into the “Replications per Cell” window.
B} Post-Hoc &nalysis
® Check the “Interaction Plot by Factor 1” and
" . o " Whenp < .05 " Hever
Interaction Plot by Factor 2" checkboxes to
obtain interaction plots.
o |f desired, request “Post-hoc Analysis” to 3
. . . 6
obtain Tukey simultaneous comparisons and 7 Twofactor ANOVA
i i i . g Means Fecer Source, ANOVAS:NE i S value
paIrWISe t-tests. SeIeCt from the OptlonS. 1 Regular ide Factor 1 2,273.880 2711369400 18562 9‘7455?10'
“Never,” “Always,” and “When p < .05.” The Rt MG el Je%| 190  Wehdei o B ooy 0% s
Top! 51 5200 5150 Error 73.500 12 6.1250
60. 622 6150 Total 2366280 17

option “When p < .05" gives post-hoc analysis
when the p-value related to the F statistic for a
factor is less than .05. Here we have selected
“Always."”

® Click OK in the Two-Factor ANOVA dialog box.

3 replications per cell

| Post hoc analysis
p-values for pairwise ttests for Factor 1 Tukey simultaneous comparison tvalues (df = 12)
Bottom Middle Top Bottom  Middle
5150 5580 7720 51.50 5580 7720
Top stso [ T 1 Top stsof T T 1]
Botom  5580[ om0l || Botom  5580[ 3011 [ |
Midde  77.20 [ 4B0E-10[ 396E09] | Midde  77.20 [A700|4Ge| |

critical values for experimentwise error rate:
5 267
001 356

o I
©ONDUIEWN =0 OO~ 0TAWN O

| 1> V1| GutputBakeSale Sheet2 Sheets %3

T —u
Ready [EEEFroms——m—
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Appendix 12.3 B Experimental Design and Analysis of Variance
Using MINITAB

One-way ANOVA in Figure 12.2(a) on page 434 (data [FLLEEII y .
. . File Edit Data Calc Stat Graph Editor Tools Window Help
file: GasMile2.MTW): -

& Session
e |n the Data window, enter the data from
Table 12.1 (page 428) into three columns with

One-Way Analysis of Variance

variable names Type A, Type B, and Type C. o %}:Ezs i SEP-?Tf'fE‘ED“f””S)’
® Select Stat : ANOVA : One-way (Unstacked). am @ e TR TTpRE TR
e In the “One-Way Analysis of Variance” dialog T

box, enter ‘Type A’ ‘Type B’ ‘Type C’ into the , [Tomealrees [Tree

“Responses (in separate columns)” window. (The |2 29 %8 %49 FSSE:Z?;'E‘“&'S

single quotes are necessary because of the blank |4 355 370 330 -

spaces in the variable names. The quotes willbe |5 ** ™ *? e e [

added automatically if the names are selected ! ' ‘

from the variable list or if they are selected by -

T Comparisons... | Graphs... |

double clicking.) One-Way Analysis of Variance - Graphs [X]

e (lick OK in the “One-Way Analysis of Variance”

[ Individual value plat
v Bowplots of dats

Cance|

dialog box.
Residual Plots
To produce mileage by gasoline type boxplots similar | ® hdiicualpots E
. [ Histogram of residuzls
to those shown in Table 12.1 (page 428): = bt miobch s [~ Eisher's, individual errar rate: E
X ) [~ Residuals versus fits
® Click the Graphs . .. button in the “One-Way  Trres hons [~ Dunmett's, famly error rate: [6
Analysis of Variance” dialog box.
y g . Help | o Contral group level: I
® Check the “Boxplots of data” checkbox and click —
OK in the “One-Way Analysis of Variance— L ff“s'ma' family erer rate: B
. ® [argest is best
Graphs” dialog box. e
 Smallest s best

® Click OK in the “One-Way Analysis of Variance”

dialog box.
& Session
. . . Hel Ok I i |

To produce Tukey pairwise comparisons: | |
® C(Click on the Comparisons . . . button in the

“One-Way Analysis of Variance” dialog box. o R AR T

Check the “Tukey’s family error rate” checkbox. One-way ANOVA: Type A, Type B, Type C 57

In the “Tukey’s family error rate” box, enter Bector 'z 1108 0.7 1278 0.001 g

. . . Error 12 8.028 0.669 3

the desired experimentwise error rate (here TR T 28hEe _ = E

we have entered 5, which denotes 5%— SRS R m Rt R —ene [ EE]

alternatively, we could enter the decimal rooted sor+ o

Level N Hean StDev
fraction .05). nRL D e s -
. . ) Type C 5 33.980 0.835 (--

® C(Click OK in the “One-Way Multiple

Comparisons” dialog box. o 3.

. ) ) ) [Welcome to Minitab, press F1 for help.

® Click OK in the “One-Way Analysis of Variance”

dialog box.

® The one-way ANOVA output and the Tukey
multiple comparisons will be given in the
Session window, and the box plots will appear
in a graphics window.
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7§ CardBox.MTW **

Randomized Block ANOVA in Figure 12.7(a) on page 442

. s | e c2 c3 c4 C5 cé [o74 cs co
(data File: CardBOX.MTW): Method Operator |
1] 9 1 1

® In the data window, enter the observed number 1 :

of defective boxes from Table 12.7 (page 439) into 4 £ e 1

column C1 with variable name “Rejects”; enter 6 12 2 3

the corresponding production method (1,2,3,or4) | § ] Two-Way Analysis of Variance

into column C2 with variable name “Method”; 2 I 2 (e T Resporse: Rejerts

. . =)

and enter the corresponding machine operator m g Al Spestn Powme:  [wobed IV By means

(1,2,0r 3) into column C3 with variable name o

"Operator. ” lcurrent Worksheet: CarcdBoxMTW Column factor: Operator [¥ Display means
® Select Stat: ANOVA : TWO-Way. [ Storeresiduzls

) ) ) [ store fits

® |nthe “Two-Way Analysis of Variance” dialog box,

select Rejects into the Response window. Confidence level: [5.0

® Select Method into the Row Factor window and
check the “Display Means” checkbox.

[¥ Fit additive mode! Graphs..,

® Select Operator into the Column Factor window ' S| |
and check the “Display Means” checkbox. ey AN ety erspe Moot
Check the “Fit additive model” checkbox. Hothod 'S 00.017 30.3036 47.45 0.000
Operator 2 18.167 9.0833 14.22 0.005
Click OK in the “Two-way Analysis of Variance” e
dialog box to display the randomized block FERUL IR s L
ANOVA in the Session window. - —

[Welcome to Minitab, press F1 for help. Editzble

Two-way ANOVA in Figure 12.11(a) on page 449 (data
file: BakeSale2.MTW):

= Minitab - Untitled
File Edit Data Calc Stat Graph Editor Tools Window Help
FH & smR o B T IMAEOD

€ Session

® |n the data window, enter the observed demands
from Table 12.11 (page 446) into column C1 with
variable name “Demand”; enter the correspond-
ing shelf display heights (Bottom, Middle, or Top)
into column C2 with variable name “Height”; and
enter the corresponding shelf display widths
(Regular or Wide) into column C3 with variable
name “"Width.”

|& BakeSale2. MTW ***
= [enieatT [ eatm c4
Demand] Height | Width |
58.2 Bottom Regular
53.7 Bottom Regular
55.8 Bottom Regular
73.0 Middle Regular
78.1 Middle Regular
75.4 Middle Regular
52.4 Top Regular
49.7 Top Re:
CEACTILE Two-Way Analysis of Variance
10 55.7 Bottom Wi

Cc5

© o~ s e

n il [ct pemard R ' el
® Select Stat : ANOVA : Two-Way. B sl o B
. ) . 13 76.2Middle Wif [C2 Width S
e In the “Two-Way Analysis of Variance” dialog box, |1 rs4midae wi e e e e
select Demand into the Response window. e i Golumn fectors [t ¥ Dplay means
. . " P 17 521Top Wi
® Select Height into the “Row Factor” window. e desTop W ( Bieengfilsis
Select Width into the “Column Factor” window. |Carent Werkarest sz | e
To produce tables of means by Height and Width, T
check the “Display means” checkboxes next to the
“Row factor” and “Column factor” windows. This Select I Fit additive: mocel Graphs..
will also produce individual confidence intervals el o
for each level of the row factor and each level of
the column factor—these intervals are not shown Two-way ANOVA: Demand versus Height, Width
In Figure 12-11- :::;ﬁ: D; 2273.:: 1136.’9‘: 185.G; G.BB;
. . Width 8.82 8. 1.44 0.253
e Enter the desired level of confidence for the fumedem & SOk Rgy SR hae
. . . . . " . Total 17 2366.28
individual confidence intervals in the “Confidence S e T TS i
level” box. B E
. . . . |Welcome to Minitab, press F1 for help. Editable
® Click OK in the “Two-Way Analysis of Variance”
dialog box.
To produce an interaction plot similar to the one in
Figure 12.10 on page 446:
® Select Stat : ANOVA : Interactions plot. ® Select Width and Height into the Factors window.
® In the Interactions Plot dialog box, select Demand ® C(Click OK in the Interactions Plot dialog box to ob-

into the Responses window. tain the plot in a graphics window.
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