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Continuous Probability Distributions

Recall: A continuous random variable may assume any
numerical value in one or more intervals

Use acontinuous probability distribution to assign
probabilities to intervals of values

A curvef(x) is acontinuous probability distribution of the
continuous random variabiaf the probability thak will

be in a specified interval of numbers is the area under the
curvef(x) corresponding to the interval

« Other names for a continuous probability distnidit
e probability curve, or
e probability density function
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Properties of Continuous

Probabillity Distributions

Properties of f(x): f(x) is a continuous function such that

1. f(x) = O for allx
2. The total area under the curved(@) is equal to 1

Essential point: An area under a continuous probability
distribution is a probability
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Area and Probabillity

¢+ The blue-colored area under the probability curve

f(x) from t
that x cou

“*Symbo

ne value x = a to x = b is the probability
d take any value in the range ato b

ized as P(a<x<Db)

*Or as P(a < x <Db), because each of the interval
endpoints has a probability of O

flx)

The probability
curve f(x)

/

The shaded area is the probability that
x will be between a and b—that is,

shaded area = Pla =x = b)

e




Distribution Shapes

“* Symmetrical and rectangular

*The uniform distribution
*Section 5.2

“* Symmetrical and bell-shaped

+*The normal distribution
*Section 5.3

“» Skewed
“»Skewed either left or right

“*Section 5.5 for the right-skewed
exponential distribution

S-7



Continuous probabillity

b
< Probability: P(a<x<b) :j f (x)dx

b
< Mean: fy = | xF () dx

% Variance: g% =|(x—pu)* f(x)dx

QD C—y T

<+ Standard deviation: ¢, =./02
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The Uniform Distribution

If candd are numbers on the real line< d), the
probability curve describing theniformdistribution is

-

i forc<x<d
f(x)=1d-c
0

otherwise

The probability thak is any value between the given
valuesaandb (a<b) is

b—a

Pla< x<b)= -

Note: The number orderinges<a<b<d
5-9



The Uniform Distribution (Cont.)

The mearnu, and standard deviatiag, of a uniform
random variable are

_c+d
Hyx = 5
o :d—c

X \/1_2

 These are the parameters of the uniform distioutrith
endpoint andd (c < d)
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The Uniform Probability Curve

Example 5.1. Elevator
waiting time

(a) A graph of the uniform distribution
f(x)

P(a<x<b):(ba)(d1_c)—

0 c a b d

(b) A graph of the uniform distribution describing the elevator waiting times
f(x)

P(2.5 = x = 4) — (1.5)(%) _ 375

a1
4

0 1 2 25 3 4

X, waiting time
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Notes on the Uniform Distribution

** The uniform distribution is symmetrical
“*Symmetrical about its center f4
% L4 1S the median

**The uniform distribution is rectangular

“*For endpoints ¢c and d (c < d) the width of the
distribution is d — ¢ and the height is
1/(d — c)
**The area under the entire uniform distribution is 1
*Because (d—-c) x[1/(d-c)] =1
*SoP(csx<d)=1
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The Normal Probabillity Distribution

Thenormal probability distribution is defined by the
equation

F)=— \/127[ EX2

for all valuesx on the real number line, where

u i1s the mean andis the standard deviation,
= 3.14159 ... aneé = 2.71828 is the base of natural
logarithms
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The Normal Probabillity Distribution (cont.)

Thenormal curveis

symmetrical and bell-shaped
 The normal is symmetrical about
Its meanu
« The mean is in the middle
under the cun
 Souis also the median
 The normal is tallest over its
meany/
e Souis also the mode
 The area under the entire normal
curveis 1
 The area under either half of
the curve is 0.5
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The normal curve is
symmetrical around u,
and the total area under
the curve equals 1.

f(x)
This area = .5
This area = .5




Properties of the Normal Distribution

** There Is an infinite number of possible normal
curves
s+ The particular shape of any individual normal

depends on its specific mean f and standard
deviation o

¢+ The highest point of the curve is located over
the mean

** Mean = Median = Mode

*» All the measures of central tendency equal each
other

“*This is the only probability distribution for which this is
true
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Properties of the Normal Distribution (cont.)

“* The curve Is symmetrical about its mean

**The left and right halves of the curve are mirror
Images of each other

+* The tails of the normal curve extend to
infinity in both directions

**The talls get closer to the horizontal axis but
never touch it

“* The area under the normal curve to the right
of the mean equals the area under the
normal to the left of the mean

**The area under each half is 0.5
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The Position and Shape

of the Normal Curve

(a) Two normal curves with different means and equal standard deviatlons. If p4 Is greater
than g, the normal curve with mean u4 Is centered farther to the right.

Mormal curve with
mean pq and
standard deviation o«

Mormal curve with
mean p, and
standard deviation o

T T X
L -

(b) Two normal curves with the same mean and different standard devlations. If «, Is greater
than o,, the normal curve with standard deviation o, Is flatter and more spread out.

Normal curve with mean p
and standard deviation o,

Ty oy
Normal curve with mean p

and standard deviation o,

(@) The meam positions the peak of the normal curve over the real axis

(b) The variance? measures the width or spread of the normal curve
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Normal Probabilities

Suppos« is a normally distributed random variable with
meany and standard deviatiam

The probability thak could take any value in the range
between two given valuesandb (a< b) isP(a<x<b)

P(a<x<Db)is the area
colored inblue under
the normal curve and
between the values
X=aandx=Db

Pla=x=h)=
The probability that
x will attain a value
between a and b
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Three Important Percentages

Empirical Rule of a normally distributed population

| | | | X
|

p— 3o poo  Boopto %

: 30
I

w20 F6826%— pu+20
I

1 Percentage of all

| possible observed
values of x within
J the given interval

I
|
] 95.44%
| 99.73%

B T
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The Standard Normal Distribution

If X is normally distributed with meagmand standard
deviationg, then the random variable

IS normally distributed with mean 0 and standard
deviation 1; this normal is called te&ndard normal
distribution
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The Standard Normal Distribution

(Cont.)

Z measures the number of standard deviationstisarom

the meanu
* The algebraic sign onindicates on which side @fis x
o zis positive ifx > 1 (xis to the right ofz on the number line)
« zis negative ik < i (xis to the left ofiz on the number line)

Normal curve with mean g
and standard deviation o

Mormal curve with mean 0
and standard deviation 1
(standard normal curve)




The Standard Normal Table

s The standard normal table is a table that lists
the area under the standard normal curve to
the right of the mean (z = 0) up to the z value
of Interest

+See Table 5.1
*»+Also see Table A.3 in Appendix A and the table
on the back of the front cover

“*This table is so important that it is repeated 3
times in the textbook!

“*Always look at the accompanying figure for
guidance on how to use the table
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The Standard Normal Table (cont)

*» The values of z (accurate to the nearest
tenth) in the table range from 0.00 to 3.09
In increments of 0.01

«» 7 accurate to tenths are listed in the far left
column

“*The hundredths digit of z is listed across the
top of the table
** The areas under the normal curve to the
right of the mean up to any value of z are
given in the body of the table
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The Standard Normal Table (cont)

z A0 m 02 ik 04 A5 A6 o7 08 09

0.0 0000 0040 0080 01200 16D 019 0239 0273 0319 0359
01 0398 0438 0478 0517 MEET 596 0636 BT 0714 07532
0.z 07393 023z 08T 0910 o4 09a7 JA02e 064 102 14
0.z 172 JA217 255 1293 REE] 1368 408 14432 1480 517
0.4 1554 591 628 Je6Y 700 736 A2 Jao0e 1244 1873
0.5 R 1350 1385 2013 2054 2088 2123 2157 2190 2224

0 2257 229 2324 L2357 2389 2422 2454 2486 2517 2543
0.7 2580 2611 2E42 2673 2704 2734 2764 2794 2823 2852
ne .2am 2910 2939 2967 2995 20232 3051 3078 2oe 313z
0.2 3152 3186 3212 3238 3264 3289 3315 3340 3365 3389
1.0 A3 2438 3481 2484 3508 ELE] 3554 377 3599 3621

11 36432 36ES 3686 = - ] 3743 A770 3790 3810 3830
1.2 3842 3862 3888 3907 3925 3344 3962 3980 3397 4015
1.2 4032 And4s ADEE 4082 4093 4115 A1 4147 A162 MNTT
1.4 4192 A207 4222 4238 A251 4265 4273 4292 4308 4319
1.5 4332 4345 4357 4370 4382 4394 4406 4418 4429 A4

1.6 4452 4463 4474 4484 44395 4505 4515 4525 4535 4545
1.7 AE54 ALE4 45732 4582 A591 4593 AE08 A616 4625 46332
1.8 Aed Ae42 A65E Ae6Y AeT1 AETE ABEE 48893 4899 AT0E
19 47132 A7 4726 4733 A738 4744 ATED 4756 AT81 ATET
2 ATT2 A778 47832 A788 47932 4738 4203 Aa0e 4812 4817

2. 4821 4828 4830 4834 4838 4842 4848 4850 4854 4857
2.2 Aaa1 4264 4868 4871 4875 4878 4281 4884 4887 4830
2 4893 4898 4898 4901 4904 4908 4909 4911 4913 4918
2.4 498 A220 4922 4924 4927 4929 4931 4932 4934 4936
2.5 4938 A940 4931 A943 4945 4545 4948 4949 43951 4952

2, 43953 4355 4356 4957 4353 4260 4261 A4262 4363 4264
2.7 4965 A6 A967 A968 4263 4570 4971 4972 45732 4974
28 4574 4375 4376 4577 4977 4978 4573 4373 4280 4281
2 A28 4282 4982 4983 4984 4984 4285 4985 4286 4286
0 4987 4287 4987 4988 4988 4989 ] 4989 4290 4290
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The Standard Normal Table Example

“Find P0<z<1)
**Find the area listed in the table corresponding to
a z value of 1.00

¢ Starting from the top of the far left column, go
down to “1.0”

*Read across the row z = 1.0 until under the
column headed by “.00”

*The area iIs in the cell that is the intersection of
this row with this column

<+ As listed in the table, the area is 0.3413, so
P(O<z<1)=0.3413
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Calculating P(-2.53 <z < 2.53)

soFirst, find P(0 <z < 2.53)

**Go to the table of areas under the standard
normal curve

**Go down left-most column for z = 2.5

**Go across the row 2.5 to the column headed
by .03

“*The area to the right of the mean up to a
value of z = 2.53 Is the value contained in the
cell that is the intersection of the 2.5 row and
the .03 column

**The table value for the area is 0.4943
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Calculating P(-2.53 £ z < 2.53) (cont)

‘*From last slide, P(0 <z <2.53)=0.4943
By symmetry of the normal curve, this Is
also the area to the left of the mean down

to a value of z=-2.53
% Then P(-2.53 £z <2.53) =0.4943 + 0.4943 =
0.9886
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Some Areas Under the Standard

Normal Curve

3413 >( 3413 4987 4987
/ | — Z | — Z
1 -3 0

I
-1 0 3

(@) P(—1<z=1)= 3413 + .3413 = 6826 (c) P(—3 <z =3) = .4987 + .4987 = .9974

A772 4772 4943 4943
| — Z | | 4
0 2

— —2.53 0 2.53

(b) P(—2 =z=2)= 4772 + 4772 = 9544 (d) P(—2.53 =z =2.53) = 4943 + 4943 = 9886
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Calculating P(z = -1)

An example of finding the area under the standardal

curve to the right of a negativeralue
e Shown is finding the under the standard normarforl

.3413

e = ) = Sd18 & 5
= .8413
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Calculating P(z = 1)

An example of finding tail areas
e Shown is finding the right-hand
tail area forz=1.00
e Equivalent to the left-hand
tail area forz<-1.00
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Finding Normal Probabilities

General procedure:
1. Formulate the problem in terms of x values

2. Calculate the corresponding z values, and
restate the problem in terms of these z values

3. Find the required areas under the standard
normal curve by using the table

Note: It is always useful to draw a picture
showing the required areas before using the
normal table
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Finding Normal Probabillities (Cont.)

Example 5.2. The car mileage

case {a) Finding P(32 =x=35)whenyu =33 and e = .7
by using a nermal table
Procedure /
1. Formulate in terms of x pE2<x<35_ |

Mormal curve with mean ¢ = 33 and

2. ReformUIate in standard deviation o = .7
corresponding terms of z.

3. Find the obtained area - : Al
under the standard a2 33 35
normal curve.

. P(—1.43 = z = 2.85)
Example 5.3. The car mileage 4236 1 4979

Standard nermal curve
{(withp =0ande = 1)

case (Evaluating the o L
strength of the evidence) _// I .
]
Example 5.4. The coffee s =23, _1.43/ /35-?33 286

temperature case
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Finding z-Points on

a Standard Normal Curve

Standard normal curve

.025

I I Z
0 Z 025

(a) z 435 is the point on the horizontal axis under the standard normal curve that gives a
right-hand tail area equal to .025

0 Z.UEE o 196
(b) Finding z 55
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Finding x-Points on a normal curve

Example 5.5. Demand for video tape

‘*Weekly demand distributed normally with ¢ = 100 tapes
and o = 10 tapes.

“*Find the number st of stocked tapes so that there is onlt

a 5% chance that the store will run short of tapes during
the week.

“P(x>st) =0.05
P(x>st):P(X_'u>St_'uj:P(z>St_1oo):0.05

o g 10

st—-100 _
10

st =10[1.645+10C=11€.45
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Finding X-points (cont)

Normal curve with mean u = 100
and standard deviation o = 10
.05

! | demand, x
100 st = number stocked

(a) The number of tapes stocked, st, must be chosen so that there is a .05 probability that the
demand, x, will exceed st

Standard normal curve

.45 05

zZ

0 st —100

10
(b) Finding z 55, the z value corresponding to st

=Zp5 — 1.645
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Finding a Tolerance Interval

Finding a tolerance interval/x kgl that contains 99% of
the measurements in a normal population

B

i+ Ko
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Normal Approximation

to the Binomial

* The figure below shows several binomial distributions

« Can see that as n gets larger and as p gets closer to 0.5, the
graph of the binomial distribution tends to have the symmetrical,
bell-shaped, form of the normal curve

Blnomlal with n = 20 and p = .2 Blnomial with = 20and p = .5 Blmomlal with n = 50 and p = .1
= 0.2
0.2 -
= = og 4 =
B0 A | ' -EL_ o1 4
n,n_ll II ____________ 0.0 == = III III _____ 0.0 -
RS SR R R RO DG SR MY N MR T ARE BN NN AR ST SED SEH He MR - | R DR R RO R SR B RS R SRD SRR M SR S0 A0 S0E NN O T 5 T T T T T T
012345678 90NIZ1EHISIETIERD 0123456789 0NREMSEITERD o 10 0 30 490 50
X, number of succasses X, number of successas X, number of successas
Blnomlal withn = S0 and p= .3 Binomilal withn =S50 andp = .5
010
0.0
% % 0.05 ‘
0,05 - 3 ‘
.00 0.00 —--—--—J‘ mm———
s 1 20 30 A0 50 a 10 20 30 40 5
X, number of sucoessas X, number of successes
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Normal Approximation

to the Binomial (Cont.)

» (Generalize observation from last slide for lapge

e Supposeis a binomial random variable, whares
the number of trials, each having a probabillity of
succes®

* Then the probability of failure is 1p-

e If nandp are such thatp =5 andn(1 —p) =5, thenx
IS approximately normal with

u=np and o = ./np(1- p)
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Example: Approximating Binomial

distribution by using normal distribution

Example 5.8: Approximating binomial probability P(x = 23)
by using normal curve when

4 =np=25ando =/np(1- p) =3.5355

P(x = 23) approximately equals 2611 — .1628 = .0983
the area between 22.5 and 23.5 \
X

Standard normal curve
Normal curve with

u =np = 25 and
o =+ynpg = 3.5355
25 0

l . Number of / &
23 successes, X
22.5 235 —71 —.42 g=m _ 2BE =23 _

Continuity Corrg_ggtion: 22.5<72<235



The Exponential Distribution

« Suppose that some event occurs as a Poisson process

 Thatis, the number of times an event occursHeiason
random variable

e Letxbe the random variable of the interval between
successive occurrences of the event

 The interval can be some unit of time or space
 Thenxis described by thexponential distribution

o With parameted, which is the mean number of events
that can occur per given interval
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The Exponential Distribution (cont)

If A1s the mean number of events per given interval, then
the equation of thexponential distribution is

re ™ forx=0
f(x)= .
0 otherwise

The probability thak is any value between the given
valuesaandb (a<b)is

Plasx<b)=e™®-eg™
and

P(x<c)=1-e™ and P(x=c)=e™

5-41



The Exponential Distribution (cont)

fi = Aew

Bla=x =) — 5t opky

The mean, and standard deviatiam, of an exponential
random variable are

1
=—ando, =—
Hx x =7



Example: Calculating exponential

probabllities

Let ©,=3.0 or 1l 4, =1/3=0.333,

/Pm g (03995 _g7(93%99 = 013925

A= 0.3337’ \
A

o JV \

Hy
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The Cumulative Normal Table

The cumulative normal table gives, for different values of z,, the area
under the standard normal curve to the left of z,.

 Including negative z values
e The cumulative normal table gives the probability P(z < z,)
e Table 5.3 and Table A.19 in Appendix A

The normal \

cumulative table
gives the blue area
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The Cumulative Normal Table

“* Most useful for finding the probabillities of threshold
values like P(z < a) or P(z =2 b)
Find P(z<1)
“*Find directly from cumulative normal table that
P(z<1)=0.8413
Find P(z=1)
**Find directly from cumulative normal table that
P(z<1)=0.8413
*»*Since areas under the normal sumto 1
Pz=z1)=1-P(z<1)
get
P(z=1)=1-0.8413 =0.1587
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