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APPROXIMATING CLASSES OF FUNCTIONS DEFINED BY
OPERATORS OF DIFFERENTIATION OR OPERATORS OF
GENERALISED TRANSLATION BY MEANS OF ALGEBRAIC
POLYNOMIALS

N. SH. BERISHA AND F. M. BERISHA

ABSTRACT. In this paper, approximation by means of algebraic polynomials
of classes of functions defined by a generalised modulus of smoothness of op-
erators of differentiation of these functions is considered. We give structural
characteristics of classes of functions defined by the order of best approxima-
tion by algebraic polynomials.

1. INTRODUCTION

In a number of papers (see e.g. [5, 1, 6, 7, 8, 13, 11]) approximation of classes of
functions defined by symmetric or asymmetric operators of generalised translation
by means of algebraic polynomials is considered.

In our paper we consider the approximation of classes of functions defined by
generalised modulus of smoothness of derivatives of these functions. In more general
terms, we consider approximation by algebraic polynomials of certain generalised
Lipschitz classes of functions.

By L,la,b] we denote the set of functions f such that for 1 < p < oo f is a
measurable function on the segment [a, b] and

b 1/p
||f||p—( / If(x)l”d:v> < o0,

and for p = oo the function f is continuos on the segment [a, b] and

17l = ma 7))
In case that [a,b] = [—1,1] we simply write L, instead of L,[—1,1].

Denote by L, o s the set of functions f such that f(z)(1—z)%(1+2)? € L,, and
put

1£1lpa,8 = I1£(2) (1 =) (1 +2)"]p.

By E.(f)p.a,ps we denote the best approximation of the function f € L, o 3 by
means of algebraic polynomials of degree not greater than n —1, in L, g metrics,
i.e.

En(f)p’a,ﬁ = ilrglf Hf - P”Hp,a,/f ’

where P, is an algebraic polynomial of degree not greater than n — 1.
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For a summable function f we define the asymmetric operator of generalised
translation T} (f,z) by

Tt(faz):ﬁ

dz

x/l (1—R2—2(1—z2)sin2t+4(1—x2) (1—z2)2sin2t) f(R)ﬁ7

-1
where R = xcost — 2v/1 — a?sint.

For a function f € L, .3 we define by means of this operator of generalised
translation the generalised modulus of smoothness by

B(f,O)pas = sup || (£,2) = ()

1t]<6

P, B

We say that ¢ is a function of modulus of continuity type if
(1) ¢ is continuos and non-negative function on the interval (—1, 1],
(2) @(t1) < Cpuep(tz) (0 <ty <t <1),
(3) ¢(2t) < Cpap(t) (0 <t < 3).

We say that a function f(z) has the derivative of order r inside of the interval
(—1,1) if the function f(z) has the absolutely continuos derivative of order r — 1
in every segment [a,b] C (—1,1). From the last condition it follows that almost
everywhere on the segment [a, b] there exists the finite derivative of order r, which
is a summable function on that interval.

Denote by D, ,, the following operator of differentiation

2

d
@+(M—V—(V—~‘N+2)(E>£7

Dy = (1 — xz)

and put

Dal:’y,p,f(‘r) = Da:,u,p,f(x)a
D, f(J?) :Dx,u,p, (Dril (17)) (T: 1,2,)

T,V T,V

We say that f € AD(p,«,8) if f € Ly .3, the function f has the derivative
4L f(x) absolutely continuos on every segment [a,b] C (=1,1) and Dy, . f(z) €
Lypogs-

By PT(,,V’#)(.T) (n =0,1,...) we denote the Jacobi’s polynomials, i.e. algebraic
polynomials of order n, orthogonal to each other with weight (1 — x)”(1 4+ z)* on
the segment [—1, 1] and normed by the condition P"*)(1) =1 (n=0,1,...).

Let v > pu > f%. The following symmetric operators of generalised translation
(see e.g. [5, 1, 6, 7, 8])) will have an auxiliary role below:

(1) forv=p=-1

Si(f,x v, pm) = %(f(Qm,t,l,l) — [(Qz,—¢,1,1));

(2) forv=p>-1

1

1
St(f7x7l/7 :u) = ﬁ /_1 f(Qm’t’z’l) (1 - 22)U7§ dZ;

(3) forv>p=—3

1 1
St(f,l',l/, :u) = ﬁ [1 f(Qx,t,l,z) (1 - 22)’/_§ dZ,
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(4) forv>p>—3
St(f,l',l/,,u)
1 1 1 2 v—p—1 2u+1 2 /L—%
_’Y(VM)/O \/;1f(Qm7t7Z7u) (lfz) zH (17u) dudz,

where

Qztzu = T COSE+ zun/1— 2%sint — (1 —u?) (1 —z)sin’ %,
1
y(v) = / (1-— ZQ)U_% dz,

-1
11

CADES / / (1- 22)V_“_1 22 (1 — u2)“_% dudz.
0 J-1

2. AUXILIARY STATEMENTS
We need the following lemmas in order to prove our results.

Lemma 2.1. Let P, (x) be an algebraic polynomial of order not greater than n—1,
I1<p<oo,p=0,0=>0;

1 1
a>——, fB>—— forl<p<oo,
p p
a>0, £5>0 for p = 0.
The following inequalities hold true

15 ()]

1Pl 0,

where constants C1 and Cy do not depend on n.

pas iy < OB
< 02n2 max{p,o} ||Pn||

p,a,B

p,a+p,f+o

Lemma 2.1 is proved in [3].

Lemma 2.2. Let be given numbers p, «, S and v such that 1 < p < oo, v =

min{a, 8};
1
y>1—— forl<p< oo,
2p
v>1 for p = oo.
Let € be an arbitrary number from the interval 0 < € < % and let
a—0 ifa>p 0 ifa>p
71 = ) Y2 = .
0 if a < B, f—a ifa<p;

forl<p<oo

(SRS
St

0 if v <

3 1 :
Y—35+g5+e ify>
73{ S

forp=1
=1 ify =21
7 0 if v < 1.
Then the following inequality holds true
HTt (f7 JJ)H = C( ”fllp’o‘ﬁ T t2(71+72) Hf”P,Oé*“/l,B*“/z

b,a,

+ 4278 ||f||p,o¢7‘\{3,ﬁ7’73 + 2(n+r2+7s) Hf”p,afvlf%ﬁ*"w*% >7
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where constant C' does not depend on f and t.
Lemma 2.2 is proved in [13].

Lemma 2.3. Let be given positive integers g and m and let f € Ly 2 2. The function

1 T gin mt\ 20T
Qx) = —/ T: (f,x) ( f ) sin® t dt,
0

S bl

. 2q+4
Ym = — sin” t dt,
0 Sll’l§

is an algebraic polynomial of degree not greater than (q + 2)(m —1).

where

Lemma 2.3 is also proved in [13]

Lemma 2.4. Let f € L, o3 and let be given numbers p, o, B, p and o such that
1<p<oo,p=0,02=>0;

1 1
a>——, [B>— forl<p<oo,
p p
a>0, 8>0 for p = 0.
Let ¢ be a function of modulus of continuity type such that

= 1 1
(1) Z 7 e () < Cp ™y (n) ;
Jj=n+1 J
where A\g = max{p,c} and constant C, 3 does not depend on n. If there exists

a sequence of algebraic polynomials P, (x) of degree not greater than n — 1 (n =
0,1,...) such that

1
1S = P"Hp,aerﬁJrU < Cip (n) ’

then there exists a sequence of algebraic polynomials R, (x) of degree not greater
thann —1 (n=0,1,...) such that

1
- R, < Oyn*op | —
IF = Rl < G (7).
where constants C1 and Cy do not depend on f and n. Also we have
RQN (.’I}') = P2N (SC)

Proof. We consider the sequence of algebraic polynomials @, (z) of degree not
greater than 2" — 1 given by

Qk(x) :ng(ﬁc) —ng_l(x) (k = 1,2,...)
and Qo(z) = Pi(z). From the conditions of the lemma it follows that

1@kl atppro <P = fllyarppro + 11 = Porrllpaspsio

o ( (&) oo (55))

Considering the properties of the function ¢ we get

1
1@ull csps < Coo (51 )

Applying Lemma 2.1 and that evaluate we obtain

1
@4l 5 = €22 ().
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There from

> 10uly G320 ().

k=0

Note that considering the properties of the function ¢ we have

ok+1_q
T e, ()w%ll - ( ) ZJQM

j=2Fk j=2k
1 . _ 1
zaw(%>2@M%l):C&%M¢<%>.
So, we get
oo 2k _q 1 00 1
> 1000 <03 & (5) =0k (7).
k=0 j=2Fk J k=0

Thus, inequality (1) yields

o0
Z ||Qk||p,a7ﬂ < 0.
k=0

Hence, considering the conditions of the lemma it follows that the series Y~ ) Qx ()
converge to f(z) in terms of Ly[a,b] for every segment [a,b] C (—1,1).
Now we consider the expression
I=f=Porllpap-

From what we said above it follows that

oo oo 1
1< 32 1Qklpas<Cs 3. 2“"(2>

k=N+1 k=N+1

o) ok+1l_q [e%s)
< Cy Z Z j2ho-1 (j) s Z k”‘”%p(i).

k=N+1 j=2k k=2N+1

Considering the inequality (1) and the properties of the function ¢ we obtain that

1 1
I < 22N TR0y (2N+1> < 01922 Mg <2N> ,

where constant Cy does not depend on f and N.

Put
Ru(x) = Pov(z) (2N ' <n<2V),
we get
2N Ao 1 2X0 1
||f*R||pa5_Clo2 "2 QTV < Cuin 2 E .
Lemma 2.4 is proved. O

Lemma 2.5. Let be given numbers p, «, B, v, and p such that 1 < p < oo,
v>p> -1

(1) ify:'u:_%} thena:ﬂ:—%;



6 N. SH. BERISHA AND F. M. BERISHA

(2) ifv=p> —%, then a = 3, and

1
f§<a§1/ forp=1,
1< < +1 ! forl<p<
—— <a<v+4+--—— for 00
% 2 2 p= 00
1
O§a<1/+§ for p = o0;
; _ 1 _ 1
(3) ifv>p=—35, then B = ~ 35 and
1
—§<a§1/ forp=1,
LSNP forl<p<
—— <a<v+--—— for 0o
% 2 2 p=oe
1
O§o¢<u+§ for p = o0;

4) ifv>pu>—L1 thenv—pu>a—pF>0, and
2 2 H

1
—§<5§u Jorp=1,
1 1 1
—— < B< ——— 1<p< oo,
o B<nty 5 for1<p<oo
1
0§5<M+§ for p = o0.

For f(x) € AD(p, a, B) the following inequality holds true

C
En(f)pap < n2 ||Dx7yuuf(x)||p’a,6 )

where constant C' does not depend on f and n.

Proof. We choose the positive integer ¢ such that ¢ > v. For every positive integer n
we choose the positive integer m such that
n—1 <m n—1
q+2 T qg+2
In [6] and [7] it is proved that the function

T s omt N\ 2q+4 2v+1 2u+1

1 sin mt t t

Q(Z‘) = 7/ St(f,%VaM) ( . % ) (Sin 2) (COS 2) dt7
Ym Jo Sin 5

where
- SinM 2q+4 + 2v+1 n 2u+1
Vm :/ ( . f > (sin 2) (cos 2) dt,
0 Sm§

is an algebraic polynomial of degree not greater than n—1. Applying the generalised
Minkowski’s inequality we get

+ 1.

1 s
BuPnens <17 = Qs < - / 1S, v, 1) = £y s

m

sip mt 2q+4 " 2v+1 " 2u+1
X ( T 2 ) (sin 2) (cos 2) dt.
2

In [9, p. 47] it is proved that under the conditions of the lemma we have

1S:(f 20, 1) = F(@)lpap < Crt? [Dayuf @)l 0,5
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where constant C; does not depend on f and ¢. Hence we get

En(f)p,a,ﬂ <y HDx,u,uf(x)”p_a 8

sin mt 2q+4 ¢ 2v+1 " 2u+1
X — / sin — cos — dt.
51n = 2 2

Applying a standard estimate of Jackson’s kernel [4 p. 233-235] we obtain

Cy
En(f)pas < oo 1Dz f (@) 05 < o ||Dz v @), 05

Lemma 2.5 is proved. O

Corollary 2.1. Let numbers p, o, 3, v, and p satisfy the conditions of Lemma 2.5.
For f(x) € AD(p,a, B) the following inequality holds true

C
En(f)p,aﬁ < ﬁEn (D:c,wuf)p,a,g )
where constant Cy does not depend on f and n.

Proof. Let P, (x) be the algebraic polynomial of best approximation of the function
D, . f(x) of degree not greater than n—1. It is obvious that the polynomial P, (z)
may be written in the following form

n—1
=Y NP (@)
k=0
Put
n—1 )\k (w2
P ().
9(z) = +Zkk+u+u+1) ()
From Lemma 2.5 it follows that [2, p. 171]
&
En (g)p,aﬁ < 2 ”Dw,l’,ug(x)”p,aﬁ
n—1
Cl )\k (v,n)
5 w v Da: v P "
wl (@ +Zkk+1/+,u+1) " ()
k=0 p.a.B
& _q

Dy f (@ ZA P (2 LB Do)y s -

P, B
Thus, considering that the function f(x)— g(x) is an algebraic polynomial of degree
not greater than n — 1, we obtain

E”(f)p,a,ﬁ S En (f - g)p7o¢,ﬁ + E’n (g)p,a7ﬁ = E’n (g)p,(x7ﬁ

C1
E ( m,t/,,uf)p’a”@'

The corollary is proved. O

Note that an analogue to the corollary is given in [10].

3. STATEMENTS OF RESULTS
Now we formulate and prove our results.

Theorem 3.1. Let be given numbers p, o, B, v, u and r such that 1 < p < oo,
re N7 v Z M Z Y

(1) ify:'u:_%} thena:ﬂ:—%;
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(2) ifv=p> —%, then a = 3, and

1
f§<o¢§1/ forp=1,
1< < +1 ! forl<p<
—— <a<v+--—— for 00
% 2 2 p= 00
1
O§a<u+§ for p = o0;
; _ 1 __ 1
(3) ifv>p=—35, then B = ~ 35 and
1
—§<a§1/ forp=1,
LI +1 ! forl<p<
—— <a<v+--—— for 0o
% 2 2 p=0o
1
0§o¢<1/+§ for p = o0;

(4) ifu>,u>f%, thenv —pu>a— >0, and
1
5 <B=up forp=1,

1<ﬁ< +1 1 forl<p<
- - — — Jor oo
% pt s % D )

1
0§5<u+§ for p = oo.
Let ¢ be a function of modulus of continuity type such that

£ () <on(2).

j=n+1

where constant Cy does not depend on n. Let f(x) € Ly o 3. Necessary and suffi-
cient condition for the function f(x) to have the derivative of order 2r — 1 inside
of the interval (—1,1) and

1
E, (D;,V,Mf)pﬂﬁ s G (n)

is that the following inequality is satisfied

1
En(f)p,a,ﬂ < CSn_QTSD (TL) )

where constants Co and C3 do not depend on f and n.

Proof. The necessity of the condition is implied by induction directly from Corol-
lary 2.1. We prove that the condition is sufficient.

Let P, (z) be the algebraic polynomial of best approximation of the function f.
We consider the sequence of polynomials Q(x) given by

Qi(x) = Por(z) — Py (z)  (h=1,2,...)

and Qo(z) = Py(x). From the conditions of the theorem, considering the properties
of the function ¢ for k > 1 it follows that

2) NQkllpas = 1P = Por—rll o 5 < Bo (f)p a5+ Eov-r (fpas

(k1) 1 Cokr 1
< 2Byt ()05 < Ca27 20770 (Q,H) < G527 (2,6) :
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Applying Lemma 2.1 twice we get

1Dk Qi@ 05 < 1QK(@)]

patt,ge1 T (= v+ v+ +2) Q)4

< Ce2® (|1Qkl s

where constant Cg does not depend on k. Applying this inequality r times we
obtain

HD;,VHU,QI‘? (LL') ||
Thus inequality (2) yields

ZHDW Dy 030 (3):

k=1

p,a,B < 0722k7‘ ||Qk?||p,o¢,ﬁ :

Noting that

i el 1\ et 1
Y. wel5)zacae (o) X s20w (o)
: Jo\J 2 : J 2
J:Qk ]:2k

considering the conditions of the theorem we have

o0 fo%) 2k+1_1 00
Z HD;%“Qk p af = < Cho Z Z *90 < ) < Cio Z %tp (2) < 00
k=1

k=1 k=1 j=2k

Since
> Qk(x) = Pon(a),
k=0

from the inequality (2) and the conditions of the theorem it follows that for every
segment [a,b] C (—1,1) the series > -, Qr(x) converges in terms of L,[a, b] metrics
to the function f(z). Since the series

oo

Z D;,V,MQ/C (:17)

k=0

also converges in terms of Ly[a,b] metrics, then [4, p. 202] these series converge
to the function Dy ,  f(v). This way we showed that the function f(z) has the
derivative of order 2r — 1 absolutely continuos on every segment [a,b] C (—1,1).

Now we estimate the expression

I_HDCDV/J, ( )_DIV#PZN( )H

p,a,f
From what we said above it is obvious that
o0
2kr
I < Z HDI ”N Hpa B = 07 Z 2 ||Qk||1),0¢,3
k=N+1 k=N+1
1 =1 (/1
< (C — | < — — .
s Gy <2k> < Crz Z i (k’)
k=2N+1

Hence we conclude that
1 1
I < Cisp ONTT < Cuyp oN |

R, (z) = D,

Put
Pyn(z) (2V <n <2V

T,V
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we have

En (D;#’v:“‘f)p,a,ﬁ S HD;J/”LLf(x) - Rn(x)H

p,a,f

1 1
<C — | <C — .
= Cuap (2N) = Lisp (n)
Theorem 3.1 is proved. O
Note that for a power function ¢(§) = 6*, the assertion of the theorem is given

in [12].

Theorem 3.2. Let be given a function ¢ of modulus of continuity type and num-
bers p, o and B such that 1 < p < oo;

a<2, B<2 forp=1,
1 1

a<3—-, pf<3-—= forl<p<oo.
p p

Let f € Ly ap. If
(D(fa 5)1),04,[3 S M@(é)a
then

1
Eﬂ(f)p,a,,@ <CMyp (n> )
where constant C' does not depend on f, M dhe n.
Proof. From the properties of the function ¢ it follows that there exists a constant -y
such that for every [ > 0 the following inequality is satisfied

e(lt) < C1(l+1)7¢(1),
where constant C; does not depend on [ and ¢.
Indeed, if I < 1, then
p(lt) < Coaep(t),
i.e. we get v > 0. If [ > 1, then choosing the positive integer m such that
2l << 2m
we have
p(lt) < Cpap(2™t) < Cp 1 CF5¢(1).
We choose the positive integer N such that
2Nl < 0,0 < 2V,
getting
p(1t) < Cpa2V™p(t) = Cpa2V2N " Vop(t) < Co(1+ 1)V (t),
ie.y> N.

We choose a v > 0 and a positive integer ¢ such that 2¢ > +, and for every
positive integer n we choose the positive integer m satisfying the condition
n—1 n—1

3 <m<
®) q+2 T qg+2
It is easy to prove that under the condition of the theorem we have f € Lj 2.

Thus, for those ¢ and m the algebraic polynomial Q(x) defined in Lemma 2.3 is an
algebraic polynomial of degree not greater than n — 1. Hence

En(fp.as < If(@) = Q@) 05
i T o Sinn;t>2q+4 .. 3 d
/0 (f(w) Tt(f,x)) ( 2 sin” t dt

Tm sin 5

+ 1.

p,a,fB
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Applying the generalised Minkowski’s inequality we obtain

. 2q+4
1 g sin @t )
E <= 2 sin® ¢ dt.
n(f)p,oz,ﬁ T Ym /0 p,, B ( sini )

2
There from by the conditions of the theorem we get

T (f.2) - f(x)|

M T omt N 2914
En(f)pas < — [ o(t) (bm 2 ) sin? ¢ dt.

IYm Jo Sin§
Since ) .
o(t)=¢ <nt- > <Ci(1+nt)e <) ,

n n

we have
M [1\ [T sin mt\ 24+
E, 0 <Ci—o¢ |~ 1+nt)” 2 in®tdt
(f)p’ h= C1%n<,0 (”) /O ( o ) ( sin% ) o

1 YT sin 2t \ 24+
SCgM(p() 1+ ﬂ( — ) sin®tdt p .
n Ym Jo S11 3

Applying now the standard estimate of Jackson’s kernel and the inequality (3) we
obtain

1 1
E.(f)pap < CiMep <n) (I4+n"m™7) < CsMyp (n) .
Theorem 3.2 is proved. O

Theorem 3.3. Let be given numbers p, o and 8 such that 1 < p < oo;

1 1
a>1——, 5>172— for 1 < p < oo,
P

2p
a>1, B>1 for p = oo.
Let ¢ be a function of modulus of continuity type such that inequality (1) for
3 1 3 1
Ao = — ——4+ — -4 —
0 max{|a Bl, « 5 + 2p’6 5 + 2p}’

and inequality
(1 , (1
(4) doie (=) <Coum’e| -
= "
are satisfied, where constant C, 4 does not depend on n. Let f € Ly o . If

En(f)p,a,ﬁ <My (;) )

then
(’D(fa 5);0,04,[3 § CMQD(é)v
where constant C' does not depend on f, M and §.

Proof. Let P,(x) be the algebraic polynomial of best approximation of degree not
greater than n — 1 of the function f. Let the polynomials Qx(x) be given by

Qr(z) = Por () — Pyr—a1(x) (k=1,2,...)
and Qo(z) = Pi(x). Since for k > 1 we have
||Qk||p,a7ﬂ < Ege (f)p@,g + Egr (f)p,aﬁ )

considering the conditions of the theorem we have

1
6 @1l = €00 (5
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We estimate the expression

1= |Ti(f.2) - f(@)]

p,a,fB

Let 0 < || < 4. Since the operator T} (f, ) is linear, for every positive integer N
we have

= T, (Pox, @) = Pav(a)|

Ti(f = Pov,2) = (F(2) = P ()]

+|

p,a,B p,a,B

Since Pon(z) = Z]kV:O Qr(z), we get

1< || (F = Pav,2) = (F(z) = Pav ()]

BUED 3 LICRERE

o, B
N
=J+ Y I
k=1
Let N be chosen so that
™

We prove that the following inequalities are satisfied

(7) J < CaMp(d)

and

1
(8) I, < CsM622% <2k> ,

where constants Cy and C3 do not depend on f, M, § and k.
First we consider J. Applying Lemma 2.2 to the function ®(x) = f(z) — Pan (2),
considering that |¢| < d we obtain

+ [ ()]

J < HT P, x o
t< ) p,a,fB praf

+67 |2

P, a—73,8—"73

< Ca( 1@l a5 + D ND] oo,

2(m1+y2+73)

T ||(b||p7a_’)’1_737ﬁ_’}’2_73 )’
where numbers 1, v2 and 3 are chosen by the conditions of Lemma 2.2. Applying
Lemma 2.4, considering the conditions of the theorem we obtain

1

J < CsMy <2N) (1 4+ 52 +72)9=2N(n1+72)

4 5271397 2Ns 52(v1+72+vs)2*2N(71+72+73))

for A > Ao+ ¢, where constant Cs does not depend on f, M and §, and either € = 0

or ¢ is an arbitrary number from the interval 0 < ¢ < % Hence this inequality
holds true for every A > Xg. Finally, applying the inequality (6) and the properties

of the function ¢ we obtain
1

Thus inequality (7) is proved.
Now we prove the inequality (8). It can be proved that [13]

I, < Cg02%F 1Qkll, 0.6
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where constant Cg does not depend on M, § and k. Hence inequality (5) yields

1
I, < CoM§22% <2k> .
Inequality (8) is proved.
Inequalities (7) and (8) imply

N
1
I < CyoM {<p(5) +62) 2% (%) } .
k=1

Note that
ok+1_q 1 1 ok+1_q 1
> e (> > C, 10, 5¢ (%) iz 2y (2,6) :
j=2k J j=2F

Hence considering the inequality (4) we have
N 1 N 2kt1_1 1 oN+1 1
%o ) <C iol=)<C ko | —
; ¢<2k>_ 122 Z J<P<j)_ 12; @(k>

k=1 j=2k
< 322N+ L) ooy, (L
= Cas ¥ oN+1 ) = b4 P oN |-

There from, applying the inequality (6) we get

1
I <CisM (90(5) +06%2% <2N)> < CieMp(9).
This way for 0 < |t| < 6 we proved that
|70 —s@)| < Cuel)

where constant C does not depend on f and ¢. Taking into consideration that
To (f,z) = f(z), we conclude that this inequality also holds for ¢ = 0. Thus the
last inequality implies

Do,

(:)(f7 6);0,04,5 < CIGM(P((S)
Theorem 3.3 is proved. (]

Theorem 3.4. Let be given numbers p, o and 8 such that 1 < p < oo;

1 1
§<a§2, §<ﬂ§2 forp=1,

1 1 1 1
l-—<a<3—-, 1-—<p8<3—- forl<p<oo,

2p p 2p D

1<a<3, 1<8<3 for p = o0.

Let ¢ be a function of modulus of continuity type such hat inequality (1) for

3 1 3 1
)\ = — _ _— _ _—
0 max{|a Bl, « 2+2p’6 2+2p}’

and inequality (4) are satisfied. Let f € Ly, o . For

1
Eu(flpas < Civ (7).
it is necessary and sufficient that

a)(fv 5)p,a,8 S 0280(5)7

where constants C1 and Cy do not depend on f, n and §.

Theorem 3.4 is implied directly by Theorems 3.2 and 3.3.
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Theorem 3.5. Let be given numbers p, «, B, v, u, r, vy and pg such that 1 < p <
oo, T € NU{O}, v > p > —1,

. ) 1 . 5 1
Vo =min{ v, — — — = min —— %
0 72 2p ) Ho 1 ,uaz 2p )

(1) ifu:,u>%, then a = 3, and

1
§<a§1/0 forp=1,
1 1 1
1—%<a<1/0+§—% forl < p < oo,
1
1§a<1/o+§ for p = oo;
(2) ifv>p>3, thenv—p>a—pB>0, and
1
§<5§M0 forp=1,
1 1 1
l—-—<fB<pu+=—— forl<p<oo,
2p 2 2p
1
1§5<uo+§ for p = oo;
Let ¢ be a function of modulus of continuity type such that inequality (1) for
3 1 3 1
Ao = — -+ —08-=+ =
0 max{|a ,8|,Oé 2+2paﬁ 2+2p}a

and inequality (4) are satisfied. Let f € L, o 3. Necessary and sufficient condition

for
C
En(f)pap < 3¢ <1>

n
is that the function f(x) has the derivative of order 2r inside of the interval (—1,1)
satisfying the condition

@ (Dy, . f 5)p7a76 < Cyp(9),
where constants Cy and Cy do not depend on f, n and &, while DY, f(x) = f(x).

Theorem 3.5 is implied by Theorems 3.4 and 3.1.
Note that for p(§) = 6%, 2Xg < A < 2 and r = 0 Theorem 3.5 is proved in [13].
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